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l PREFACE 


The following pages contain a list of the additions to the Society’s Library 
uring the year 1048. 
| Users of this third Supplement are referred to the Catalogue published in 1946 
Bulletin, vol. 52, No. 5, part 2) and to the preface to Supplement No. 1 (Bulletin, 
ol. 53, No. 1, part 2) for an explanation of the abbreviations and for a statement of 
e plan followed in reporting additions to the serial publications. . 
ARNOLD DRESDEN 
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SECTION I 
SERIAL PUBLICATIONS 
ACADEMIA brasileira de ciencias, Rio de Janeiro 


Anais 
1-6, 11-14, 1929-42 
ACADÉMIE des sciences, Paris 
Comptes rendus hebdomadaires des séances 
Index: 152-181, 182-211 
AKADEMIE der wissenschaften, Berlin 
Physikalisch-mathematische klasse 
An lungen 


+ 
K. AKADEMIE der wissenschaften, Vienna 
Mathematisch-naturwissenschaftliche klasse 
Sitzungsberichte 
149 +, 1940 + 
K. AKADEMIE van wetenschappen, Amsterdam 
Afdeeling natuurkunde 
Proceedings of the section of sciences 
43 +, 1940 + 
AKADEMISA nauk S.S.S.R., Leningrad 
Doklady sA 
Russian edition 
ns v10-11, 13-14, 16-21, 40, 1936-43 
Izvestifa 
Otdelenie matematicheskikh i estestvennykh nauk 
Seria fizicheskaia 
1945 
Caniers scientifiques, Paris 
20+, 1946 + 
Casorts pro pěstování matematiky a fysiky 
68 +, 1939 + 
CesKA akademie véd a umění v Praze 
Bulletin international 
39 +, 1938 + 
Třída II: Mathematicko-pfirodnickä 


Rozpravy 
47. , 1937 4+- 


HELLENIKE mathematiké hetaireia, Athens 
Deltion 
20 +, 1940 + 
JUGOSLAVENSKA akademija znanosti i umjetnosti, Zagreb 
Ljetopis 
51-+, 1937 + 
Rad 


82 +, 1939 + 
LYONS 
Université 


es 
32-33, 1912 
MATEMATIKAI és physikai lapok 
46 +, 1939 + 
MATEMATIKAI és természettudományi értesítő 
60 +, 1941 + . 
Nova Scotian institute of science, Halifax 
Proceedings and transactions 
10-13, 17-20, 1898-1942 
PADUA 
Università 
Seminario matematico 
Rendiconti 
11 +, 1940 + 


DROVINCIAAL Utrechtsch genootschap van kunsten en wetenschappen 
Verslag van het verhandelde in de algemeene vergadering 
1930-37, 1941-43, 1945-47 . 
REVUE scientifique. (Revue rose) Paris 
78 +, 1940 + 
Roya. society of Canada 
Proceedings and transactions 
sl vl-12, 1882-94; s2 v1-12, 1895-1906 ; s3 v1-22, 1907-28 
Index: 1882-1906 
Socrapap matemática mexicana 
Boletin 
1+, 1943 + 
SOCIETATEA romana de gtiinte. Bucharest 
Secția matematică 
Bulletin mathématique 
45+, 1943 + 
SocÉTÉ mathématique de France, Paris 
Bulletin 
64 +, 1936 + 
CKHOLM 
Astronomiska observatoriet 
alen 
144, 1942 + 
‘YHOKU, Formosa 
University 
Faculty of science and agriculture 
Memoirs (mathematical series) 
. 484, 1940 + 
i ISKUNDIGE opgaven met de oplossingen 
v 17+, 1938 + 
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SECTION II 


NONSERIAL PUBLICATIONS 


DALLY, G. H. See D’Anty, G. H. 

AHARONT, J. Antennae, an introduction to their theory. Oxford, 1946. 

ALMECH, J. M. L See INIGUEZ ALMEcH, J. M. 

ALMER, B. Sur quelques problémes de la theorie des fonctions analytiques de deux 
variables complexes. Diss, Stockholm, 1922. , 

ANDERSEN, E. Beitrag zur mitschwingungstheorie der relativen pendelmessungen mit 
2- und 4-pendelapparaten. Diss., Copenhagen, 1932, 

ARCHIBALD, R. C. Mathematical table makers. New York, 1948, 

Barı, W. W. R. Mathematical recreations and essays. Rev. ed. by H. S. M. Coxeter. 
New York, 1947. 

BALTENSPERGER, P. Über die vorausberechnung der sterblichkeit der schweizerischen 
bevölkerung. Diss., Eidgenössische technische hochschule, Zürich, 1941. 

Bang, T. Om quasi-analytiske funktioner. Diss., Copenhagen, 1945, 

Berwaus, F, R. Quelques études sur une généralisation de certaines identités dues a. 
Euler. Diss., Stockholm, 1917. 

BJERRE, F. F. See Faprıcrus-BJerke, F, G. 

Breures, K, Über den Rolle’schen satz für den operator Au -+ Aw und die damit 
zusammenhängenden eigenschaften der Green’schen funktion. Diss., Eidgenós- 
sische technische hochschule, Zürich, 1941. 

Burss, G. A. Lectures on the calculus of variations. Chicago, 1946. 

CAMPBELL, J. W. An introduction to mechanics, Rev. ed., New York, 1947, 

Cartan, E. J. Leçons sur la géométrie des espaces de Riemann. 2d ed., Paris, 1946. 
(Cahiers scientifiques, no. 2) 

Coxeter, H. S. M. See Batt, W. W. R. 

CrantÉrR, H Sur une classe de séries de Dirichlet. Diss., Stockholm, 1917. 

D'Anry, G. H. Sur quelques propriétés des coefficients de certaines séries de 
Laurent. Diss., Stockholm, 1917. 

Duarte, F, J. Lecciones de análisis infinitesimal. Caracas, 1943. 

Dusren, P. Algèbre, vl, Paris, 1946. (Cahiers scientifiques, no. 20) 
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Ecxmann, B. Zur homotopietheorie gefaserter räume. Diss., Eidgenössische tech- 
nische hochschule, Zurich, 1941. 

Eprer, A. Sur les determinants récurrents et les singularités d'une fonction donnée 
par son développement de Taylor. Diss., Eidgenossische technische hoch- 
schule, Zürich, 1938. 

Enenst, F. Sur quelques propriétés des congruences de cercles dans la géométrie 
conforme, Diss., Stockholm, 1938. 

. Einsstem, A, Relativity, the special and general theory. Trans. by R. W. Lawson. 
New York, 1931. 

Ersenrinc, M. E. Johann Heinrich Lambert und die wissenschaftliche philosophie 
der gegenwart. Diss., Eidgenössische technische hochschule, Zurich, 1941. 

ENGLUND, E Sur les méthodes d'intégration de Lie et les problèmes de la mécanique 
céleste. Diss., Stockholm, 1916. 

EULER, L. Opera omnia. s3, v2. Geneva, 1942. 

Fasnictus-Byerre, F. G. Differentialgeometriske undersøgelser af torsionfri flader 
beliggende 1 rum med konstant krumning. Diss., Copenkagen, 1934. 

FaLa, F. Le problème des isopérimètres sur les surfaces ouvertes à courbure posi- 
tive. Diss., Eidgenössische technische hochschule, Zürich, 1941, 

Fos, D. Bidrag til den komplexe geometri. Diss., Copenhagen, 1930. 

FeLner, E. Bidrag til de re naestenperiodiske funktioners teori. Diss., 
Copenhagen, 1944. 

FORSAKRINGSMATEMASISKA studier, tillägnade Filip Lundberg. Stockholm, 1946. 

GLAUERT, H. The elements of aerofoil and airscrew theory. 2d. ed., Cambridge, 
England, 1947. 

Gystn, W. Zur homologietheorie der abbildungen und faserungen von mannig- 
faltigkeiten, Diss., Eidgenössische technische hochschule, Zürich, 1941. 
Hasıcat, W. Uber lösbarkeit gewisser algebraischer gleichungssysteme. Diss., 

Eidgenössische technische hochschule, Zürich, 1945. 
AGSTRÖM, K. G. Der begriff der statistischen funktion. Diss., Stockholm, 1919. 

, A. The decomposition of a series of observations composed of a trend, a 
periodic movement and a stochastic variable, Diss., Copenhagen, 1948. 
Hansen, C. Om Thieles differentialligning for praemiereserver i livsforsikring, 

samt nogle anvendelser deraf, Diss., Copenhagen, 1946. 

HEISENBERG, W. Ed. Cosmic radiation. Trans. by T. Johnson. New York, 1946. 

Heırsten, U. Determination of the denominator of Fredholm in some types of 
integral equations. Diss., Stockholm, 1947. 

HERZBERGER, M. See LuNeseERG, R. K. 

Huw, E. Some problems concerning spherical harmonics. Diss., Stockholm, 1918, 

Hort, P. G. Introduction to mathematical statistics. New York, 1947. 

HuLTHÉN, L. Über das austauschproblem eines kristalles. Diss., Stockholm, 1938. 

Huss, E. Bidrag till en aritmetisk teori for binära kubiska former. Diss., Stock- 
holm, 1912, 

progre Duan J. M. Operadores lineales en los espacios métricos. Zaragoza, 
1946. 

Jerreeys, B. S. See Jerrreys, H. 

Jerrreys, H., and Jerreeys, B. S. Methods of mathematical physics. Cambridge, 
England, 1946. N 

Jessen, B. Bidrag til integralteorien for funktioner af uendelig mange variable. 

iss., Copenhagen, 1930. 
Jomansson, F. Uber die nullstellen gewisser mit E.(x) verwandten funktionen. 
Diss., Stockholm, 1923. 

OHNSTON, T. H. See HEISENBERG, W. 

ØRGENSEN, N. R. Undersøgelser over frequensflader og korrelation. Diss., Copen- 
hagen, 1916. 

Kac, M. See RanpoLe, J. A. F. 

Kacan, V, F. See LoBAcHEvskü, N. L 

Kıss, S. A. Transformations on lattices and structures of logic. New York, 1947. 

Kern, O. Zur statistischen theorie der suspensionen und lösungen. Diss., Stock- 
holm, 1921. 

Kryıov, A. N. Moi vospominaniia. Moscow, 1945, 

Lanpav, E. Grundlagen der analysis (das rechnen mit ganzen, rationalen, irra- 
tionalen, komplexen zahlen). New York, 1946. 

Lauritzen, S. En indledning til en gruppetcoretisk behandling af de ikke orienter- 
bare flader. Diss., Copenhagen, 1942. 
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Lawson, R. W. See EINSTEIN, A. : oe 
LinpHorM, E. Uber die verbreiterung und verschiebung von spektrallinien; ex- 
perimentelle und theoretische beiträge. Diss., Stockholm, 1942. 


en N. I. Geometricheskie issledovaniia po teorii parallel’nykh linii. 

Ed, by V. F. Kagan. Moscow, 1945. 

Luzer, M. L. Les Céphéides considérées comme étoiles doubles avec une mono- 
graphie de l'étoile variable 8 céphée. Lyon, 1912. f 

Lunegerg, R. K. Mathematical theory of optics. Notes by M. Herzberger. Provi- 

dence, 1944. } = 

Lyons, Observatoire. Observations équatoriales et meridiennes. Lyons, 1912, _ 

Matmrors, K. G. Determination of orbits in the field of a magnetic dipole with 
applications to the theory of the diurnal variation of cosmic radiation. Diss, 
Stockholm, 1945. j 

Marmguist, F. A mathematical theory of life insurance based on the assumption 
of a decreasing force of interest. Diss., Stockholm, 1945. 

MALMQUIST, J. Sur les équations différéntielles du premier ordre dont Pintegrale 
generale admet un nombre fini de branches permutables autour des points 
critiques mobiles. Diss, Stockholm, 1909. ; 

Marre, P. W. Bidrag til teorien for integration og differentiation af vilkaarlig 
orden. Diss., Copenhagen, 1941. 

MATHEMATICAL tables project. Table of the Bessel functions Js(Z) and Jı(Z) for 
complex arguments. 2d. ed., New York, 1947. 

Tables of spherical Bessel functions. New York, 1947. 

Micwat, A. D. Matrix and tensor calculus, with applications to mechanics, elasticity, 
and aeronautics. New York, 1947. 

Murr, F. H. See Revpicx, H. W. 

MORGENSTERN, O. See von NEUMANN, J. 

Murray, F. J. The theory of mathematical machines. New York, 1947. 

Ner, W. Uber die singularen gebilde der regulären funktionen einter quaternionen- 
variabeln. Diss., Zürich, 1942, 

Opgvıst, F. K. G. Die randwertaufgaben der hydrodynamik zäher flissigkeiten. 
Diss, Stockholm, 1928. 

Orson, H. Om i hela planet entydiga integraler till ett system av lineara differ- 
entialekvationer och om reguldra integraler till ett dylikt system. Diss., 
Stockholm, 1922. 

N A. Vorlesungen über differential- und integralrechnung. vl, Basel, 


PALMQVIST, R. Quelques études sur la convergence des déterminants infinis et les 
systèmes d’une infinité d'équations linéaires à une infinité d’inconnues. Diss., 
Stockholm, 1915. 

Pautt, W. Meson theory of nuclear forces. New York, 1946. 

Persson, K. Sur une classe de systèmes d'équations linéaires à une infinité d’incon- 
nues, Diss, Stockholm, 1938. 

PEENES R oe en klasse naestenperiodiske analytiske funktioner. Diss., Copen- 

agen, ; 

PLEIJEL, A. Propriétés asymptotiques des fonctions et valeurs propres de certains 
problèmes de vibrations. Diss., Stockholm, 1940, 

PREISSMANN, A. Quelques propriétés globales des espaces de Riemann. Diss, 
en technische hochschule, Zürich, 1942, 

Ran6, 30) gth and area. New York, 1948. (Amer. math. soc. colloquium publ., 
v 


RANDOLPH, J. A. F. and Kac, M. Analytic geometry and calculus. New York, 1946. 

Rascm, G. Om matrixregning og dens anvendelse paa differens- og differential- 
ligninger. Diss., Copenhagen, 1930. 

ReopicK, H. W., and MrıLer, F. H Advanced mathematics for engineers. 2d ed., 
New York, 1947. 

Rerersör, O. Confluence analysis by means of instrumental sets of variables. Diss., 
Stockholm, 1945. 

Rrrt, J. F. Theory of functions. Rev. ed. New York, 1947. 

Rosen, E, The naming of the telescope. New York, 1947, ` 

Royar Society of London. Newton tercentenary celebrations, 15-19 July 1946. 
Cambridge, England, 1947, 

Sawyer, W. W. Mathematician’s delight. New York, 1946, 
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SCANDINAVIAN mathematical congress. 
10. Copenhagen, 1946. Comptes rendus. Copenhagen, 1947, 

ScuArr, H. M. Über links- und ie Stieltjesintegrale und deren anwen- 
dungen. Diss, Eidgenössische technische hochschule, Zurich, 1943. 

SCHMmL Den Über gewisse interpolationsreihen. Diss., Eıdgendssische technische 

schule, Zürch, 1942. 

SEGERDAHL, C. O. On homogeneous random processes and collective risk theory. 
Diss., Stockholm, 1939 . 

SIEGBAHN, K. Studies i n B-spectroscopy Diss., Stockholm, 1944. 

SPENCELEY, G. W., and SPENCELEY, R. M. M. Smithsonian elliptic functions tables. 
Washington, "1947. (Smithsonian miscellaneous collection, v109) 

SPENCELEY, R. ae ae SPENCELEY, G. W. z 

SUTHERLAND, M . E. One-step Eau patterns and their relation to problem solv- 
ing in arithmetic, Diss., Columbia, 1943. 

SYDLER, me P. Des hyperquadriques et droites associées de l'espace a » dimensions, 

Diss., Eidgenossische technische hochschule, Zurich, 1946. 
TORMEHAVE\ H. Om regulaere periodiske funktioner af flere variable. Diss., Copen- 


ha, tagen, 1944, 

TRUE, P. The first hundred years of the Smithsonian institution, 1846-1946. 
Washington, 1946. 

VALIRON, G. Théorie des fonctions. Paris, 1942. 

WALEN, C. On the theory of sun-spots. Diss., Stockholm, 1944 

WATERBURY, L, A. Vest-pocket handbook of engineering. 4th ed., New York, 1947. 

WATSON, W. H. The oc principles of wave guide transmission and antenna 
systems, Oxford, 194 

Winner, D. V. The Ieee ‘transform. Princeton, 1946. 

Advanced calculus, New York, 1947. 

Wor, H. A study in the analysis of stationary time series. Diss., Stockholm, 1938. 

ZEILON, N. O. Sr les intégrales fondamentales des équations à caractéristique 
réelle de la physique mathématique. Diss., Stockholm, 1914. 


REPORT OF COMMITTEE ON AID TO 
DEVASTATED LIBRARIES 


A Committee on Aid to Devastated Libraries was appointed by 
the Council of the American Mathematical Society in May, 1945 
(Garrett Birkhoff, H. S. Bray, William Feller, Gabor Szegö, A. W. 
Tucker, Arnold Dresden), for the purpose of gathering information 

‘as to the needs of foreign libraries and formulating plans for meeting 
their needs. In August, 1946, the Committee was reorganized (P. A. 
Smith, Leo Zippin, Arnold Dresden), for the task of distributing the 
material that had been received. 

The Trustees of the Society put at the disposal of the Committee 
available publications of the Society to a value not exceeding $1500, 
as well as an amount not exceeding $300, for operating expenses. 
This generous aid was supplemented by many gifts in kind and in 
cash, from the Mathematical Association of America, American 
Philosophical Society, National Bureau of Standards, the Annals of 
Mathematics, the Duke Journal, and a considerable number of indi- 
viduals including groups of students at Mount Holyoke College, 
Long Island University, and Swarthmore College. The Committee 
takes this opportunity to express their appreciation to all these con- 
tributors. 

The distribution of the material thus obtained would not have been 
possible without the aid of the American Book Center. Thanks are 
due to former and present officers of this organization, in particular 
to Mr. Kenneth R. Shaffner, Mr. Lawrence J. Kipp, and to Miss 
Alice D. Ball. Through their cooperation it has been possible to send 
packages of periodicals and of books to thirty-five institutions in 
fifteen countries in Europe and Asia. 

That this material has been gratefully received is evidenced by the 
letters of appreciation which have been received by the Committee. 
But what has been sent does not begin to fill the great needs which 
exist in many places, and which are emphasized by the remarkable 
upsurge of mathematical activity in many parts of the world. A great 
deal of aid has been given by other groups, such as the University of 
California (especially to the University of the Philippines), the Insti- 
tute for Advanced Study, Princeton University, and a group for Aid 
to Polish mathematicians, and so on. But legitimate requests con- 
tinue to reach the Committee. 


A report presented to the Council and approved at the Annual Meeting of the 
Society at Columbus, Ohio on December 28, 1948. 
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Since this Committee has now completed‘ the task given it by the 
Council of the American Mathematical Society, such requests have 
to be referred to other agencies. Among them the most active is the 
United States Book Exchange, Incorporated (Miss Alice D. Ball, 
Executive Director), Library of Congress Building, Washington 25, 
D. C., which carries forward and extends the work begun by the 
American Book Center. The Committee directs therefore the atten- 
tion of American mathematicians to this organization, in the hope 
that they will keep in mind the tremendous need for books and 
periodicals which continues to exist in many countries, and that they 
will.communicate with the United States Book Exchange in all cases 
in which it is not feasible for them to forward their gifts abroad 
directly. í 

It is hoped that it will be possible to publish in the BULLETIN OF 
THE AMERICAN MATHEMATICAL SOCIETY from time to time the spe- 
cific requests which are made known to the undersigned. Only a short 
time ago a request came from Professor Threlfall in Heidelberg for 
the following books: 


Leciures on topology, University of Michigan, 1941 

Duke Mathematical Journal, vol. 5, except Nos. 1, 4; vol. 6, except 
No. 3; vol. 7 and following 

Mathematical Reviews, vol. 1, except No. 1; vol. 2, except No. 11; vol. j 
7 and following 

Wintner, The analytical foundations of celestical mechanics 

von Kármán, Mathematical methods in engineering 

Courant, What is mathematics? 

Courant, Differential and integral calculus 

f . For the Committee 
ARNOLD DRESDEN 


TOPOLOGICAL METHODS IN ABSTRACT ALGEBRA. 
COHOMOLOGY THEORY OF GROUPS! 


SAMUEL EILENBERG 


1. Introduction. The title of this article requires some explanation. 
The term “abstract algebra” was used to indicate that we shall deal 
with purely algebraic objects like groups, algebras and Lie algebras 
rather than topological groups, topological algebras, and so on. The 
method of study is also purely algebraic but is the replica of an alge- 
braic process which has been widely used in topology, thus the words 
“toplogical methods” could be replaced by “algebraic methods 
suggested by algebraic topology.” These purely algebraic theories do, 
however, have several applications in topology. 

The algebraic process borrowed from topology is the following. 
Consider a sequence of abelian groups {Ce} and homomorphisms ô, 


(1.1) COSC... Cr Sc Scr... 

such that öö=0. In each group C? two subgroups are distinguished 
ZU = kernel of 6:C¢ CH, i 
Bi = image of 6:C7 1+ Ce 


with the second definition completed by setting B°=0. The condi- 
tion 66=0 is then equivalent with BeCZe. The group 


Ha = Ze/Ba 


is called the gth cohomology group of the sequence (1.1). The ele- 
ments of the groups C®, Ze, Be and H“ are called g-dimensional co- 
chains, cocycles, coboundaries and cohomology classes respectively. 
Each cocycle zg€Z° determines a cohomology class as the coset 
{z}=s+B*. Two cocycles in the same coset are called cohomol- 
ogous. 

The process just described can be applied in the following three 
instances. i 

I. Groups. Let Q be a multiplicative group and G an abelian group 
written additively. Assume further that Ọ operates on G, that is, that 


An address delivered before the Summer Meeting of the Society on September 15, 
1945, by invitation of the Committee to Select Hour Speakers for Annual and Sum- 
mer Meetings; received by the editors May 29, 1948. 

! The presentation has been brought up to date and includes many results ob- 
tained after 1945, 
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for each «GQ and gEG an element «gCG is given such that 
algi + gs) = git mga, — walmig) = (mug Igag 


where 1 is the unit element in ©. The group C*(Q, G) of the g-dimen- 
sional cochains of Q in G is defined as the group of all functions f of 
q variables in Q with values in G. Addition in C*(Q, G) is defined by 


(fa + fa) (ay ++ 5 a) = fata ++ 4 0) + falta +++ Ro). 


The coboundary homomorphism 6:C9(Q, G)>C2t1(Q, G) is defined 
by the formula 


(8f) (x1, ea X41) = aif(%2, eg Xarı) 
+È (Dlan + tata et) 


+ Dry, ta). 


The relation 65=0 is verified by computation. The resulting co- 
homology group H*(Q, G) is called the qth cohomology group of Q 
over G. Note that the operators of Q on G are part of the definition 
and a change in these operators will generally alter the group 
H«(0, G). 

II. Assoctative algebras. Let A be an associative algebra over a 
field F, and V a vector space over the same field. Assume further 
that V is a two sided A-module, that is, that for every aC A, vE V 
elements av and va of V are defined which are bilinear functions of a 
and v, and satisfy 


G2(a10) = (G2a)0, a,(001) = (G90) a1, (vag) 41 = (04201). 


The group C*(A, V) of the g-dimensional cochains of A in V is defined 
as the group of all functions f of q variables in A with values in V, 
linear with respect to each variable. Addition in C«(A, V) is defined 
as before. The coboundary formula is 


(5f) (as, iy pd q1) = aıf(as, Erg agı) 
F È (-1)'flas, tty hith ttt’ Og+1) 


+ f(a1 +++ o, Gq) Gees. 


The resulting cohomology group H*(A, V) is the gth cohomology 
group of A over V. The groups C%, - - - , H" in this case are clearly 
vector spaces over the field F. 

III. Lie algebras. Let L be a Lie algebra over a field F and let V 


t t 


1949] TOPOLOGICAL METHODS IN ABSTRACT ALGEBRA 5 


be a vector space over F. Assume further that a representation P of 
Lin V is given, that is, that for every xEL a linear transformation 
P,: VV is given such that P, is a linear function of xCL and that 


PyPs— PsPy = Pisni 


for x, yEL. The group C«(L, P) is defined as the group of all functions 
f of q variables in L with values in V, linear with respect to each vari- 
able and alternating with respect to permutations of the variables. 
Addition in C*(L, P) is defined as before. The coboundary formula is 


(Sf) (21, RE %q41) 


= >» (DH [ær xr], Xu, Êr, er £1, eee Lq41) 
kK 
e+1 
+ » (~I) HP. f(a, erg ĉi, 1ta Lori), 
tm 


where the symbol under the circumflex is to be omitted. The resulting 
cohomology group H“(L, P) is called the gth cohomology group of L 
over P and clearly is a vector space over F. In the special case when 
V=F and the representation P is trivial (that is, when P,=0 for all 
*EL), the second part of the coboundary formula is zero. We then 
write H%(L) instead of H*(L, P). 

In all the three cases discussed above the convention prevails that 
a function of zero variables with values in G is an element of G. Thus 
CQ, G) =G, CKA,W)=V, CL, P)=V. 

A certain common feature can be observed in all the points at 
which the cohomology theories defined above come into contact with 
esfablished parts of algebra. The cocycles almost invariably arise as 
“deviations” from a certain simple behavior. This point is not suffi- 
ciently formalized to be discussed here, but will be emphasized as the 
various instances come up. A strong analogy with the “obstructions” 
considered in topology in problems on extension and classification of 
mappings and in the theory of fiber bundles is suggested. In some 
instances the “deviations” and the “obstructions” actually come into 
contact, 

The definition of the cohomology groups of groups was given by 
the author and S. MacLane in 1943 ([12], [13], [15], see also Hopf 
[26] and Eckmann [6]).* The remainder of this paper is devoted to 
the discussion of these groups. After some preliminaries ($$2--3) we 
describe (§§4-8) the connections that have been established be- 
tween this cohomology theory and other parts of algebra. This is 


2 Numbers in brackets refer to the bibliography at the end of the paper, 
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followed (§§9-13) by the description of some intrinsic properties of 
the cohomology groups; these are often helpful in actual computa- 
tions. Some contacts with topology become apparent. Finally 
(§§14-17) we give an account of the topological applications of the 
cohomology groups. 

The cohomology theory of associative algebras was studied by 
Hochschild [22], [23], [24]. As yet, there are no applications to 
topology. Some of the algebraic results are analogous to the cor- 


_ responding theorems in cohomology theory of groups. 


The cohomology groups of Lie algebras were studied by Chevalley 
and the author [5]. The contact with topology is established by the 
fact that the cohomology groups (real coefficients) of the space of a 
compact Lie group are isomorphic to the cohomology groups of its 
Lie algebra. The theory is still in a very rudimentary stage and needs 
further development. 


2. Alternative definitions. If we compare the definition of the 
coboundary ôf for the cases of groups and associative algebras we 
observe that they are formally identical except for the right operator 
on the last term. The two formulae can be brought to coincidence by 
assuming that the group Q acts on G as a group of two-sided operators, 
that is, that in addition to the left operators of Q on G, the group Q 
operates on G also on the right in such a way that 


(gi + gax = gia + gos, (a) = gan), gl =e, 
(zig) = lgt). 


The formula for öf is then modified by replacing the last term 
(fen ©, £a) Dy fh&n + + * s £a)£atı The cohomology group H«(0,G) 
` thus obtained includes the earlier groups as special cases, namely when 
the right operators of Q on G are simple (that is, when gx=g for all 
*€Q, g€G). It turns out that this generalization is not essential. In 
- fact given that Q operates on G two-sidedly, define the group 0G which 
coincides with G as a group but has Q as a group of left operators as 
follows j 
xog= ggr! 2 


Define a map 
$:C%(Q, 06) > C(O, G) 
by setting 
ENTE <= 5 te) = E T 
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The maps ¢ are isomorphisms and commute with the coboundary 
operators, thus inducing isomorphisms of the cohomology groups 
H(Q, G) (with two-sided operators) and H(Q, oG) (with left oper- 
ators). From now on, unless the contrary is specified, we shall adhere 
to the original definition involving left operators only. 

A cochain fEC*(Q, G) is called normalized provided f(x, + + +, £4) 
=0 whenever x;=1 for at least one index i=1,---, q. The normal- 
ized cochains form a subgroup Cf of C*. Since the coboundary of a 
normalized cochain is again normalized, the groups {cs} define 
cohomology groups Hg the same way as the sequence fce} defines 
H". Since every normalized cocycle also is a cocycle in the ordinary 
sense, a “natural” homomorphism HH? is induced. We have 
(Eilenberg-MacLane [15]) 

(2.1) The natural homomorphism HX(Q, G)>H«(Q, G) maps the 
cohomology group of Q defined using normalized cochains tsomorphically 
onto the cohomology group of Q. 

The same is true for two-sided operators. 


3. The groups H°, H!. A 0-cochain fE CO, G) is by definition an 
element gEG. Since (öf)(x) =xg—g it follows that f is a cocycle if 
and only if xg=g. Since by definition B°(Q, G)=0 we have 

(3.1) The Oth cohomology group H(Q, G) is the subgroup of those 
elements of G on which Q operates simply. 

A 1-cochain fEC!(Q, G) is a function f:Q—>G while its coboundary 
is 

(Of) (a1 2a) = fl) — f(r) + fan), 


thence f is a 1-cocycle if and only if 


(zita) = f(a1) + zıflan). 


Such functions f are known as crossed homomorphisms of Q onto G. In 
order that fEB!(Q, G) we must have f(x) =xg—x for some constant 
g€G. Such crossed homomorphisms are called Principal homo- 
morphisms. Hence 

(3.2) The first cohomology group H*(Q, G) is the group of crossed 
homomorphisms of Q into G reduced modulo the brincipal homomor- 


~- phisms. If the operators of Q on G are simple (that is, tf xg=g for all x 


and g) then H (Q, G) is the group Hom (Q, G) of all homomorphisms of 
Q into G. 

The first cohomology group is useful in connection with the follow- 
ing concepts. Let G and P be groups with the group Q as a group of 
left operators. It is not assumed that P is abelian and it will be 
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written multiplicatively. A pair (E, &) will be called a Q-enlargement 
of P by G provided: (1°) E is a group with Q as left operators, (2°) G 
is a subgroup of E and a direct summand of E, (3°) the operators of 
Q on G agree with the operators of Q on E, (4°) ¢ is an operator 
homomorphism of E onto P with G as kernel. Two Q-enlargements 
(Ei, $1), (Ea, $2) of P by G are called equivalent if there is an operator 
isomorphism r:Eı=E; leaving G pointwise fixed and such that 
‘pat =Q. 

A Q-enlargement (E, @) of P by G is said to be inessential if there is 
an operator homomorphism y:P—E such that gy is the identity. The 
inessential enlargements form an equivalence class. 

Multiplication of equivalence classes of enlargements is defined as 
follows. Given Q-enlargements (Fi, ¢:), (Es, ¢:) of P by G, consider 
the group EıX E; and its subgroup F consisting of pairs (es, &) with 
dıleı) =2(e2). Clearly F contains the group GXG. Let G be the sub- 
group of GXG defined by all the pairs of the form (g, g~t). The group 
GXG/G can be identified with the group G by identifying each coset 
(gı, &)G with the element git+gs. Now let E = F/G and define $6: EP 
by [(e1, &)G] =¢1(e:) =da(e2), also define the operators of Q on E by 
setting x [(e1, &)G]= (xer xe2)G. With these definitions (E, ¢) is a Q-en- 
largement of P by G which we define as the product (E1, $1) @ (Ex, $2). 

(3.3) The equivalence classes of enlargements of P by G over Q form 
a commutative group Enl (Q, P, G). The equivalence class of inessential 
enlargements ts the zero element of this group. 

To exhibit the connection of the group Enl (P, G, Q) with co- 
homology theory we consider homomorphisms 0: P—G. With addi- 
tion and operators defined by 


(01 + a) (P) = Olp) + ld), (dB) = lolap] 


the homomorphisms # form an abelian group Hom (P, G) with Q as 
left operators. 

Let (E, $) be a Q-enlargement of P by G. Since G is a direct sum- 
mand of E and $ maps E onto P with G as kernel, there exists a 
homomorphism y: P>E such that dy =identity. Unless the enlarge- 
mentis inessential y cannot be chosen tobean operator homomorphism. - 
The expression 


(*) apap) — VO), EQ p EP, 


measures the deviation of y from being an operator homomorphism. 
An application of & shows that (*) is in G, and for a fixed x&Q, (*) 
gives a homomorphism y*(x) of P into G. Thus Y*(«x)EHom (P, G) 
and ¥*€C(Q, Hom (P, G)). A computation yields 


1949] TOPOLOGICAL METHODS IN ABSTRACT ALGEBRA 9 


v*(2y)(b) 


ayy (yap) — Ylh) 
alyb(y tap) — plap] + lamp) — ¥(9)] 
x[W*(y) (2-4) ] + Va). 


II 


Thus 
v*lay) = Hy) + Ye), 


that is, 5f*=0 and ¥*EZ1(Q, Hom (P, G)). If is replaced by another 
homomorphism yYı:P>E such that dyı=identity then yı-y=9 
€Hom (P, G)=C%(Q, Hom (P, G)), and a computation shows 
that y?-y*=69. Thus the cohomology class {y*} of the cocycle 
Y* is independent of the choice of y and is completely determined 
by the enlargement (E, ¢). This yields a map Enl (0, P, © 
—H(Q, Hom (P, G)). It is easy to see that this correspondence 
yields an isomorphism onto. 

(3.4) The group Enl (Q, P, G) of equivalence classes of O-enlargements 
of P by G is isomorphic with the cohomology group H1(Q, Hom (P, G)). 

The previous argument becomes more transparent if instead of - 
defining Hom (P, G) as a group with Q as left operators, we define 
Hom (P, G) with Q as two-sided operators as follows 


I) = xop), (8x) (p) = 6( xp). 
The “deviation” y*(x) is then defined as 


¥*(x)(p) = ab(p) — plap). 
Then 


Y*ay) = a*(y) + oF (x) y 


and ¥* is a cocycle following the formula with two-sided operators. 
The discussion with left-operators corresponds then to the discussion 
with two-sided operators by means of the mapping ¢ of §2. 

This discussion concerning enlargements is capable of the follow- 
ing generalization. Suppose that in addition to the group Q another 
group R is given that also operates on G and P on the right. We shall 
assume in addition that the operators of Q and R commute, that is, 
that 


(ar = aler), (mp)r = apr) | 


for «GQ, rER, gEG, pEP. We may then consider pairs (E, ¢) 
which are simultaneously Q and R-enlargements and such that the 
operators of Q and R on E also commute. We shall then say that 
(E, $) is a Q-R-enlargement. The equivalence classes of O-R- 
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enlargements which are inessential as R-enlargements form a com- 
mutative group Enlz (Q, P, G). The zero element of this group con- 
sists of the equivalence class of O-R-enlargements (E, ¢) which are 
Q-R-inessential, that is, of those for which there exists a homo- 
morphism y: P>E which is both a Q- and R-operator homomorphism 
such that $Y=identity. Replacing in the previous discussion all the 
homomorphisms #:P>G by R-operator homomorphisms, we find 
that the group Enlp (Q, P, G) is isomorphic with the cohomology 
group H'!(Q, Home (P, G)) where Home (P, G) is the group of R- 
operator homomorphisms of P into G with the operators of Q de- 
fined as before. 

The above discussion of enlargements is new, but is a close analogue 
of a similar discussion for associative algebras (Hochschild [24]). . 


4. Group extensions. The discussion of the 2nd and 3rd cohomol- 
ogy groups is closedly connected with the problem of group extensions 
(Eilenberg-MacLane [16]). 

Consider a group E, an invariant subgroup K of E and a homo- 
morphism ¢:E—@Q mapping E onto Q with kernel K. Let G denote 
the center of the group K. For every eCE the mapping 


k— eke 


is an automorphism of K; thus a homomorphism E>A(K) of E into 
the group A(K) of automorphisms of K is defined. The subgroup K 
maps into the subgroup J(K) of inner automorphisms of K. There 
results a homomorphism 
9:0 > A(K)/I(K). 

Replacing kG K by gEG we also find a homomorphism Q—A(G). 
This means that Q operates on G. From now on we shall assume that 
Q, G and the operators of Q on G are fixed. The pair (E, @) is then 
called an extension of Q belonging to the center G, the pair (K, 0) is 
then called the kernel of the extension (E, ¢). 

Two extensions (Fi, ġ1) and (Fs, &:) are called equivalent if there 
is an isomorphism r of E, onto Es such that dar=dı and r(g) =g for 
each gEG. 

Multiplication of equivalence classes of extensions is defined as 
follows. Given extensions (£1, ¢1), (Es, #2) of Q belonging to the center 
G, consider the group £:X£; and its subgroup F consisting of pairs 
(ex, &) with ¢1(e1) =@2(ex). Clearly F contains the group GXG. Let 
G be the subgroup of GXG defined by all pairs of the form (g, g`’). 
The group GXG/G can be identified with the group G by identifying 
each coset (gı, &)G with the element gitgs. Now let E=F/G and 
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define #:E>0 by ¢[(e:, e:)G| =¢s(e1) =d2(ez). The extension (E, ¢) is 
defined to be the product (Fi, 61) @ (Es, ds). 

(4.1) The equivalence classes of extensions of Q belonging to the 
center G (with prescribed operators of Q on G) form a commutative and 
associative system E(Q, ©). 

Extensions (E, &) in which K=G (that is, the kernel is abelian) 
form a multiplicative subsystem e4(Q, G) of E(0, G). The extension 
(E, ¢) with K=G is said to split provided there exists a homo- 
morphism ¥:Q—£ such &y =identity. The splitting extensions con- 
stitute an equivalence class. 

(4.2) The extensions with K=G form an abelian subgroup -A(Q, G) 
of E(Q, G). The sero element of -A(Q, G) is also a zero element for 
E(Q, G) and ts the equivalence class of the splitting extensions. 

The extensions (E, ¢) with A=G are called the group extensions 
of Q by G, and -4(Q, G) is called the group of group extensions of Q 
by G (with the prescribed operators of Q on G). The first result con- 
necting group extension and cohomology is the following. 

(4.3) The group A(Q, G) of extensions of Q by G is isomorphic with 
the second cohomology group H?(Q, G). 

The nature of this isomorphism will be explained in detail since it 
is typical of the method by which the cohomology theory enters into 
a problem of algebra. 

Let (E, &) be an element of an equivalence class of «/(0, G). Then 
ġ:E—>Q maps E onto Q with G as kernel and with prescribed oper- 
ators. In an effort to split the extension we consider an arbitrary map 
u:Q—E such that ¢u=identity. If the map u is a homomorphism 
the extension splits. In general u will not bea homomorphism and the 
deviation of u from a homomorphism is a function f(x, y) defined by 


tu(x)uly) = f(x, y)u(xy) 


for x, y&Q. Clearly f(x, y) GG so that fEC(Q, G). A computation 
yields 


[#(@)u(y) lu) = f(a, Way, 2) u(xy2), 
u(x) [w(y)u(z)] = [xf(y, alfa, ye)u(wys). 


Hence the associativity of E implies 


f(x, „ey, 2) = laf(y, 2) | f(x, ys) 


and since all the elements are in G we can pass to additive notation: 


o af(y, 8) — f(xy, 3) + f(x, yz) — f(x, y) = 0 
that is, 


12 SAMUEL EILENBERG (January 


bf = 0 


and fEZ?(0, G). Thus the deviation f (called factor set) is a cocycle; 
the cohomology class {f } of this cocycle is independent of the choice 
of the representative function u and also of the choice of the extension 
(E, @) within its equivalence class. This yields a map «/(QO, © 
—(Q, G) which is easily verified to be an isomorphism onto. The 
cohomology class { f } = F?(E, ġ) attached to the extension (E, œ) 
may be regarded as the obstruction against splitting (E, #); the ex- 
tension splits if and only if F*(Z, ¢)=0. 

The study of extensions of Q by G also leads to an interpretation of 
the first cohomology group H1(Q, G) (Baer [2]). Let (E, $) be an 
extension of Q by G. In the group A(E) of automorphisms of E con- 
sider the subgroup A: consisting of automorphisms a which satisfy 
ga =. Then setting m(e) =a(e)e~! yields a cocycle m&Z!(E, G) with 
E operating on G as inner automorphisms. In Aı consider the sub- 
group A, of all automorphisms which leave G pointwise fixed. If 
a@C.A, then there is a unique cocycle nC Z1(Q, G) such that nọ =m. 
It is easy to see that As is abelian and that the correspondence a—n 
yields an isomorphism 4:*Z1(Q, G). Under this isomorphism 
B!(0, G) corresponds to the subgroup A; of A; consisting of all auto- 
morphisms e—geg™, gEG. Thus A:/As~H1(Q, G). 

Before we proceed with the discussion of extensions whose kernel 
is not abelian, we must devote some attention to kernels. 


5. Kernels. A Q-kernel is a pair (K, 0) where K is a group and 
9:Q — A(K)/I(K) 


is a homomorphism. If G is the center of X, then # induces a homo- 
morphism 
Q —> AG), 


that is, Q operates on G. We shall only consider Q-kernels with a 
fixed center G and fixed operators of Q on G. Equivalence of kernels 
is defined in the obvious way. Multiplication of equivalence classes of 
Q-kernels is defined as follows. Given kernels (Ki, 01), (Ka, 03) con- 
sider the group K=KıXK,/G where G is the subgroup of GXG 
considered earlier. The group GXG/G, that we have identified earlier 
with G, is then the center of K. Let «EQ and let 0,(x) =; /(K,) where 
wEA(K,), #=1, 2. Since a: and as coincide on G it follows that 
(œn a) is an automorphism of KıXK, which leaves G invariant. 
Thus (a1, ag) defines an automorphism a of K. We define 6(x) =alI(K). 
The resulting kernel (K, 0) is the product (Ki, 6:1) @(Ka, Pa). 
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- (5.1) The multiplication of equivalence classes of Q-kernels is com- 
mutative and associative. The kernel (K, 0) with K=G acts as a unit. 

We have observed in §4 that each extension (E, &) of Q belonging 
to the center G determines a Q-kernel (K, 0). However not every 
kernel is the kernel of an extension. This defines a subclass of ex- 
tendible kernels, that is, of those Q-kernels which are kernels of ex- 
tensions. Two Q-kernels (Kı, 61) and (Ks, 62) are called similar pro- 
vided there exist extendible Q-kernels (Lı, Y1), (La, Ya) such that 
(Ki, M)&(L, 1) is equivalent with (Ke, 6:)@(L2, Y3). Since the 
product of extendible kernels is extendible, similarity classes of 
kernels can be multiplied. 

(5.2) The similarity classes of Q-kernels with center G (and prescribed 
operators of Q on G) form an abelian group K(Q, G). The zero element 
of thts group consists of the class of extendible O-kernels. 

The main result concerning kernels is the following (Eilenberg-Mac- 
Lane [16]). 

(5.3) The group K(Q, G) is tsomorphic with the 3rd cohomology 
group H*(Q, G). 

This isomorphism is established by a method similar to that used 
for (4.3). Let (K, 0) be a Q-kernel. For each zEO select a(x) GA (Q) 
such that 6(x) =a(«)I(K). Then 


a(x)a(y) = B(x, yjalzy) 
where B(xy) EI(K). Select h(x, y) EK so that 


h(x, y)Rh(x, y) = B(xy)(R). 
Finally define f(x, y, 2) by 


[cx(2e), kly, 8) JA(x, yz) =f(x, Y, z)h(x, y)h(xy, z). 


In the noncommutative sense f is then the coboundary of hk. A com- 
putation shows that f is in the center of K, that is, in G, and that f is - 
a cocycle fEZ*(Q, G). The characteristic cohomology class { f} 
= F*(K, 6) is independent of the choices made in the definition of f, 
and of the choice of (K, 6) within its equivalence ‘class. 

(5.4) A O-kernel (K, 0) with center G is extendible if and only if tts 
characteristic cohomology class (K, 6)E.H°(O, G) is zero. 

Since the characteristic cohomology classes add when kernels are 
multiplied it follows that (K, 0)>F*(K, 0) is a homomorphism 
K(Q, G)>H®(Q, G). Proposition (5.3) is proved by showing that this 
map is an isomorphism onto. 

A remark should be made concerning the normalization of the 
cocycles considered in §4 and this section. The cocycle of §4 will 
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be normalized if and only if we select the representative function 
u so that u(1)=1. In order to insure that the 3-dimensional cocycle 
of a kernel be normalized we select a(1) =1 so that (1, y) =8(x, 1) =1. 
Then select h so that A(1, y) =A(x, 1) =1. 

For further results concerning kernels see MacLane [32]. 


` 6. Extensions with a non-abelian kernel. Let (K, #) be a O-kernel 
with center G. Assume further that F*(K, 0)=0 so that there is at 
least one extension (Eo, ġo) of Q with (K, 6) as kernel. Let [Eo, ġo] 
be the element of E(Q, G) determined by (Eo, ġo). The main results 
then are (Eilenberg-MacLane [16]): 

(6.1) The map (E, $)—(Eo, %0) O (E, $), where (E, $) is any exten- 
ston of Q with G as kernel, establishes a 1-1 map of the group «Ä(Q, G) 
onto the totality of equivalence classes of extensions of Q with kernel 
equivalent with (K, &). The latter form then a coset [Eo, 60] @eA4(Q, G). 

Combining (6.1) with (4.3) yields: 

(6.2) If the O-kernel (K, 0) ts extendible then the equivalence classes 
of extensions (E, ġ) of Q with kernel (K, 0) are in a 1-1 correspondence 
with the elements of the group H*(Q, G) where G is the center of K and 
the operators of Q on G are induced by 0. 


7. Non-associative systems. The fact that the deviation f defined 
in §4 by the equation u(x)u(y) =f(x, y)u(xy) is a 2-cocycle is equiva- 
lent with the associativity law in the group E. This suggests that 
higher-dimensional cocycles may be obtained as deviations from the 
associativity law in suitable multiplicative systems. This point of 
view has been explored (Eilenberg-MacLane [17]) and leads to 
theorems generalizing (4.3) and employing the higher cohomology 
groups. 

Let L be a loop (that is, a non-associative group). Given a, b, cEL 
define the assoctator A (a, b, c) EL by the equation 


a(bc) = A(a, b, c) [(ab)c]. 
The associator is then a measure of the deviation from associativity. 
To illustrate the tendency of the associator to behave like a 3-co- 


cycle assume that L is commutative and that the associativity law 
holds whenever one of the three elements is itself an associator. Then 


alb(cd)] = A(a, b, cd)(ab)(cd) = A(a, b, cd) A (ab, c, d) [(ab)c]d, 
a[b(cd)| = A(b, c, daflod] = Alb, c, d)A(a, be, d) [a(bc) ]d 
= A(b, c, d)A(a, be, d)A(a, b, c)[(ab)c]d. 
Thus (using additive notation) 


ae! 
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Alb, 6, d)—A(ab, c, d)+A(a, be, d)—A(a, b, cd)-+A(a, b, c) =0 


which shows that A is a suitable generalization of a 3-cocycle. 
Higher associators are defined inductively as 


A(t, eng G2n41) = Alan, or, Dana, A (tani PR Gent1)) 


and also have a tendency to behave like cocycles. 

The generalization of (4.3) is achieved by the study of prolonga- 
tions. A prolongation of Q by G (with given operators of Q on G) is a 
pair (L, &) satisfying the following five conditions: 

(i) Z is a loop containing G as a subgroup, 

(ii) ¢ is a homomorphism of L onto Q with a kernel K containing 
G, ‘ 

(iii) A(R, a, b) =1=A(a, k, b) for a, bEL, kCK, 

(iv) kA =Ak for any kEK and any associator A=A(a, b, c), 
(v) ag=(d(a)g)e for aEL, gEG. 

The equivalence and multiplication of prolongations is defined as 
in $4. The equivalence classes of prolongations of Q by G form then 
a commutative and associative system P(Q, G). The splitting exten- 
sion of Q by G acts as a unit for P(Q, G). 

The non-associativity of L in a prolongation (L, œ) is further con- 
trolled by the consideration of the following four classes defined by 
the following conditions 


On: A(d1,+*+, Gay; G) = 1, 
On: Ai tora È) = 1, 
GH: A(G1,++*, Gm a) =G, 
Ga Alan- >, dan k) =G, 
where n>0, an +--+, dan, aEL and EEK. In addition we define the 


class R, consisting of those prolongations (L, 6) of Q by G which 
containa prolongation (L’, $’) of Q by G (that is, L’CL and ¢’ agrees 
with œ on L’) of class OF. We also define the class GE by the condi- 
tion K=G, 

Next we consider the class OXNGZ. This class contains both O! 
and GË , and therefore contains the class OF @G*, of products of 
prolongation in Ol and GZ. We then define as in §5 the similarity 
classes of OXNG! modulo Oreck... 

(7.1) The similarity classes of O&NGE modulo olack, form a group 
OR NGL/OL@G*_, which is tsomorphic with the cohomology group 
(0, G), n>0. ; 5 = 

Similarly 
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(7.2) The similarity classes of OF_ GE modulo R ,&G! form a group 
OL NGE/RR®G! isomorphic with the cohomology group H™***(Q, G), 
n>0. 

In the case »=0 the various classes can be interpreted so that this 
result reduces to the group extension case (4.3). 

‘Let us consider the case n =1 of (7.1) in more detail. A prolongation 
(L, $) is in the class OFOG} if A(a, b, k)=1 and if A(a, b, EG. 
Thus we obtain the class OfNG? by replacing conditions (iii) and 
(iv) by i 
~ iii)’ A(R, a, 6) =A(a, k,b)=A(a, b, k)=1 for a, bEL, REK, 

(iv)’ all associators of L are in G. 

‘The class OF consists of those prolongations (L, @) for which L is 
associative, that is, a group, while GX is defined by the condition 
K=G. The similarity classes of O&NG? modulo OF @GF form then a 
” group isomorphic with H°(Q, G). This characterization of H?(Q, G) 
is quite different from the characterization of H*(Q, G) as the group 
‘of Q-kernels K(Q, G) asserted in (5.3). It is very likely that some sort 
of nonassociative generalization of the concept of a kernel and of the. 
group K(0, G) exists, that will give a characterization of the cohomol- 


_ ogy groups H®(Q, G) for q>3. 


8. Connections with Galois theory. Let P be a field, N a finite, 
separable, and normal extension of P, and Q the Galois group of N 
over P. Each element \€Q is then an automorphism A: N>N leaving 
P pointwise fixed. Thus Q acts as a group of operators on both the 
additive group N+ of N and the multiplicative group N X of the ele- 
ments of N different from zero. Thus we are in a position to study the 
cohomology groups H*(Q, N+) and H«(Q, N”). It is easy to verify 
that H%(Q; N+) =0 for all dimensions g. Thus our attention will be 
centered on the group H*(Q, N”), from now on written as H“(Q, N). 
The base field P is not indicated in this notation as it simply is the ’ 
field of all fixed points of N under the automorphisms of the group Q. 

- The “principal genus theorem in the small” asserts that 


(8.1) l HQ, N) = 0. 


_ The cohomology groups A*(Q, N) and H*(Q, N) enter the picture 
_in connection with the theory of simple algebras and crossed prod- > 
ucts. Í 

` Consider the totality of all central simple algebras A over P with 
the Kronecker product over P as multiplication. The similarity 
classes modulo algebras which are full matrix algebras over P form a 
group eÄ(P) called the Brauer group of algebra classes over P. 
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Let N be a finite separable and normal extension of P. For each 
algebra A over P construct the scalar extension Ay=4XpN which 
is an algebra over N. If A is central simple over P then Ay is central 
simple over N. The correspondence A—>Ax yields a homomorphism 


(*) AP) > AN). ‘ 


The kernel of this homomorphism will be denoted by «AX(P) and 


consists of the algebra classes over P for which N is a splitting field. 


(8.2) The second cohomology group H*(Q, N) is isomorphic with the . 


group «ÄN(P) of algebra classes over P split by N. 
This is a reformulation of a classical result and is obtained by 
constructing for each fEZ?(Q, N) a crossed product algebra 


A=(f, Q, N) as follows. A is a vector space over N generated by. 


symbols u(x) corresponding to elements x€Q. The multiplication 
table is given by 


le#(2) ] [bu(y)] = (xd) f(x, y)u(x, y), 
or equivalently 


u(x)b = (xb)u(x), w(x) u(y) = f(x, y)u(xy). 
With f assumed normalized, u(1) is the unit element of A. The alge- 


bra A is central simple over P and has N as splitting field. F urther_ 


every central simple algebra over P which is split by N is similar to 
a crossed product (f, Q, N) with f determined uniquely modulo co- 
boundaries. This leads to (8.2) (see for instance Artin-Nesbitt- 
Thrall [1]). f 

The image of the homomorphism (*) will be denoted by 4y(P) 
and will be used presently. 

A central simple algebra A over N will be called Q-normal pro- 
vided every automorphism in the group Q can be extended to an, 


- 


“ automorphism of the algebra A. Teichmüller [33] has studied such 


algebras and has shown that if A is Q-normal then any algebra similar 
to A is Q-normal. Thus the Q-normal algebras determine a sub- 
group Na(N) of A(N). It is easy to see that 


eAn(P) T NoN). 


The connection between Q-normal algebras and the cohomology 
group H®(Q, N) was introduced by Teichmüller who has defined a 
homomorphism 


T?: No(N) > H*Q, N). 


This correspondence could be described in the language of 85 as follows. 
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Let A be O-normal and let K be the group of regular elements of A. 
Then N™ is the center of K. Since each 'automorphism x€Q can be 
extended to an automorphism of A each x€Q gives rise to subset 
> (x) of the automorphism group A(X). Since A is central simple over 
N, any two extensions of x differ by an inner automorphism and 
0(x) is an element of A(K)/I(K). Thus 0:0—A(K)/I(K) and the 
pair (K, 6) is a Q-kernel with N* as center. The cohomology class 
T®(A) is then the characteristic cohomology class of the kernel (K, 6) 


T*(A) = F*(K, 6) € HQ, N). 


Teichmüller [33] has proved that -4y(P) is the kernel of the homo- 
morphism 7*, and thus that the group No(N)/Ax(P) is isomorphic 
with a subgroup of H*(Q, N). This subgroup was subsequently de- 
termined by Eilenberg-MacLane [18] as follows. 

Let K be a finite normal and separable extension of P such that 
PCNCK and let G be the Galois group of K over P. Each a€G de- 
fines then an element ¢(a) CQ. Given a cochain fEC1(Q, N) define 
the “lifted” cochain AxfE€C«(G, K) by setting 


Arflau +++ 5%) = f(p(or), +++ » ba). 
This lifting operation defines a homomorphism 


Ax: H%(Q, N) > HG, K). 


A cohomology class in the kernel of Ax is said to be split by K or to 
have cetling K. The cohomology classes in H(Q, N) which have a 
ceiling form a subgroup Hi(Q, N). For g=2 this group can be shown 
to be trivial. 

(8.3) The homomorphism T* maps the group of Q-normal algebra 
classes over P onto the subgroup Hi(Q, N) of H«(O, N). The kernel of 
T? is the group An(P). Thus 


No(N)/Ax(P) = HiQ, N). 


The proof of (8.3) requires a detailed analysis of the Q-normality of 
crossed products. The computations are considerable and the 
normalization conditions discussed in §2 are used extensively. See also 
MacLane [31] for an alternative proof of a main lemma. 

In the case when P is an algebraic number field, MacLane [30] has 
proved (without appeal to cohomology theory) that the group 
No(N)/An(P) is cyclic of order s where s is determined by the arith- 
metric properties of the extension N of P. Examples can be found 
with s>1; therefore Hi(Q, N) 0 in this case. 


9. The first reduction theorem. We now turn to the intrinsic prop- 
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erties of the cohomology groups of groups. The main problem con- ~ 
sists in devising a method for computing the cohomology groups. In 
this connection the so-called “reduction theorems”, are of great 
assistance. We call a “reduction theorem” any theorem that asserts 
that the cohomology group H°(Q, G) is isomorphic with a lower 
dimensional cohomology group of Q with a suitably altered coefficient 
group G. 

In the reduction theorem that we are about to state it is con- 
venient to use two-sided operators and normalized cochains. We first 
define Q as a group of two-sided operators on the group of cochains 
C*(Q, G) as follows 


Ka) = xl f(a, rd tn), 
(fx) (21, MR £n) = a[f(s, Sen tn) | = (Sf), My ty £n). 


Next we establish an isomorphism 
| 74:00, Cr, G)) = Crtr(Q,G) 
. by setting 
Dan +s Sa Yee Ye) = Man re) s+ Ya) 


for fEC2(Q, C*(Q, G)). A computation shows that r4,, is an operator -' 
isomorphism and that it commutes with the coboundary operator 


bt gn = Ton. 
Consequently we obtain isomorphisms 
(9.1) Tan: HQ, CQ, G)) = HQ, G), q> 0. 


This is the first reduction theorem (Eilenberg-MacLane [15]); it |, 
was originally discovered by Hochschild [22] for cohomology groups 
of associative algebras. 
If Q operates on G only on the left (that is, the right operators of 
Q on G are simple) we may combine the map 7,,, with the map ¢ of 
§2 and express the reduction theorem in terms of left operators only. 
Explicitly the formulae take the following form: 

(af) (a1, as | Ku) = f(x YR £n) ri (ôf) (a, a a) 

(Tanf) (1, ty May Vy ty Va) = Hee xq [f(21, sty MIC Eur ya)] 
fer ölflaı, oe 283 x) (x, nz %q Yy tt, Ya). 


For n=1 the above formulae give 


- (xf)(y) = fy) fe), 


> 
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En) = flay soy a)lay y 209) 
- f(tis+ ,2o)laı ++ wa) 
and yield an isomorphism 
(9.2) _ 7:40, CQ, G)) = HQ, G) q> 9, 


with left operators only. 

As an application of the reduction theorem we prove: 

(9.3) If Q is a free group then H“(O, G) =0 for q22. 

In view of the reduction theorem it suffices to prove that H?(Q, G) 
=0. This amounts to proving that every extension (E, ¢) of Q by 
G splits. Let {xa} be a base for Q; select Y (Xa) CE so that dy (Xa) =Xa. 
The map % can be extended to a homomorphism y:Q—#. Since 
oy =identity, the extension splits. 


10. The cup product reduction theorem. Let Gi, Ge, G be additive 
abelian groups. We shall say that Gi and Gs are patred to G, if for 


“each gg EG and g:€G, an element Hg UgEG is given such that 


(git gi) U ge = gi gat ay Up 
gi VU (ga + gi) = aU gat gU g. 


If in addition Q acts as a group of left operators on Gi, Gz, G then we 
also require that for allxEO0 


x(g U gs) = agi U zga 


Given cochains AEC’(Q, Gi), JEC (Q, G:) we define a cochain ' 
FUREC?“O, G) as follows: 


(f1 U fe) (m1, +++, Eora) 

= fils +++ tp) U Zrt tpfa(tppy a pta) 

` This yields a pairing of the groups Cr(O, Gi) and C*(Q, Gs) to the 
group C?+2(Q, G) with the following property 
br Y fa) = (if) Y fa + (-Yrfı U fa 
This yields 
cocycle U cocycle = cocycle, 
cocycle U cobound. = cobound., 
cobound. U cocycle = cobound., 


and thus leads to a pairing of the cohomology groups HQ, Gı) and 
AQ, Gs) to the group Hrt«(Q, G). 
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In the case of two-sided operators we also require that (gi\/gs)x : 
= gıxU gx and define Uf, by 


(fi U fa) (1, one} Epto) 
= faltu +++, Ep) ipti t Eppa a1 Epfal Ept ++, Epta)- 


Suppose now that Q is given as a factor group F/R where F is a 
free group (this amounts to describing Q by generators and relations). 
More precisely, consider an extension (F, Y) where y: FQ maps F 
onto Q and has kernel R. Let [R, R] denote the commutator group of 
R; then [R, R] is an invariant subgroup of both R and F. Define 


Fy = F/[R, R], Ro = R/[R, R]. 


The extension (F, Y) then defines an extension (Fo, Yo) with Ya: Fr—Q 
mapping Fs onto G with the abelian kernel Ro. According to $4 this ex- 
tension leads to left operators of Q on Ro and yields an element 
fo€H*(Q, Ro) which describes the extension. 

Now consider the group Hom (R,, G) of all homomorphisms 
$:Ro—G; since RR=R/[R, R] this group may be identified with the 
group Hom (R, G). Define Q as a group of left operators on 
Hom (Ro, G) by setting for xEQ, $:Rı—G 


(ln) = aloe], rE Ro 
With these operators, the formula 
rU¢=¢(r), 1 E Ro, ġ E€ Hom (Ro G), 


yields a pairing of the groups Ry and Hom (Rp, G) to the group G. 
This in turn leads to a pairing of the cohomology groups H?(Q, Ro) 
and H*(Q, Hom (Ro, G)) to the group H*+*(Q, G). The cup product 
reduction theorem (Eilenberg-MacLane [15]) then asserts 

(10.1) The homomorphism 


dq: H*(Q, Hom (Ra, G)) > He#(Q, G) \ 
defined by 
M= HUS p BRETO 


for fEH%(Q, Hom (Ro, G)) is an isomorphism onto for q>0 and a - 
homomorphism onto for q=0. 

The kernel of As can be described as follows. The group 
H°(Q, Hom (Ro, G)) consists of the elements of Hom (Ro, G) which 
are invariant under the operators of Q. This is precisely the group 
Ophom (Ro, G) of all operator homomorphisms $:Ro—G (that is, 
homomorphisms satisfying «(¢(r)) =(«r) for all xE0). Next define 
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Fo as a group of left operators on G by setting ag=yo(a)g for aEF, 
gEG. Then every cocycle fEZ1(F,, G) when considered on Rp yields 
an element Ophom (Ro, G) while every coboundary fEB\(F, G) is 
zero on Ro. This yields a homomorphism 


m: H(Fo, G) > Ophom (Ro, G) = H°(Q, Hom (Ro, G)). 


(10.2) The kernel of Xo ts the image of 7. 
For an alternative proof of (10.1) see Lyndon [29]. 


11. Cohomology groups of cyclic groups. The cup product reduc- 
tion theorem is particularly adaptable to the computation of the 
cohomology groups H*(Q, G) in the case of a cyclic group Q. Indeed if 
Q is cyclic of order k then Q=J/hAJ and the group Hom-(Ro, G) in the 
reduction theorem is isomorphic to G. This method of computation 
is adopted in [15]. In view of the frequency with which cyclic groups 
occur’ in the applications it may be of interest to have a more direct 
method for computing the cohomology groups of cyclic groups. The 
following, hitherto unpublished, discussion has been obtained. by the 
author jointly with S. MacLane. 

Let Q be a cyclic group of order k and y a generator of Q. Let G be 
an abelian group with Q as left operators. We set 


A-1 
De=ve-g, Ne= dirs, for g EG, 
ind 


DG = {all Dg, g EG}, Gp = {all g with Dg = 0},! 
NG = {all Ng,g€G}, Gy = {all gwith Ng = 0}. 
We verify readily that . 
NGCGp, DGCGy, 


and that these subgroups are independent of the choice of y. Clearly 


AQ, G) =Gp. 
For each cochain f€C**(Q, G) define the cochain ofEC*(Q, G) 
by setting, 


= 
(of) (x1, Peay £a) = > yD (y, y$, ir’ tt, £a). 
iml 


A direct computation shows that 


ôlof) = olèf) 
so that o defines homomorphisms 
o: H*+#(Q, G) > HQ, G), ` q>0. 


By iterating o we obtain homomorphisms (n= 0) 
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- o": H39(Q, G) > HQ, G), © q>. 


(11.1) Let Q be a cyclic group of order h with generator y. Then 
HQ, G) = Gp/NG, n= 0, 


where the isomorphism is obtained by assigning to each cocycle fEZ*** 
the element o°+1f of G. Further 


H?**1(Q, G) = Gy/DG, n= 0, 


where the isomorphism ts obtained by assigning to each cocycle [EZH 
the element (o*f)(y) of G. 
In the argument the following lemma is useful. 


(i) If fEZQ, G) and f(y, £s, +--+, %q)=0 then f=0. 
Indeed, developing (8f) (Y, Y', Xa, * * * ,x*g) yields 
fly, wae, £a) = rt, ta, +++, Xa) 


and the proposition follows by induction in 4. 
We shall consider the group of integers J (with Q operating 
trivially) as paired with G to the group G by setting 


m\) g = mg, meEJ,gGG. 
Further, define a cochain s,GC*(Q, J) by 


syys, y) = 0 ifit+j<h084,7<4h, 
shri yA =1 ifi+ 72h, 0547 <h. 


(ii) s, is a cocycle. _ 
This may be shown by a direct computation, using (i) to simplify 
the argument. Alternatively s, may be realized as the deviation 
(=factor set) of a group extension (£, $) with E the additive group 
of rational numbers with denominator k, and ¢:E-Q the homo- 
morphism d(m/h) =y". The kernel of this extension is the group J. 
For each y‘€Q, 0Si<h, choose u(y*)=t/h as representative. Then - 
u(y) u(y) =s,(y', vy’) +u(y*?), so that s is indeed the deviation 
and thus a cocycle. Since E is free this argument also shows that the 
cohomology class of s, is a cohomology class of the type used in the 
cup product reduction theorem. 

A direct computation shows that 


Gii) o(s, Y f) = f, f E CQ, G). 
Setting for fFEC"?(Q, G) and 0Si<h 
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tl 
ev‘, Watt, %q-1) = > rn, Yıın''!z %-1), 
S 1=0 


we also find by direct computation (using (i)) that ’ 
(iv) f+ 6g = s,U af, f EZH, G). 


Formulae (iii) and (iv) show that for g>0, o maps H*+#(Q, G) 
isomorphically onto H*(Q, G). The inverse isomorphism is given by 
the correspondence f—sUf. This reduces the proof of (11.1) to the 
cases when n=0. 

For each gEG define g,EC!(0, G) by 


+1 
ar) = Do vie, Osich. 
{0 


Then, by direct computation (using (i)), 
(v) gr) = sy U Ng. 


For each fEZ1(Q, G) define g=f(y). Since f(y) =yf(y) +f(7) it 
follows that g, =f. Further by (v) 


0 = ôf = òg, = s, U Ng 


so that Ng=0 and gCGy. Conversely, g,(y)=g and (v) shows that 

if Ng=0 then g, is a cocycle. Thus the correspondence f—f(y) yields 

an isomorphism Z1(Q, G)=Gy. If f=6h then f(y) =yk -—h=DhCDG 

and vice versa. Thus B1(Q, G) corresponds to DG. Thus H3(Q, G) is 
~ shown to be mapped by f—f(y) isomorphically onto Gy/DG. 

For each fE€Z*(Q, G) we have sfEZ%0Q, G)=Gp. If gEGpn then 
Sy} gEZ*(Q, G) and by (iii) o(s,UUg)=g. Thus e maps Z? onto Gp. 
If f=öh for hE C1(Q, G) then of =c6h which computes to be NA(y), 
thus of ENG. Conversely if af Ng then by (v) 


. Sy U of = sy J Ng = 4(g,). 


Since by (iv) f is cohomologous to s,VUaef, it follows that f is a co- 
boundary. Thus f€B*(Q, G) if and only if of CNG. Thus H3(Q, G) is 
shown to be mapped by f—øf isomorphically onto Gp/NG. 

This concludes the proof of (11.1). Incidentally we have shown 
that every cocycle fEZ™+*(Q, G) is cohomologous to a cocycle 


a U. Us, Ug 


where gEG» is uniquely determined modulo NG; and that every 
` cocycle fEZ**"(Q, G) is cohomologous to a cocycle 


1949] TOPOLOGICAL METHODS IN ABSTRACT ALGEBRA 25 


U. U, J gy . 


where gEGx is uniquely determined modulo DG. 

If G=J is the group of integers with Q as trivial operators the 
result takes the following form: 

(11.2) H=} (Q, J) =0. The group H™(Q, J) ts cyclic of order h and is 
generated by the cohomology class of the n-fold cup product s™=5,\.) +++ 
Usy. Every cocycle fEZ*(Q, J) is cohomologous to o°(f)s™. If the gen- 
erator y of Q is replaced by a where y =a, (k, h) =1, then s* is cohomo- 
logous to k"s%". 

The last proposition requires verification. Observe that 


A-1 k—1 
a (Sa) = >> SalY, Y’ = » Sala”, a't) 
im) 10 
4-1 h-1 
= Di sala’, at) = È slat, at) = k. 
tm woh—k 


Thus, by (iv), sa is cohomologous sk = ksy. 

12. Abelian extensions. We return to the interpretation of the 
cohomology group H*(Q, G), given in §4 as the group c4(Q, G) of 
equivalence classes of group extensions (E,&) with Q as quotient and 
G as kernel and with prescribed operators of Q on G. Assume now 
that Q is abelian and that the operators of Q on G (which is also 
abelian) are simple. This does not in general imply that E is abelian. 
In order that E be abelian it is necessary and sufficient that the 
deviation (or factor set) fEZ?(Q, G) associated with the extension 
satisfy the additional symmetry condition 


This leads to the definition of the symmetric subgroup Z?(Q, G) of 
Z*(Q, G). Since every coboundary öhE&B*(Q, G) is symmetric we 
obtain a subgroup H;(Q, G) of H*(Q, G). This subgroup is isomorphic 
with the subgroup of -4(Q, G) given by extensions (E, ¢) with E 
abelian. Thus H3(Q, G) may be called the group of abelian group 
extensions of Q by G. It is usually written as Ext (0, G). 

Suppose now that Q= F/R where F is a free abelian group. Con- 
sider the homomorphism 


Hom (F, G) — Hom (R, G) 


obtained by restricting each homomorphism of F to the subgroup R. 
Let Hom (F, G) | R denote the image subgroup in Hom (R, G). Then 


(12.1) Ext (Q, G) ~ Hom (R, G)/Hom (F, G) | R. 
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‚This isomorphism is a consequence of the cup product reduction 
theorem, but can also easily be proved directly. It was proved, in 
Eilenberg-MacLane [11] in connection with the following applica- 
tion to homology theory: 
(12.2) In any closure finite abstract complex K the cohomology group 
H“(K,G) can be expressed by means of the coeficient group G and the 
- integral homology groups H,ı(K) and H,(K) as the direct sum 


~ H(K,G) = Hom (H,(K),G) + Ext (H,.1(K),G). 
A similar result for homology groups has the form 
H{K,G) ~ B (K) @ G + Hyi(K)*G 


where ® stands for the tensor product while » denotes a product called 
the “dual product” that will be discussed in $13 (H. Cartan and 
Eilenberg [4]). 


13. Homology groups of groups. So far our discussion was con- 
cerned with the cohomology groups H*(Q, G) and their relations with 
other concepts of algebra. We now pass to the connections of these 
groups with topology. For the purpose of this discussion it is useful 
to have the homology groups H,(Q, G), G discrete abelian. We shall 
assume throughout this section that Q operates simply on the coeffi- 
-cient groups. 

There are at least two methods of introducing these groups. One is 
based on Pontrjagin’s duality theory of abelian groups. Consider a 
compact abelian group G. The group C%(Q, G) of cochains, which 
is isomorphic to a product of many copies of G, can then be topolo- 
gized in a natural fashion so as to become a compact abelian group. 
In this way the cohomology group H*(Q, G) becomes a compact 
- abelian group, if G is compact. Given now a discrete abelian group 
G consider the character group ChG which is compact and define 


H,(Q, G) = ChH«(0O, ChG). 


A more direct method of obtaining the homology groups proceeds 
through the construction of an abstract complex K(Q) associated 
with the group Q. A g-dimensional “simplex” of K(Q) is an ordered ` 


g-tuple e = (x, - - +, x.) of elements of Q. For each 0S#Sq we define 
the ith “face” o of o as follows i 
o) = (2°, 
of) = (xo, Kl y Xah 0<i<y, 


g'o) = (£i eters y %q-t). 
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This complex K(Q) has sufficiently many properties of a simplicial 
complex to allow for the usual definition of chains, cochains, homol- 
ogy and cohomology groups. For instance a g-cochain with coefficients 
in G is a function f which to each q-simplex o assigns an element f(e) 
EG. The coboundary öf is defined by 


al 
EN) = 2 (=De) 


for every (g+1)-simplex ø. It thus becomes apparent that the co- 
chains in K(Q) are simply the cochains of Q in G. With Q operat- 
ing simply on G, the coboundary operators also coincide so that 
H(K(Q), G)=H«(Q, G). Now we can define the homology group 
H,(0,G) to be the group #,(K(Q), G) of K(Q). 

The second method has the added advantage in that it shows that 
the various theorems concerning the relations of the various homol- 
ogy and cohomology groups of groups in an abstract complex also 
hold for the homology and cohomology groups of groups. In particu- 
lar the isomorphisms 


(13.1) HQ, G) = Hom (H,(Q), G) + Ext (Ho1(Q), G), 
(13.2) HQ, G) = HQ) @G+H,1(Q)+G 


hold, where 7,(09) =H,(Q, J) is the integral homology group. 

The “Künneth relations” in the cartesian product of two complexes 
are also applicable to the direct product of two groups and yield an 
isomorphism (H. Cartan and Eilenberg [4]) 


(13.3) HQ R) = % H0) 8 HR) + % H,(Q)*H,(R). 
pter ptg+ler 


Formulae (13.1)-(13.3) allow for a complete computation of the 
groups H,(Q, G) and H«(Q, G) for Q an abelian group with a finite 
number of generators and with Q operating trivially on G. This was 
done using a more explicit method by Lyndon [28]. 

The integral homology group H;(Q) can be given an alternative 
description. Let Q= F/R where F is a free group. In addition to the 
commutator group [F, F], consider the group [F, R] spanned by 
the elements ara r1, aC F, rER. Then 


This isomorphism is an easy consequence of the cup product reduc- 
tion theorem. Hopf [25] used this isomorphism as a definition of 


An alternative description of the groups H,(Q, G) in the case G is 
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a ring with a unit element (and Q operates simply on G) was given 
by Hopf [26]; the proof that Hopf’s definition agrees with ours can | 
be found in [9]. 

Assume that Q is abelian. The homology group Hi(Q, G) is then 
symmetric in Q and G and is actually the tensor product Q@G. The 
dual product Q*G may be obtained as follows. Adjoin to the complex 
K(Q) the symmetry relations 


(x1, Xa) = (au 21) 


(in dimension two only) and denote the thus modified complex by 
K’'(Q). Then H;(K'(Q); G) is symmetric in Q and G and may serve as _ 
one of several alternative definitions of the dual product Q#G (H. 
Cartan and Eilenberg [4]). 


14. Relations between the fundamental group and homology 
groups. Let X be an arcwise connected topological space and «*EX. 
Relative to x* as base point we define the fundamental group ` 
rı=rı(X) and the higher (abelian) homotopy groups 7,=7,(X),7>1. 
The homology and cohomology groups H,(X, G) and H“(X, G) are 
defined using singular simplexes, that is, maps T:s-»X where sis a 
euclidean simplex with ordered vertices. Since X is arcwise connected, 
we may without loss of generality assume that T maps all the vertices 
of s into the point x*. 

The homotopy group 7,(X) has a natural homomorphism into the 
integral homology group H,(X), the image of this homomorphism is 
denoted by 2,(X) and is called the spherical subgroup of H,(X). The 
spherical subgroups 2,(X, G) of H,(X, G) can also be defined for an 
arbitrary coefficient group G. In the cohomology group H“(X, G) we 
distinguish the subgroup A®(X, G), called the group of spherical 
annthilators, which is the annihilator of 2,(X) under the natural pair- 
ing of H«(X, G) and H,(X) to the group G. 

Let now T:s—X be a singular g-simplex where s is a simplex with . 
ordered vertices vo < +--+ <v, all of which are mapped by T into the 
base point x*. The map of the edge v;_12, into X is then a closed path 
about «* in X and determines an element x; of the fundamental group 
mı. We assign to the singular simplex T the g-tuple (x, - + +, x4), of 
elements of mı. If T is the sth face of T, that is, the face obtained 
by omitting the vertex v, of s, i=0, - - -, q, then T® corresponds 
respectively to the (g—1)-tuples 

(a, °°, XQ) ifs = 0, 
(u, Mea s LQ) Wwo<it<gq, 


(au, Zg) iii=q 
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If we- compare this with the definition of the complex K(m) in 
§13 we notice that the correspondence x:T—(m, - +--+, x.) maps the. 
singular chains of X into chains of K(m) and that this correspondence 
commutes with the boundary operator. This leads to homomorphisms 


x: H(X, G) > Hm, G). 


Similarly we obtain a map for cochains x: C%(m1, G)3C(X , G). In- 
deed, if fEC“m, G), define 


KT) = au, Xa) 
where T->(x1, ++ +, £4). This map yields homomorphisms 
x: H(i, G) > He X, G). 


The main result may now be stated 
(14.1) In an arcwise connected space X with vanishing homotopy 
groups m: for 1<t<q the following isomorphisms hold: 


AX, G) 7z Aim, G), AX, G) > H‘r,G) for i < q, 
H(X, G)/Z(X, G) = Hola, G), A(X, G) = Ar, G). 


This theorem shows the extent to which the group m determines the 
homology structure of X. All the isomorphisms are achieved by the 
correspondences x described above. The correspondence x for cochains 
commutes properly with the operation of constructing cup products 

F ` m =nd-in X). More precisely if G, and G, are paired to the group 


Ilm, G), MmEH”(m, Ga) then 
«(hı U ha) = (Ax) U x( hy). 


Thus for +t: Sq, the group m also determines the cup products in X. 
In (14.1) the groups H;(m, G) and H*(m, G) are understood with - 
mı operating trivially on G. If we consider homology and cohomology 
groups with so-called “local coefficients,” that is, coefficients G ad- 
mitting m, as a group of operators, the isomorphisms (14.1) remain 
valid, provided the various groups are suitably interpreted. : 
` As a very special case of (14.1) we obtain the relation 


Hx(X)/2x(X) = H:(xı). 


This result (with X a connected simplicial complex and Ha(m1) de- 
fined by (13.4)) was proved by Hopf [25] in 1942 and was the starting 
point of this whole investigation. Theorem (14.1) was first published 
by Eilenberg-MacLane [12; 13] and independently and in slightly 
different forms by Hopf [26], Freudenthal [21], and Eckmann [6]. 
' The isomorphisms (14.1) have been combined with the cup-prod- 
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uct reduction theorem to yield some, not yet fully understood, rela- 
tions between the cohomology groups (with local coefficients) in a 
simplicial complex (Eilenberg [10]). 


15. Generalizations of (14.1). Theorem (14.1) has been extended 
in several directions. 

In the situation of (14.1), the group mı(X) determines the factor 
group H,(X)/2,(X) of the integral homology group, while the sub- 
group %,(X) is a factor group of the qth homotopy group. This leads 
one to conjecture that perhaps mı, =, and the operators of 7, on m, 
jointly determine H,(X) (assuming 7;=0 for 1<#<q). This is not 
the case as can be shown by examples [19; 34]. In order to obtain a 
description of H,(X) in terms of homotopy invariants, a new invariant 
seems to be necessary. This new invariant (Eilenberg-MacLane [14; 
19]) is an element &*#(X) of the (algebraic) cohomology group 
H(m, Ta), with r, operating on Ta and is defined whenever 7;=0 
for 1<#<g. The invariant k*(X) suffices to describe the groups 
A(X, G) and H*(X, G) in a purely algebraic manner. The theorem to 
this effect yields (14.1) as a special case. The definition of ktt! (X) 
may be roughly described as follows. Consider the function x which 
maps the singular chains of X into those of K(m). In order to prove 
(14.1),an “inverse” function t mapping the chains of K(x) is defined 
such that commutes with d and xx is the identity. The definition of 
k utilizes the fact that 7;=0 for 1<¢<g and can therefore be carried 
out only up to the dimension g-inclusive. The invariant ine. | 
obtained by measuring the obstruction against the continuation- 

k to the dimension g+1. 

The invariant k*(X) CH"(m, Ta) is defined for every (arcwise con- 
nected) topological space. Suppose now that X is a simplicial com- 
plex containing at least two 2-simplices. Let S be the 1-dimensional 
skeleton of X and assume that the base point x* has been chosen in S. 
The group m:(X) then maps isomorphically onto the center of the 
relative homotopy group 72(X, S) and there also is a natural homo- 
morphism mı(X)—>A(r:(X, S))/I(mı(X, S)) (see §5). Thus m(X, S) 
may be regarded as a mı(X)-kernel. The characteristic cohomology 
class of this kernel is precisely k®(X) (MacLane [32]). 

Theorem (14.1) has also been extended by replacing the funda- 
mental group by some higher homotopy group. In this order an ab- 
stract complex K(Q, n) is defined for an abelian group Q and an in- 
teger n>1. The homology and cohomology groups of K(Q, n) over 
G are denoted by H,(Q, n, G) and H*(Q, n, G). Then (14.1) generalizes 
as follows: 

(15.1) In an arcwise connected topological space X with vanishing 
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homotopy groups mı for i <n and n <i <q the following isomorphisms 
hold: 


H«X,G) = Ailaa, 1, G), H(X, G) = Ham, n, G) for? <q, 
H,(X, G)/Z,(X, C) = Hylan, n, G), A(X, G) = H (ay, n G). 


Again in this case an invariant k$"! (X) belonging to the group 
Hetllr,, n, T4) is defined and this invariant completely determines 
the groups H,(X, G) and H*(X, G) (Eilenberg and MacLane [19; 
20]). 

There are many indications that the study of the groups H“(Q, n, G) 
will cast light on some of the unsolved problems of homotopy theory. 
Interesting results have been obtained by G. W. Whitehead [35] for 
the case g Sn+3, by constructing a space X satisfying the conditions 
of (15.1) with 7,(X)+Q. A purely algebraic study of the groups 
H«(Q, n, G), falling back on the algebraic complex K(Q, n), has been 
undertaken by the author and S. MacLane, and is in progress. So far, 
complete results were obtained only for gSn—2. 

Extensions of (14.1) and (15.1) to the case of relative TEO 
and homology groups have been made by Blakers [3]. 


16. Equivariant groups of complexes with operators. The construc- 
tions leading to the proof of (14.1) were carried out in the space X. 
Instead one might carry out these constructions in the universal 
covering space X of X and treat mı(X) as a group of homeomorphisms 
operating on X. One is thus lead to the study of complexes and spaces 
with a group of operators (Eckmann [6], Eilenberg [9]) which fur- 
nishes generalizations of (14.1) in a different direction. 

Let K be an abstract complex. We shall say that Q operates on K 
if, for every q, the group Q operates (on the left) on the group of q- 
chains C,(K) in such fashion that the boundary operator 0:C,(K) 
—C,1(K) is an operator homomorphism. Let G be an .abelian co- 
efficient ‘group with Q as a group of (left) operators. A q-cochain f of 
K over G, that is, a homomorphism f:C,(K)—G, will be called egui- 
variant provided 


Ka) = xf(o), æ EQ, c €C,(K). 


The coboundary of an equivariant is equivariant and therefore 
using equivariant cochains throughout we arrive at an equivariant 
cohomology group H$(K, G). This group admits a natural homo- 
morphism 


H“(K, G) > H'(K,G) 
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into the ordinary cohomology group of K. 

The complex K is called acyclic in dimensions less than q if the 
integer homology groups H;(K) vanish for $<g, with H(K) inter- 
preted as the reduced homology group. We shall say that Q operates 
on K freely provided for each g=0, the group C,(K) contains a 
set Q, such that the elements xw (xE£0, wEQ,) form a free base for 
the abelian group C,(K). It can be shown quite easily that if K is 
acyclic in dimensions less than g and Q operates freely on K, then 
the equivariant cohomology groups Hi(K, G), i<g, are completely 
determined by Q, G and the operators of Q on G. In order to find 
precisely what these groups are, associate with the group Q an abstract 
complex Ke as follows: 

A q-dimensional “simplex” of Kg is an ordered (g+1)-tuple 


o=(%0,°**, £) of elements of Ọ. The ith face of ø (OSiSq) is 
a) = (xo, +++, attt, Xa), where the circumflex indicates that x; 
is omitted. The operators of Q on Kg are given by x(x, * + + , %4) 
= (xxo - ++, Xx). The complex K is acyclic in all dimensions and 


Q operates freely on K. A g-dimensional cochain of K over G is simply 
a function f of g+1 variables in Q with values in G. The coboundary 
ôf is defined by 


«+ 
fl, Xa) = > (Dis Tatı) 
tm 
while the equivariance condition is 
xx, Be OS xx.) = xf (£o, aa £a). 


With each such equivariant cochain f we associate a cochain 
JEC*(0, G) by setting 


F(a, etta Xa) = fh, au rita, ++, ite * Xa). 
Conversely f defines f by 
Slao p tq) = aoflato an +++, am). 


Moreover öf=5f. Thus the equivariant cohomology groups H{(Ke, G) 
simply yield an alternative definition of the cohomology groups 
H«(0, G). We refer to this definition as the “homogenous definition” 
in contrast with the original “nonhomogenous definition”. If in the 
complex Kg we introduce the relations x(%o, + + + ,%g) =(xx0, * * * ,x%Xq) 
we obtain a complex isomorphic with K(Q) as defined in §13. Thus Kg 
may be regarded as a “univeral covering” of K(Q). 
` The precise theorem is then the following. 
(16.1) Let K be a complex acyclic in dimenstons less than q with the 


` 
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group Q operating freely on K. For every abelian coefficient group G 
with Q as (left) operators, the following isomorphisms hold: 


H (0,6) = HKK, 6) | for i<q, 
H’(0,6) = kernel of H\(K,G) > H'(K, G). 


In particular if Q operates without fixed points on a topological 
space X, acyclic in dimensions less than q, then Q operates freely on 
the singular complex S(X) of X and (16.1) can be applied. 

In order to derive (14.1) (for cohomology only) from (16.1) the 
following facts are needed: (1°) mı(X) operates on the universal cover- 
ing space X without fixed points, (2°) the condition 7,(X) =0 for 
1<4<q is equivalent with the acyclicity of X in dimensions less than 
q, (3°) under the natural projection X—X, the group Hi(X, G) maps 
isomorphically onto the group H(X, G), to be taken with local 
coefficients if mı(X) operates on G, (4°) if 7,(X) =0 for 1<#<g then, 
the kernel of Hi(X, G)->H*(X, G) is mapped isomorphically onto 
the subgroup A“(X, G) of H(X, G). 

In addition to the ordinary and equivariant cohomology group 
H(K, G) and H%(K, G) we may introduce a_restdual cohomology 
group H?(K, G) which is obtained by calculating modulo equivariant 
cochains. More precisely H?=Z!/B* where fCZ? if and only if ôf is 
equivariant, while fE.Bf if and only if f=dg+h with A equivariant. 
The three kinds of cohomogy groups are connected by homomor- 
phisms 


+++ > BAK, G) > H'(K, G) > HYUK, G) > HIK, G)—>--. 


and form an exact sequence in the sense that the image of each 
homomorphism is the kernel of the next one. 

In the residual group HY(K, G) a subgroup D#(K, G) is distin- 
guished by considering cochains fEC“(K, G) such that f(xs) =xf(z) 
for anyxEQ and s&C,(K) with ds=0. ° 
i oe (16.1) may then be supplemented as follows (Eilenberg 

9}): 
(16.2) Under the conditions of (16.1) the following isomorphisms hold: ' 


HE’ (0,6) = HXK, G) fori <q, 
H™ Q, G) ~ DUK, G). 


This last isomorphism, expressed in the dual language of homology, 
leads to the following result due to Hopf [27]. 
(16.3) Let X be a q-dimensional connected polyhedron with tr (X) =0 
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for 1<i.<g. Denote by y, the kernel of the natural homomorphism m (X) 
>H (X), and by w 4,0 the subgroup of rq spanned by all elements a—xa 
with a Er. «Cm. Then r, oCY and 


Huil) > Yaf Tao 


An analogous discussion of equivariant and residual homology 
groups is possible without interesting variations. 


17. Generalizations. In analogy to the invariant kH(X) 
CAH (m, Ta) indicated in $15, an invariant JH (K) EH°+ (Q, H,(K)) 
may be defined for every complex K acyclic in dimensions less than q 
with Q as a group of operators. It was shown by the author and S. 
MacLane [19] that this invariant /*+1(K) determines the group 
Hi(K, G) in its entirety as well as the homomorphism Hi(K, G) 
—H«K, G). Further it was proved by the author (unpublished) that 
ittt(K) determines also the group H%(K, G) and the homomorphism 
H1(K, Q>H!(K, G). This implies that /«*!(K) also determines the 
kernel of HK, G)>H™(K, G). 

Applying these results to the universal covering X of a space X 
leads to the following result, supplementing (14.1). 

(17.1) Let X be an arcwise connected space with vanishing homotopy 
groups mi for 1<t<q. The invariant kH (X) ECH! (mi, Ta) then de- 
termines the homology groups H,(X, G) as well as the factor group of 
H(X, G) by the image of Hual, G) under the natural projection of 
the universal convering X into X. For integer coeffictents ktt! (X) deter- 
mines H ar (X)/Zgrı(X). For cohomology ktt! (X) determines H(X, G) 
and the kernel of H(X, G)>H*#(X, G). 

An interesting generalization of the equivariant theory has been 
_ recently introduced by Eckmann [7; 8]. Let K be a complex with 
Q as a group of operators and let G be any abelian coefficient group 
(not necessarily with Q as operators). Let y be any subgroup of the 
group of all functions Q—>G. A cochain fE C*(K, G) is called Y-cochain 
if for every cEC,(K) the expression f(xc) treated as function of xEQ0 
_ belongs to y. Replacing the equivariant cochains by Y-cochains the 

Y-groups HY(K, G) and the corresponding residual groups are defined. 

In order to obtain the equivariant theory assume that Q operates 
‘on G and take y to be the group of all functions x—>xg, gEG. 

The next important case is the “almost zero” theory where % is 
taken to be the group of all functions Q—G which are zero except for 
a finite number of elements of Q. This choice is especially important 
if K is a locally finite simplicial (or cellular) complex which has a finite 
fundamental domain relative to the operators of Q. In this case the 
y-cochains are the finite cochains of Q so that H¥(Q, G) is the coho- 
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mology group of K based on finite cochains. It is independent of the 


group Q. 
The group H{(Kg, G) in the “almost zero” theory is denoted by 


I*(Q, G). More directly, consider as g-cochains, functions f(£o, * * *, £4) 
EG, defined for xo, + + * ,*,@Q such that for each system xo, +++, £q 
Ka", £%) = 0 


for all, except for a ante number, of «GQ. Define the coboundary 
of as 


gt1 
(8f) (xo, e.ta Xer) == 2 (—1)*f(xo, ree y Byers, Lett). 


Then I[7(Q, G) may be defined using the usual procedure for defining 
homology and cohomology groups. 

All the results discussed in §16 remain valid for any choice of y. 
The same holds for the results involving an invariant }*+!(K). Curi- 
ously enough, this invariant remains in the group H+! (Q, G), which 
is the equivariant group of Kg. This shows that the equivariant 
theory has some features of universality. 

Using the “almost zero” theory Eckmann has proved the following 
theorem due to Specker (unpublished). 

(17.2) In an orientable 3-dimensional manifold the fundamental 
group mı determines the homotopy group ma: 


> Ir, J) 
where J ts the additive group of integers. 


BIBLIOGRAPHY 


1. E. Artin, C. J. Nesbitt and R. M. Thrall, Rings with minimum condttions, 
University of Michigan Press, Ann Arbgr, 1944. 

2. R. Baer, Automorphismen von Erwetterungsgruppen, Actualités scientifiques 
et Industrielles, No. 205, Paris, 1935. 

3. A. L. Blakers, Some relations between homology and homotopy groups, Ann. of 
Math. vol. 49 (1948) pp. 428-461. 

4. H. Cartan and S. Eilenberg, Products of groups and complexes (in preparation). 

5. C. Chevalley and S. Eilenberg, Cohomology theory of Lie groups and Lie algebras, 
Trans. Amer. Math. Soc. vol. 63 (1948) pp. 85-124. 

6. B. Eckmann, Der Cohomologie-Ring einer beliebigen Gruppe, Comment. Math. 
Helv. vol. 18 (1945-1946) pp. 232-282. 

T. , On complexes over a ring and restricted cohomology groups, Proc. Nat. 
Acad. Sci. U.S.A. vol. 33 (1947) pp. 275-281. 

8. , On infinite complexes with automorphisms, Frog: Nat. Acad. Sci. U.S.A. 
vol. 33 (1947) pp. 372-376. 








-36 l SAMUEL EILENBERG [January 


9. S. Eilenberg, Homology of spaces with operators. 1, Trans. Amer. Math. Soc. 
vol. 61 (1947) pp. 378-417; Errata vol. 62 (1947) p. 548. 

10. , Relations between cohomology groups in a complex, Comment. Math. 
Helv. vol. 21 (1948) pp. 302-320. 

11. S. Eilenberg and S. MacLane, Group extensions and homology, Ann. of Math. 
vol. 43 (1942) pp. 757-831. 

12. , Relations between homology and REN groups, Proc. Nat. Acad. 
Sci. U.S.A. vol. 29 (1943) pp. 155-158. 

13. , Relations between homology and homotopy groups of spaces, Ann. of 
Math. vol. 46 (1945) pp. 480-509. 

14. — ı Determination of the second homology and cohomology groups of a space 
by means of homotopy invariants, Proc. Nat. Acad. Sci. U.S.A. vol. 32 (1946) pp. 277- 
280. 

















15. , Cohomology theory in abstract groups. I, Ann. of Math. vol. 48 (1947) 
pp. 51-78, 
16. , Cohomology theory in abstract groups. II, Group extensions with a non- 





Abelian kernel, Ann. of Math. vol. 48 (1947) pp. 326-341. 





17. , Algebraic cohomology groups and loops, Duke Math. J. vol. 14 (1947) 
pp. 435-463. 
18; , Cohomology and Galois Theory. I. Normality of algebras and Teich- 





mulller's cocycle, Trans. Amer. Math. Soc. vol. 64 (1948) pp. 1-20. 








19. , Homology of spaces with operators. II, Trans. Amer. Math. Soc. vol. 65 
(1949), 
20. , Relations between homology and homotopy groups of spaces. II, Ann. of 
. Math. (in print). 


21. H. Freudenthal, Der Esnjluss der Fundamentalgruppe auf die Bettische Grup- 
pen, Ann. of Math. vol. 47 (1946) pp. 274-316. 

22. G. Hochschild, On the cohomology groups of an associalive algebra, Ann. ‘of 
Math. vol. 46 (1945) pp. 58-67. 

23. , On the cohomology theory for associative algebras, Ann. of Math. vol. 47 
(1946) pp. 568-579. 

24. , Cohomology and representations of associative algebras, Duke Math. J. 
vol. 14 (1947) pp. 921-948. 

25. H. Hopf, Fundamentalgruppe und zweite Betische Gruppe, Comment. Math. 
Helv. vol. 14 (1942) pp. 257-309; Nachtrag su... vol: 15 (1943) pp. 27-32. 

26. , Ueber die Bettische Gruppen die zu einer beliebigen Gruppe gehören, 
‚Comment. Math. Helv. vol..17 (1945) pp. 39-79. 

27. , Beiträge zur Homotopietheorie, Comment. Math. Helv. vol. 17 (1945) 
pp. 307-333. 

28. R. G. Lyndon, The cohomology theory of group extensions, Duke Math. J. 
vol. 15 (1948) pp. 271-292. 

29. —_—, New proof for a theorem of Eilenberg and MacLane, Ann. of Math. (in 
print). 

30. S. MacLane, Symmetry of algebras over a number field, Bull. Amer. Math. Soc. 
vol. 54 (1948) pp. 328-333. 

31. ‚A non-assoctative method for associative algebras, Bull. Amer. Math. 
Soc. vol. 54 (1948) pp. 897-902. 

32. , Cohomology theory in abstract groups. III, Operator homomorphisms of 
kernels, Ann. of Math. (in print). 




















1949] TOPOLOGICAL METHODS IN ABSTRACT ALGEBRA 37 


33. O. Teichmüller, Ueber die sogenannte nichthommutative Galoissche Theorie und 
die Relation bar. prire = Buprrtp rr Deutsche Mathematik vol. 5 (1940) pp. 138- 
149. 

34. H. S. Wang, Some examples concerning the relations between homology and 
homotopy groups, K. Nederlandsche Akademie van Wetenschappen, Proceedings vol. 
50 (1947) pp. 873-875 =«Indagationes Mathematical vol. 9 (1947) pp. 384-386. 

35. G. W. Whitehead, On spaces with vanishing low-dimenstonal homotopy groups, 
Proc. Nat. Acad. Sci. U. S. A. vol. 34 (1948) pp. 207-211. 


t 
COLUMBIA UNIVERSITY 


THE OCTOBER MEETING IN NEW YORK 


The four hundred thirty-ninth meeting of the American Mathe- 
matical Society was held at New York University on Saturday, 
October 30. The attendance was approximately three hundred, in- 
cluding ihe following two hundred fifty-seven members of the 
, Society: 


; Milton Abramowitz, C. R. Adams, C. F. Adler, E. J. Akutowicz, R. G. Albert, 

E. B. Allen, C. B. Allendoerfer, R. L. Anderson, T. W. Anderson, R. G. Archibald, 
L. A. Aroian, Helmut Aulbach, Frederick Bagemihl, F. E. Baker, Joshua Barlaz, 
A. F. Bartholomay, F. D. Bateman, P. T. Bateman, F. P. Beer, Stefan Bergman, 
R. R. Bernard, D. L. Bernstein, Lipman Bers, Garrett Birkhoff, H. W. Bode, 
A. M. F. Borgers, D. G. Bourgin, H. W. Brinkmann, Paul Brock, Azelle Brown, 
A. B. Brown, J. D. Campbell, P. G. Carlson, P. W. Carruth, K. Chandrasekharan, 
Y. W. Chen, Alonzo Church, Randolph Church, L. W. Cohen, I. S. Cohn, H. R. 
Cooley, T. F. Cope, Natalie Coplan, Richard Courant, L. M. Court, V. F. Cowling, 
J. S. Cronin, D. A. Darling, Martin Davis, M. M. Day, B. V. Dean, J. B. Diaz, R. L. 
Dietzold, M. P. Dolciani, J. L. Doob, Avron Douglis, C, H. Dowker, Y. N. Dowker, 
R. H. Downing, Arnold Dresden, Nelson Dunford, Aryeh Dvoretzky, J. J. Eachus, 
Samuel Eilenberg, H. M. Elliott, Bernard Epstein, R. M. Exner, W. H. Fagerstrom, 
A. B. Farnell, J. M. Feld, C. D. Firestone, D. A. Flanders, Edward Fleisher, W. W. 
Flexner, R. M. Foster, R. H. Fox, D. A. S. Fraser, Bernard Friedman, G. N. Garrison, 
B. P. Gill, Sidney Glusman, V. D. Gokhale, Adolph Goodman, R. E. Goodman, M. 
J. Gottlieb, G, E. Gourrich, P. H. Graham, Harriet Griffin, George Grossman, Emil 
Grosswald, E. J. Gumbel, C. B. Hailperin, Carl Hammer, R. W. Hamming, E. E. 
Hammond, L. B. Hedge, G. A. Hedlund, M. H. Heins, Alex Heller, L. H. Herbach, 
H. L. Herrick, Einar Hille, A. J. Hoffman, Banesh Hoffmann, T. R. Hollcroft, G. B. 
Huff, E. M. Hull, T. R. Humphreys, Witold Hurewicz, L. C. Hutchinson, Eugene 
Isaacson, Nathan Jacobson, Fritz John, L. G. F. Jones, Irving Kaplansky, M. E. 
Kellar, D. E. Kibbey, S. A. Kiss, M. S. Klamkin, J. R. Kline, Morris Kline, E. G. 
Kogbetliantz, Horace Komm, B. O. Koopman, Saul Kravetz, Wouter van der Kulk, 
H. K. Kutman, H. G. Landau, A. W. Landers, J. R. Lee, Solomon Lefschetz, Joseph 
Lehner, R. A. Leibler, Max LeLeiko, D. C. Lewis, Samuel Linial, M. A. Lipschutz, 
Charles Loewner, A. J. Lohwater, E. R. Lorch, Lee Lorch, L. A. MacColl, H. M. 
MacNeille, A. J. Maria, M. H. Maria, W. T. Martin, Imanuel Marx, F. I. Mautner, 
F. M. Mautner, D. G. Mead, Paul Meier, K. S. Miller, G. C. Miloslavsky, Deane 
Montgomery, C. R. Morris, F. J. Murray, D. S. Nathan, C. A. Nelson, David Nelson, 
J. D. Newburgh, Morris Newman, Louis Nirenberg, P. B. Norman, I. L. Novak, T. E. 
Oberbeck, L. F. Ollmann, Paul Olum, Morris Ostrofsky, E. R. Ott, J. C. Oxtoby, 
J. S. Oxtoby, T. E. Peacock, A. M. Peiser, C. R. Phelps, Everett Pitcher, E. L. Post, 
Walter Prenowitz, M. H. Protter, W. T. Puckett, A. L. Putnam, Hans Rademacher, 
Arthur Radin, J. F. Randolph, G. N. Raney, Eric Reissner, Daniel Resch, Helene 
Reschovsky, Moses Richardson, C. E. Rickart, J. F. Ritt, J. H. Roberts, S. L. Robin- 
son, V. N. Robinson, R. E. Root, I. H. Rose, P. C. Rosenbloom, Bernard Sachs, 
` Raphael Salem, H. E. Salzer, L. A. Santaló, Arthur Sard, Samuel Schecter, Henry 
Scheffé, I. J. Schoenberg, Pincus Schub, Abraham Schwartz, H. M. Schwartz, J. T. 
Schwartz, G. E. Schweigert, Abraham Seidenberg, D. B. Shaffer, C. E. Shannon, 
H. N. Shapiro, I. M. Sheffer, Seymour Sherman, R. A. Siegel, D. N. Silver, R. C. 


38 


, ! 


THE OCTOBER MEETING IN NEW YORK 39 


Simpson, James Singer, M. M. Slotnick, N. E. Steenrod, S. K. B. Stein, Fritz Stein- 
hardt, Wolfgang Sternberg, J. J. Stoker, R. C. Strodt, Walter Strodt, Fred Supnick, 
Otto Szasz, Feodor Theilheimer, J. M. Thomas, D. L. Thomsen, G. L. Tiller, A. W. 
Tucker, J. W. Tukey, P. M. Treuenfels, Annita Tuller, J. L. Ullman, A. H. Van Tuyl, 
Oswald Veblen, J. L. Walsh, W. G. Warnock, Wolfgang Wasow, G. C. Webber, 
Alexander Weinstein, Louis Weisner, J. G. Wendel, M. E. White, P. M. Whitman, 
Hassler Whitney, Albert Wilansky, Jacob Wolfowitz, Arthur Zeichner, J. J. Zeig, 
J. A. Zilber, H. J. Zimmerberg, Leo Zippin. 


On Saturday morning there were two sections for contributed 
papers: one in Analysis, in which Professor J. F. Randolph presided, 
and one in Algebra, Topology, Logic, and Applied Mathematics, in 
which Professor Eric Reissner presided. 

At 2:00 p.m. Professor Raphael Salem of Massachusetts Institute of 
Technology gave an address on Convexity theorems. President Einar 
Hille presided. 

Abstracts of the papers presented follow below. Abstracts whose 
numbers are followed by the letter “” were presented by title. 
Paper number 582 was read by Dr. Elliott, paper number 591 by 
Mr. Linial, and paper number 596 by Professor Cohen. Mr. Leutert 
was introduced by Dr. Stefan Bergman and Dr. M. M. Schiffer, 
and Mrs. Macintyre was introduced by Professor I. E. Segal. 


ALGEBRA AND THEORY OF NUMBERS 


1. Mary P. Dolciani: On a problem in the additive theory of num- 
bers. i 


Using the Hardy-Littlewood circle method, the author has proved that an in- 
definite diagonal, ternary quadratic form f(x) represents almost all integers con- 
sistent with the generic character of the form. More precisely, if E(n) denotes the 
number of integers c less than n such that the equation f(x) =c is solvable in the ring 
of p-adic integers for all primes , but is not solvable in rational integers, then 
E(n) =o(n). Similarly, the corresponding result can be proved for the case in which 
the variables are prime. (Received September 18, 1948.) 


2t. A. L. Foster: On the permutational representation of general 
sets of operations by partition lattices. 


Let Umf... g } be a “ground” class (with or without operational struc- 
* ture) and R= f... oae } an arbitrary set of unary mappings (= “monotations”) 
of U onto U:x—eU. An *Q-partition” of U isa partition whose “cells” remain intact 
under all the cellular monotations induced by the various ground monotations wE Q 
(and also by the structure operations, if any). This paper studies the partition lattice 
structure of the class of all (a) “permutational-,” respectively (b) “univoque”-2- 
partitions, in which the above cellular “factor monotations” are exclusively (a) 
permutations, respectively (b) univoque cellular mappings. This theory considerably 
generalizes the classical imprimitivity set theory of groups of transformations, As one 
typical result a simple lattice condition is found (which is always satisfied if, for in- 
stance, U is finite) insuring that all permutational Q-partitions be “derivable” from a 
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unique “atomic” one. One is led to a representative theory, a theory of “permuta- 
tions-in-the-large,” and, by use of previously introduced notions [Alfred L. Foster, 
Maximal idempotent sets in a ring with unit, Duke Math. J. vol. 13 (1946) ] to an 
invariant theory of such general sets of transformations, similar to the homomorphism 
theory of rings and groups. (Received August 30, 1948.) 


3t. Joseph Lehner: Proof of Ramanujan’s partition congruence for 


_the modulus 11°. 


The, author proves Ramanujan’s congruence: p(11'n+721)=0 (mod 11°), 
n=0, 1,2,---+, where p(n) is the number of partitions of n. The proof, in which he 
makes use of the theory of modular functions, is an extension of the method employed 


~in a previous paper (Ramanujan identities involving the partition function for the 


moduli 11°, Amer. J. Math. vol. 65 (1943)), in which the analogous congruence was 
established for 11 and 112, (Received September 7, 1948.) 


4. F. I. Mautner: On the principal irreducible representations of a 
discrete group. Preliminary report. 


The author studies in more detail the direct integral decomposition of the regular 
representation U:g—+U(g) of a countably infinite discrete group G into irreducible 
representations. Let Go be the union of the finite classes of conjugate elements of G. 
It is shown that if Ge is of infinite index in G then almost all the factors (in the sense 
of Murray and von Neumann, Ann. of Math. vol. 37 (1936) pp. 116-229) into which 
the weakly closed operator algebra generated by the U(g) decomposes are of class 
Il. From this it follows that almost all the irreducible (unitary) representations 
which occur in any direct integral decomposition of U into irreducible representations 
must be infinite-dimensional. In the proofs are used von Neumann’s theory of gen- 
eralized direct sums of Hilbert spaces and also results announced by the author in the 
Proc. Nat. Acad. Sci. U.S.A. vol. 34 (1948) pp. 52-54. (Received September 13, 
1948.) 


5t. T. S. Motzkin: The Euclidean algorithm. 


A constructive criterion for the existence of a Euclidean algorithm within a given 
integral domain is derived, and from among the different possible Euclidean algo- 
rithms in an integral domain one is singled out. The same is done for “transfinite” 
Euclidean algorithms. The criterion obtained is applied to some special rings, in par- - 
ticular rings of quadratic integers. Different sets of axioms for the Euclidean algorithm 
and related notions are compared, and the possible implications for the classification 
of principal ideal rings, and other integral domains, indicated. (Received October 11, 
1948.) 


6t. Leopoldo Nachbin: On a characterization of the lattice of all 
ideals of a Boolean ring. 


A nonempty lattice L is isomorphic to the lattice of all ideals of a Boolean ring R, 
that is, a ring in which every element is idempotent, if and only if L satisfies the fol- 
lowing conditions: (1) L is complete; (2) every element in L is the supremum of all 
smaller compact elements (x being compact if xS Vya implies x S$ V ‚x, for some finite 
subfamily); (3) the infimum of two compact elements is compact; (4) L is distribu- 
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tive; and (5) every inf-irreducible element x in L (that is, an element having no 
representation x=% Axa with zıxrand xxx) distinct from its last element J is a dual 
atom (that is, x<y implies y=I). Then R is essentially unique. R has a unity if and 
only if L satisfies the following equivalent conditions: (6) the last element of L is 
compact; (6’) every nonempty chain of elements of L distinct from J has a supremum 
distinct from I. The lattice of all open sets of a Hausdorff space satisfies (1), - - +, (5) 
if and only if the space is locally compact and totally disconnected. Therefore, by 
Stone’s topological representation of Boolean rings, these conditions characterize the 
lattice of all open sets of such a space. The compact case corresponds to adding (6), 
or (6’). (Received September 9, 1948.) 


Ti. Sam Perlis and G. L. Walker: Finite abelian group algebras. 
II. 


Earlier results of the authors (see Bull. Amer. Math. Soc. Abstract 54-7-298) for 
group algebras Gr of abelian groups G of prime power order n over any nonmodular 
field F are extended to the case in which » is arbitrary and Fis any field of character- - 
istic not dividing n. (Received September 2, 1948.) 


8. H. E. Salzer: Verification of the first twenty thousand cases of an 
empirical theorem with the aid of a device for mass computation. 


This investigation established that the first 20,000 multiples of 5, that is 5m up to 
5m = 100,000, were a sum of four nonnegative tetrahedral numbers n(n+1)(n+2)/6 
(incidentally, checking H. W. Richmond’s statement about the first 4,000 multiples). 
Use was made of the author's elementary theorem that every multiple of 5 which is 
a sum of four tetrahedral numbers is a sum of two numbers of a set S, the members of 
S consisting of multiples of 5 that are the sum of two tetrahedral numbers. All num- 
bers of $100,000 were indicated by the position of a blacked box on coordinate 
paper. Simultaneous mass additions of many numbers of S to any particular number 
of S was performed by superposing translucent coordinate paper bearing a replica of 
the box-configuration for S, and marking the spaces over black boxes. This computa- 
tion, being lengthy, was done only once. Although, without checking, this result can- 
not be absolutely guaranteéd, an exception is extremely improbable, since a tiny part 
of all conceivable combinations of two members of S sufficed for every 5m. A photo- 
graphic analogue of this process could handle similar computations of 1000 times the’ 
range, and much more rapidly. (Received September 1, 1948.) 


ANALYSIS 


9. E. F. Beckenbach: Convextty theorems for Legendre poly- 
nomials. 


It is shown that for Legendre polynomials P,(x) the function A,,(x) =P? 
— PaPa is a concave function of x for all real x. The Turän-Szegö theorem that 
Anı 20 for | x S1 is an immediate consequence, as are other results including the 
following: for «| S1 we have Ax,1(0) 2 Ani (x) z (1-|x|)Ar.1(0); for | x| 21 we have 
Aat(#) mPa —Pa+PoyeS0 and a fortiori | Pa| $(|Pa+|+|Pasal)/2,2=1, 2,- 
(Received August 30, 1948.) 


10:. Garrett Birkhoff: Functionals on spaces of continuous func- 
tions. 
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Let R be any bounded open set in Euclidean m-space; let S be the boundary of R, 

- and X the compact set RU S. Let C(K) be the Banach space of continuous functions 

‘f(x”) on K, with Isl| mgup e>]. It is shown that every linear functional X on 

. C(R) has the form Mf) = ff(x>)du, where du=dg(x”) is the additive function of 

intervals corresponding to a Stieltjes integral for a left-continuous function g(x) of 

. bounded variation. This gives a useful compactness principle for measure functions; 

the case m=1, K an interval, has been treated by F. Riesz. An extension to any 

compact metrizible compact topological space K is possible. (Received August 10, 
1948.) 


11. Garrett Birkhoff: Existence of generalized Poisson integrals. 


Let U(x”) be any continuous function not assuming its maximum on the boundary 
S of a compact domain K=R\JS of definition. Then there exists a point b” in R and 
an «>0 such that for every mass-function with center of gravity 5°, f/U(x7)du 
sub”) — ef| >| Zu. Let © be any family of continuous functions U, satisfying 
a fixed integro-differential equation of elliptic type: that is, such that for each point 
a” of R there exists a family of measure functions u, (with total measure one) such 
that lima.o| JU (>da — Ua) //| x? —a>| °du,—0. Then there exists for each a” 
in Ra measure function ua such that {(U(x*)dya= U(a7) for all VEG, and fx7dpa 
=a”, A maximum principle and uniqueness theorem are corollaries. It also shows that 
any continuous function whose generalized Laplacian (in the sense of Petrini or 
Privaloff-Saks) vanishes identically in R is harmonic. (Received August 10, 1948.) 


12. P. W. Carruth: Roots and factors of ordinals. 


An ordinal is termed a root of a second ordinal if the latter is a power of the former. 
Use is made of results of S. Sherman (Bull. Amer. Math. Soc. vol. 47 (1941) pp. 111- 
116) to determine necessary and sufficient conditions for one ordinal to be a root of 
another. These conditions lead to a proof of the fact that the set of roots of an ordinal 
is closed. Results of E. Jacobsthal (Math. Ann. vol. 67 (1909) pp. 130-144) are used 
to give a short alternative proof of this last fact and of the known fact that the set 
of left factors of an ordinal is closed. Results also are obtained concerning the decom- 
position of an ordinal into the product of prime factors. (Received September 17, 
1948.) 


13. Aryeh Dvoretzky: On sections of power series. 11. 


The results announced in an earlier abstract (Bull. Amer. Math. Soc. Abstract 
54-3-130) about the behavior of the partial sums, and so on, of a power series near a 
point on its circle of convergence can be extended and made more precise. Thus (1) 
can be strengthened into the statement that for infinitely many » each value of 
| w| <pa is assumed more than cn times, c=c(e) being a positive constant. A similar 
remark applies to (2) and (3). The conelusion of (4) holds under the much weaker 
assumption lim sup log, |ar| /log #*+ ©. Also when this assumption fails, definite 
results may be given. Thus if lim log |a,| /log n=— © and I, Fas520 we have 
lim inf du/ynS1 where {ya} is a monotone sequence decreasing to zero defined as 
follows: Let no be such that |a,|<1 for »>n, then for n>no the points 
(n, Yn) are obtained through Newton polygon construction from the sequence 
Un, —n7) log |an|)}. More precisely: for every «>0 there exist infinitely many n 
for which the nth partial sum has a root in C»: |2—30 exp Yal <(1+e)n— log n. State- 
ments are also made about the domains covered by w=sn(z) when 3 is in Cr. Similar 
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results hold also in the case lim sup log |a.| log n= œ. It is sufficient for the validity 
of these results that f(z) be bounded away from zero and infinity as s—29 through 
some sector containing the origin. When zo is a regular point and f(z) #0, n™ log n 
can be strengthened to O(»"!). Finally, similar results hold for remainders and general 
sections. (Received September 20, 1948.) 


14t. H. Margaret Elliott: On approximation to functions satisfying 
a generalized continuity condition. 


Let C be an analytic Jordan curve. Let #(s) be harmonic interior to C, continuous 
on the corresponding closed region C, and let d&u/ds*, s arc-length measured along C, 
have modulus of continuity w(8) on C. It is shown that there exist harmonic poly- 
nomiala pa(z) of respective degrees n, n=1, 2,+-+, such that | u(z) —pr(z)| 
<Mu(l/n)/n*, z in C. Given the existence of a sequence of harmonic polynomials 
pa,(2) of respective degree n, j=1, 2,+°> , which satisfy | «(z) — pa,(2) Sa(n,)/n, 
z in C, it is shown under suitable restrictions on C, Q(x), and the sequence n, that 
ð*u/ðs* exists on C and has modulus of continuity (1) (8), SL [e/a 
+fav Qlx)/s)dx], 0<3S1/n.. Furthermore, if ô*u/ðs* has modulus of continuity 
(3) on Cr, R>1, then there exist harmonic polynomials pa(s) such that |u(2) —pa(z)| 
SMyw(1/n)/n*R*, z in Č. Conversely if there exist harmonic polynomials pr, (2), 
j=l, 2,++-+, such that | u(z) — pn, (2)| S0(n)/nERrı, z on C, R>1, then ðtu/ðs* 
has modulus of continuity on Cp satisfying a condition of the form (1). Analogous 
results are obtained for analytic functions. (Received September 17, 1948.) 


15t. H. Margaret Elliott: On approximation to functions satisfying 
a generalised continutty condition, in the sense of least pth powers. 


This paper is a sequel to one on Tchebycheff approximation to functions satisfy- 
ing a generalized continuity condition. Let #(z) be defined on C. It is shown that if 
there exist harmonic polynomials p., (2) of respective degrees s, m1, 2,+--, such 
that haola p (eis [2i ) Pirn, p>0, then under suitable restrictions on 
C (it is sufficient for C to be an analytic Jordan curve), A(z), Q(x), and the sequence 
n, we have «(z)=1(2) almost everywhere on C, where t(g) =lim.0 px,(8), 3 on Ç, 
and ðtu,/ðs*, s arc-length measured along C, has on C modulus of continuity (1) (8) 
SL[8/2/20(x)dx+- feoy3(2(x) /x)dx], 0<8&1/m. Suppose the rectifiable Jordan curve 
C is such that x’(w) is continuous and different from zero, | w| =1, where s=x(w) 
maps the interior of | w| = 1 onto the interior of C; if there exist harmonic polynomials 
Pa (2), j=1, 2,+++, such that foA(e)|u— ph (rds S [9l0n)/ nR], p>1, R>1, 
then under suitable restrictions on A(z), Q(x), and n,, it is proved that f® (z) has 
modulus of continuity in Cr which satisfies a condition of the form (1), where fi(s) is 
the analytic function such that R|fı(s)]=tı(z). The corresponding problems are 
treated for approximation measured by a surface integral. (Received September 17, 
1948.) 


16% A. S. Galbraith, Wladimir Seidel, and J. L. Walsh: On the 
growth of derivatives of functions omitting two values. 


Results of two of the authors (W. Seidel and J. L. Walsh, On the derivatives of 
functions analytic in the unit circle +++», Trans. Amer. Math. Soc. vol. 52 (1942) pp. 
128-216; in particular Chap. IV) on relations between the radius of p-valence and 
the rate of growth of the derivatives of functions analytic in the unit circle are ex- 
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tended..The principal result is: If f(s) omits two values, if {s4} is an infinite sequence 
of points within the unit circle for which w, =f(z,)—> ©, and if the radius‘of -valence 
D(a), for some integer p>0, satisfies lima.e(|w| log |tws|)?Dp(t)=0, then 
limn..(1- | za] DPO) =0, R=1, 2,+ - + , p. (Received October 15, 1948.) 


17t. V. L. Klee. On a theorem of Masur. 


A well known theorem of Mazur states that a convex body in a linear normed space 
` is supported at each of its boundary points. The usual proofs lean heavily on the 
“norm, so are not applicable in more general spaces. The author gives a simple proof 
(using Zorn’s lemma) which is valid in an arbitrary linear topological group. (Re- 
ceived August 9, 1948.) 


18. V. L. Klee: The convex hull of a Borel set. 


Suppose that X is a Borel set of type Gu in the Banach space E. Then the convex 
. hull CCX) is alsoa Borel set, of type Guo. If E is finite-dimensional and X is a Borel set 
of a certain type in E, then C(X) isa Borel set of the same type, unless X is closed and 
unbounded, in which case C(X) is a Gs set and F, set, but is not necessarily closed. 
The proof uses Schauder’s theorem on the interiority of linear continuous transforma- 
‘tions. (Received August 31, 1948.) 


19%. V. L. Klee: The Ttetze-Matsumura theorem in a linear topo- 
logical space. 


Suppose that Z is a linear topological group in which each line is a continuous 
image (under the natural mapping) of the real line. Then each closed, connected, 
locally convex subset of E is convex. It is believed that the proof is simpler, and the 
restriction on the space is less than those in any preceding paper on this theorem. 
(Received September 2, 1948.) 


20. Werner Leutert: On the solution of boundary value problems 
tn the theory of elasticity. 


Analogous to the theory of kernel functions for partial differential equations 
[Bergman, Duke Math. J. vol. 14 (1947) pp. 349-366; Bergman and Schiffer, Duke 
Math. J. vol. 14 (1947) pp. 609-638; Bull. Amer. Math. Soc. vol. 53 (1947) pp. 1141- 
1151; Duke Math. J. vol. 15 (1948) pp. 535-566; Aronszajn, Proc. Cambridge Philos. 
Soc. vol. 39 (1943) pp. 133-153; Work performed under Contract N5ori 76-16 
NR 043-046, Technical Report 5, Preliminary Note] a reproducing transformation is 
introduced for the system of three partial differential equations of second order for 
the components of the displacement vector in the theory of elasticity. The boundary 
_ value problem is stated and solved in a general form of which the three usually con- 
sidered boundary value problems are limit cases. Formulas are given for the actual 
computation of the analogs of Green’s, Neumann’s, and Robin's functions. The re- 
sults are a generalization of those obtained by Bergman [Math. Ann, vol. 98 (1927) 
pp. 248~263] for the solution of the first and second boundary value problems. (Re- 
ceived September 16, 1948.) 


214. Sheila S. Macintyre: On the zeros of successive derivatives of 
integral functions. 


It is shown that if f(s) is an integral function satisfying lim sup... (log M(r)/r) 
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<.7259 and if f*-)(s,) =0, the sequence {s,} having all its limit points in the unit 
circle, then f(z)=0. Previous results are thereby improved and extended, see N. 
Levinson (Duke Math. J. vol. 11 (1944) pp. 729-733; vol. 12 (1944) p. 335). A further 
theorem of the same type is proved in which the unit circle is replaced by the domain 
consisting of the points distant less than A from the segment -1<SxS1, and the 
constant .7259 is replaced by 4-47 exp (— 25/8). This is an extension of a theorem 
due to I. J. Schoenberg (Trans. Amer. Math. Soc. vol. 40 (1936) pp. 12-23). A 
shortened proof of Schoenberg’s original result is also given. (Received September 7, 
1948.) 


22t. C. N. Moore: On the functional behavior of a function defined 
by a certain Dirichlet’s series. 


Form a sequence of the odd integers and place below them a sequence obtained by 
increasing the numbers above by two. Let pe represent any prime in the second se- 
quence which lies below a number in the first sequence which is a multiple of one of 
the first à odd primes, pi, #2, © + + , Da. Consider the function L.(s) = Ip.(log pe) /(b.)' 
on the line s=1-++-2. The series on the right converges absolutely for R(s) >1, and the 
analytic function thus defined can be extended to the left of the line s=1-+4, thus 
furnishing a means of studying its functional behavior on that line. Such properties 
of the function have application to the problem of the infinitude of prime pairs. 
(Received October 11, 1948.) 


23t. Leopoldo Nachbin: On sirtctly minimal topological division 
rings. 


The author shows that several theorems usually established for real or complex 
topological vector spaces depend on the scalar domain being strictly minimal or com- 
plete. A topological division ring K is strictly minimal if, Tx denoting its topology, 
there exists no Hausdorff topology T on K such that T<Txand K endowed with T is 
a topological vector space over K endowed with Tx. Completeness is meant in Weil's 
sense for the additive group of K. The following results are typical and are generaliza- 
tions of part of the recent work of J. Braconnier and I. Kaplansky: (1) If X is strictly 
minimal and f is a linear functional defined on a topological vector space over K, then 
J is continuous if and only if f-1(0) is closed; if K is not strictly minimal this need not 
be true. (2) In order that every finite-dimensional vector space over K should have 
only one admissible topology it is necessary and sufficient that K be strictly minimal 
and complete. (3) In order that every vector space automorphism of any finite-dimen- 
sional topological vector space over K should be homeomorphic it is necessary and 
sufficient that K be strictly minimal and complete. (4) Every topological division 
ring which admits a nontrivial valuation preserving the topology is strictly minimal. 
(Received September 9, 1948.) 


24. Everett Pitcher: The index and minimum properties of the 
characteristic roots of a quadratic function. 


Two approaches to the problem of existence and number of characteristic roots 
are formulated and the relation between them made clear in the following develop- 
ment. Let (A) B(n, ¢, A) be a real valued, symmetric, bilinear function of n, œ, dif- 
ferentiable in X for OSA <b. Set I(n, A)=B(n, n, A). Suppose (B) I(n, 0) is positive 
definite; (C) if I(no, Xo) SO then A (no A) SO for OS <b; (D) if I(no, Xo) =0 and no x0 
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then (no, `o) <0. Of particular interest are the facts that X need not enter linearly 
and the sense of variation of J with X is not specified necessarily for all 7. I may 
possess two properties: the index property, that the index of I(n, ^o) be finite and 
equal te the number of characteristic roots less than Ao; the minimum property, that 


of characteristic pairs of J, the set of numbers X which together with an 750 satisfies 
the conditions Z(m, 4) =0, B(n, nz, 4) =O Ar), Ba(n, m, 4) =O (A=A,) contains its 
greatest lower bound. The principal theorem states that if A, B, C, D hold, the index 
property and the minimum property are equivalent. Connections can be made with a 
variety of concrete characteristic value problems. (Received September 20, 1948.) 


25. P. C. Rosenbloom: The conformal mapping of nearly circular 
` regions. ` 
If f(z) maps the unit circle onto a domain D contained in |®| <1 and containing 
Di: |w| <1, |w—c| >p, where |c| =1, 0<p<1, and if f(0)=0, f’(0)=a>0, then 
(3) =3— (1 —a)s(c+2) /(¢c—2) +0((1—a)p""). This gives a very simple proof of 
Loewner’s differential equation for functions mapping the unit circle on slit domains. 
(Received October 30, 1948.) 


268. I. E. Segal: A kind of abstract integration pertinent to locally 
compact groups. I. Preliminary report. 


A gage is defined as a self-adjoint linear functional u on a dense self-adjoint sub- 
algebra 2 of a C*-algebra A, such that for WE Ao, u(W*XW) is a continuousfunc- 
tion of XCAo. The concept of gage includes that of state, and also that of a regular 
measure on a locally compact Hausdorff space. A further example is: A =operator 
group algebra of the locally compact group G, 4)=subalgebra of all operators of the 
form Ty, where Tyg = convolution of f with g, f being a continuous function which 
vanishes outside a.compact set in G and A being an arbitrary element of L,(G), and 

u(Ty) =f(e), e being the group identity. It is shown that all elements X of A of the 
form W*VW, with WEA and: VESA(A0), where SA(40) is the collection of self- 
adjoint elements of Ao, are integrable in the sense that GLB [F] YaX, 
YESA (Ao) |u(¥) =LUB [x] YsX, YESA(A)]u(¥)<%. In case the group G 
above is abelian, this is a lemma on which a proof of the generalized Plancherel 
theorem could be based. (Received August 19, 1948.) 


274. I. E. Segal: Extension of representations of subgroups of nae 
compact groups. 


A continuous unitary irreducible representation (on a Hilbert space) of a compact 
subgroup of a locally compact group can be extended to the same kind of representa- 
tion of the full group. The same is true for any subgroup of a discrete group. More 
generally, a sufficient condition for a continuous unitary irreducible representation of 
a closed subgroup of a locally compact group to be extendable to the same kind of 
representation of the full group is obtained, in terms of states of algebras related to 
the group and subgroup. The author's results naturally include the theorem of A. 
` Weil covering the case in which the full group is compact, but his methods are unre- 
lated to those of Weil, and the proof could be greatly simplified by restricting con- 
sideration to this case. (Received September 7, 1948.) 
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281. Robert Sips: Asymptotic representations of Mathieu functions 
and of spheroidal wave functions. 


Asymptotic representations are obtained for the periodic solutions, and for the ‘ 
corresponding separation constants, of the Mathieu equation »y’’-++-(a—2—A%! cos? n)y 
= 0, for large values of the parameter dc. The asymptotic representation of the separa- 
tion constant a, though obtained by an essentially different method, is identical to 
the one given earlier by S. Goldstein (Proc. Cambridge Philos. Soc. vol. 23 (1927) pp. 
303-336). The Mathieu functions themselves are represented asymptotically, for all 
real values of the variable n, as a series of functions of the parabolic cylinder D,(a) 
=exp (—a?/4): Hala), where a= (2c)43- cos n and H, is the nth Hermite polynomial. 
The spheroidal wave functions are the periodic solutions for large values of dc of 
the equation (sin 7)~}-d(sin nd /dn)/dn+(A +c} sinn — m? /sin? 7) =0 for prolate 
wave functions, and the same equation with sin n replaced by cos 7 and a minus sign 
before the term Ac? cos? y for oblate wave functions. But, whereas the asymptotic 
expression of the prolate spheroidal wave functions is a series of parabolic functions, 
similar to the one representing the Mathieu functions, the corresponding development | 
for the oblate wave functions is a series of functions of the form a™exp (—«a?/4) 
-L (0/2) where a= (2dc)¥2-sin n and L is the generalized Laguerre polynomial. 
Numerical results, obtained from the asymptotic expansions, are compared with 
exact values published by various authors. (Received May 10, 1948.) 


29. Otto Szasz: A generalization of Bernsiein’s polynomials to the 
infinite interval. 

A constructive proof of Weierstrass’ theorem on the uniform approximation of a 
continuous function by polynomials over a finite interval is based on Bernstein’s 
polynomials. There the values of the function at equidistant points are employed, 
with weights corresponding to the Bernoulli probability distribution. In the present 
paper the values of a function at equidistant points are employed over the infinite 
interval (0, ©), but the weights now correspond to the Poisson distribution. Uniform 
convergence to the function is proved'at each ‚point of continuity. A degree of ap- 
proximation is given on introducing a weighted modulus of continuity. The process is 
connected with the problem of approximate integration by Cauchy-Riemann sums 
over the infinite interval. (Received September 6, 1948.) 


30. J. L. Walsh, W. E. Sewell, and H. Margaret Elliott: On the 
degree of convergence of harmontc polynomials to harmonic functions. 


Let u(x, y) be harmonic inside C, continuous in the corresponding closed region C; 
under suitable restrictions on C if the th directional derivative of u(x, y) satisfies on 
C a Lipschitz condition of order a (0<a@1), then a properly chosen sequence of har- 
monic polynomials pa(x, y) of respective degrees » converges to u(x, y) in C with a 
degree of convergence 1/n*+*, Conversely, if a sequence pa(x, y) converges to u(x, y) 
in C with this degree of convergence, the kth directional derivative of u(x, y) satisfies 
on C a Lipschitz condition of order «æ if a<1. Furthermore, if u(x, y) is harmonic 
inside Cp, continuous on Cr, and if the kth directional derivative of u(x, y) satisfies a 
Lipschitz condition of order a on Cr (0<a@S1), then a suitable sequence pa(x, y) con- 
verges to u(x, y) on C with a degree of convergence 1/n*t?R"; and conversely, if a 
sequence f(x, y) converges to u(x, y) on Č with this degree of convergence, the 
(k—1)th directional derivative of u(x, y) satisfies on Cr a Lipschitz condition of order 
a if a<1, (Received September 7, 1948,) 
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APPLIED MATHEMATICS 


31%. Milton Abramowitz: Asymptotic expansions of Coulomb wave 
functions. 


The author deals with the problem of determining various expansions for the regular 
solution of the Coulomb wave equation when L =0 for values of the parameters p and 
n where the power series expansion is slowly converging. An asymptotic expansion is 
derived from the contour integral representations as derived by Sex]. Other approxi- 
mating expansions are obtained from the differential equations using Sexl's previ- 
ously determined saddle point approximations as starting point. Also included is a 
new short table of the zeros of the regular solution. (Received April 9, 1948.) 


32t. Garrett Birkhoff: Note on virtual mass. 


Let S be any solid, and Z any solid of revolution about the x-axis containing S. 
Then the rotational virtual mass of S in an infinite fluid equals the moment of 
momentum about the x-axis of the fluid in 2—S, when SS is rotating about the x-axis 
with unit angular velocity. The cross-components of the virtual mass tensor satisfy 
similar identities. For example, that between rotation about the x-axis and transla- 
tion along the y-axis is the ymomentum of the fluid in Z—S, when S is rotated 
about the x-axis. The above is a generalization of a recent result of Theodorson. 
Again, if H and K are two infinitesimal rigid motions, and S* is a sphere of radius 
r containing S, the K-component of pressure thrust for H-motion of S is 
Lim... { {fse(HUdSx —KUdSy) + ff fass|(HK—KH)U]dV, where U is the velocity 
potential for H-motion, and dSx the surface flux of the vector field defined by K. 
Using this identity, it is easy to prove that a rigid body in an infinite fluid behaves 
dynamically like a Lagrangian system with six degrees of freedom. (Received August 
10, 1948.) 


33i. Harvey Cohn: Interaction of simple waves. 


The author shows how the interaction of simple waves can be solved in general in 
the hodograph space by means of constructions such as those of J. Giese (Aberdeen 
Ballistic Research Laboratories Report, no. 657). For instance, if the flow with 
velocity g= (u, v, w) involves two waves represented by vectors gi(c), gx(r) in hodo- 
graph space (coRoSm, roSt Sr, gloro) =g(ro) =goand gı(o1) =gı, g2(71) =g2), then 
the resultant velocity gu of the interaction is found by first spanning the two preced- 
ing curves by a surface w(u, v) satisfying Awsu—2Bw..+ Cw.,=0, where A = c?(1 +w) 
—(s+10,)?, Boe my —(u-+-ww.)(o-+-ww,), and C=c?(1+wy) —(u+-ww,)?, and next 
drawing from the points gı and gs the characteristic curves which will determine qs. 
The integration of the partial differential equation lends itself to the application of fa- 
miliar (local) existence and uniqueness theorems. The author integrates the equa- 
tion by power series to find the approximate interaction of Meyer waves. (Received 
August 23, 1948.) 


34. Eugene Isaacson: Water waves over a sloping bottom. 


Progressing gravity waves in water bounded by a plane bottom at an angle w to 
the water surface can be described with the aid of a potential function ¢(x, y) in the 
sector —w $630 of the (x, y)-plane, satisfying the boundary conditions: 0¢/ay—¢ =0 
for 6=0; 0¢/00=0 for 0= —w. This potential function had been determined for ra- 
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tional multiplies of 90° and for two limiting cases by Miche, Stoker, Lewy, Friedrichs. 
For details and references—also to the work of A. E. Heins—see the papers in Com- 
munications on Applied Mathematics vol. 1 (1948). In the present paper a simple 
explicit representation of the solution for arbitrary angle w, which comprises all 
previously treated cases, will be given. To obtain this representation, the solution for 
rational multiples p/q of 90°, first given by Lewy as a sum of many integrals, is ex- 
pressed in terms of a single integral in such manner that the transition to the case of 
an arbitrary angle w can be carried out. (Received June 3, 1948.) 


35t. C. C. Lin: On the theory of isotropic turbulence of high Reynolds 
numbers. Preliminary report. 


Kolmogoroff’s theory as applied to isotropic turbulence is discussed in terms of 
the spectrum without reference to correlation functions. The inverse five-thirds power 
law for the intermediate range of the spectrum is rederived following the original ideas 
of Kolmogoroff without making specific assumptions regarding the dependence of the 
transfer term on the spectrum. A law of decay of turbulence is derived following this 
idea. It is shown that in general the square of Kolmogoroff’s micro-scale y instead of 
Taylor’s micro-scale X increases linearly in time. The Reynolds number of turbu- 
lence Ry generally decreases linearly in time. The product #”2Ry increases linearly in 
time, where y is the intensity of turbulence. This law of decay includes the half-power 
law when Ñ is a constant. The decrease of Ry seems to be indicated by the experi- 
ments of Batchelor and Townsend. Furthermore, other earlier experimental results 
not fitting the half-power law are very well described by the present theory. (Received 
June 28, 1948.) 


36¢. C. C. Lin, Eric Reissner, H. S. Tsien: On two-dimensional 
non-steady motion of a slender body in a compressible fluid. 


It is well known that in problems of flow of a compressible fluid a perturbation 
approach often leads to linear differential equations. Recently von Kármán pointed 
out that for steady motion in the transonic range certain nonlinear terms have to be 
retained even in a perturbation theory (Journal of Mathematics and Physics, Massa- 
chusetts Institute of Technology, vol. 26 (1947) pp. 182-190). The present paper con- 
tains a systematic discussion of non-steady perturbation flows with a resultant clasai- 
fication of all possible cases including determination of their similarity parameters. 
Of particular interest is the result that for non-steady flow a linearized perturbation 
theory is obtained even as the Mach number of the undisturbed flow approaches 
unity, provided the reduced frequency parameter & is large compared with the 2/3 
power of the amplitude ratio 3. (Received September 16, 1948.) 


37t. E. J. McShane: The differentials of certain functionals in ex- 
tertor ballistics. 


Ifa projectile is launched with given initial conditions, its range, time of flight, and 
so on, are functionals of the range-wind, cross-wind, density, temperature (usually 
regarded as functions of the altitude y alone), and of other functions of position and 
velocity also. Ranges are ordinarily tabulated for certain simple “standard” choices 
of wind (identically 0), of density, and so on, and effects of departures from standard 
conditions are approximated by the differential of the functional. G. A. Bliss proved 
that the differential exists if the space of (for example) wind functions is normed by 
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||w(-)|| =max [sup] w(y)|, |dw(y)/dy| ]. The presence of dw/dy in this definition is 
undesirable for both esthetic and physical reasons. In the present paper it is, proved 
- that the differential exists even when the norm is the familiar one, llet Xll =sup | w(y)| A 
(Received August 30, 1948.) 


GEOMETRY 


38. Edward Kasner and John DeCicco: Osculating conics of the 
integral curves of equations of the type (G). 


The importance of differential equations of the type (G): y” =G(x, y, yy” 
+H(x, y, yy”, in geometry and physics, has been brought out by Kasner in his 
Princeton Colloquium Lectures, Differential-geometric aspects of dynamics, Amer. 
Math. Soc. Colloquium Publications, vol. 3, 1913, 1934, 1948, and in many later 
papers. The osculating conics (five-point contact) of the œ? integral curves are 
studied. The «1 osculating conics, constructed at a lineal element Æ to the œ! curves 
-of the system passing through E, not only pass through E, but also touch another 
conic in general position. Their centers describe still another conic passing through 
the point of E. The foci of these conics describe an algebraic curve of sixth degree with 
a singular point of fourth order at the point of E. The degenerate cases of these various 
loci are studied in detail. (Received September 18, 1948.) 


Locic AND FOUNDATIONS 


39. Samuel Linial and E. L. Post: Recursive unsolvability of the 
deducibility, Tarski’s completeness, and independence of axioms prob- 
lems of propositional calculus. 


The primitive connectives are ~p and (p\/g), corresponding modus ponens and 
substitution the rules of deduction. Let S be a fixed normal system on a, b with non- 
null g’s and g’'s whose deducibility problem is recursively unsolvable (see Post, Bull. 
Amer. Math. Soc. vol. 50 (1944) pp. 286-287, 292; vol. 52 (1946) footnote 3). To a 
and b are made correspond ~~(pV ~p) and ~~~~(pV~p) respectively. With 
~(~pV ~q) as connective, correspondents in propositional calculus result for each 
non-null string B on a, b, B(p) designating a certain particular correspondent. A 
normal operation is simulated in propositional calculus by (~, V) implications 
which have a corresponding effect for certain correspondents of the strings involved, 
and implications which transform any one correspondent of a string into any other. 
A finite set [A,} of tautologies result such that if {P;} is any particular complete 
finite ‘set of axioms (tautologies) for propositional calculus, c(p) the tautology 
~n(~pV p), then B is asserted in S when and only when: B(p), itself a tautology, is 
deducible from {A,} [Ah {[BWDT,)} is a complete set of axioms; {A}, c(p), 
(B(p)De(p)) is not an independent set of axioms. The title results follow for arbi- 
trary finite sets of tautologies as axioms, hence also the first and third without the 
tautology restriction. (Received May 24, 1948.) 


STATISTICS AND PROBABILITY 


40t. Aryeh- Dvoretzky: On the strong stability of a sequence of 
events. 
Let {An} (n=1, 2,3, +++) be any sequence of events (which may interdepend in 
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an arbitrary manner) defined in the same eet of trials. Put m=Pr{As}, Gun 
=Pr{Andn}, nB = Lua, Caya ™ Las<isn dn = Bn — a, and fa=Rn/n where 
Rx is the number of those events among Ai, Áa, +++, An which are realized. Let 
JuEifn} be the expected value of fa and ¢a=fs—js. The sequence {Aj} is called 
strongly stable provided { on} is strongly stable, that is (cf. Kolmogoroff, Grund- 
begriffe der Wahrschetnlichketisrechnung, Berlin, 1933, p. 58), if for every e>0, 
lim». {sup. yon |Ør| >e} =0. Extending classical results M. Loave (J. Math. Pures 
Appl. (9) vol. 24 (1945) pp. 249-318, p. 257) proved that if #8, is bounded then {Aa} 
is strongly stable. Using the lemma that if a,20 and (*) Day n/n < œ there exists 
a sequence of integers {m} such that O<ma—m=o(n,) and pe, Ga, < %, the 
author proves that even (**) ey 3,/n< © implies the strong stability of {An}. 
Since the sufficient condition (*) in the lemma becomes also necessary when {a,/n} 
is monotone it is possible to establish cases where (**) is necessary and sufficient for 
the strong stability of {Aa}. (Received September 20, 1948.) 


41t. C. J. Everett and S. M. Ulam: Multiplicative systems. I. 


Let G(x): g.(x)—= pi (#3 ju <+ ©, jùæ (power-series in xy +++, xı) be a trans- 
formation of the unit cube Ts, #:(4; 7) being the probability that a particle of type # 
produce, upon transmutation, j:-+ «+ + +j: particles, j, of type s. Then, in the #-com- 
ponent g(x) = ) peli: j)æ of the Ath iterate G*(x), ps(4; j) gives the probability of the 
population (ji, - ++, je) in the Ath generation of progeny from one particle of type 4. 
Weak restrictions on nonvanishing of dg,/dx, and certain 6%,/dx,0x, imply: (1) if 
x slim pilt; 0), x’ and 1 are the only fix-points of G on Is; (2) lim HG; 7) =0, all 
jx40; (3) lim. G(x) =x, all +1 on Jy, (4) matrix M= [m], m. = (0g,/d%,)1, has 
maximal characteristic root r>0 and unique positive vectors v, v’ of norm 1 such that 
vM mrvo, Mv =rv’, a result due to Frobenius; (5) x°=1 if and only if rS1; (6)) 
lim jalm] =puniformly on the positive sector of i-space; (7) for every e>0, f>0, 
there exists a K such that for all k= K, > 94; j) 21-—f, j being summed over all 
vectors in the e-cone of v, including j=0. This is the analogue of the weak law of 
large numbers in additive probability. (Received September 16, 1948.) 


42%. C. J. Everett and S. M. Ulam: Multiplicative systems. 11. 


Under the condition r<1 (hence x=1), the following results are obtained: 
(1) for x1 in I,, vectors 1—G*(«x) and G**}(x) —G*(x) approach v’ in the sense of ray 
. convergence; (2) if gx() is defined by p2(4;0) =g (+ + +  +4(), (Ù is a probability 
density on k=1, 2, - + - with moments of all orders; (3) if a source with generating 
function S(x) acts alternatively with transmutation, the generating function for the 
kth population is Hi(x)=S(G(x)) +++ S(G*(x)), H(x)=lim M(x) exists on Ji, 
(dH /dx,)1 exists, is computable from a linear system, and represents the k-limit of 
expectation of particles of type s in population &; (4) analogous theorems are valid for 
total progeny in systems with and without source; (5) H» (and its analogues in (4)) 
may be realized as a component-function of the kth iterate of a single transformation., 
(Received September 16, 1948.) 


43t. C. J. Everett and S. M. Ulam: Multiplicative system. III. 


The set Z, of all possible genealogies (graphs) z arising from one particle of type ¢ 
possesses an intrinsic metric d(z, 3’) under which it is a complete separable zero-di- 
mensional metric space. Simple axioms (A) on intervals and (B) on measure of inter- 
vals are given from which completely additive measure theory is derived. Intervals 
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in Z, are defined intrinsically and shown to satisfy axioms (A). If a generating trans- 
formation G(x) is given, the transition probabilities ,(s; 7) serve to define a measure 
for the intervals of Z; satisfying axioms (B). The latter is nontrivial due to non-local- 
compactness of Z;. Thus G(x) defines a G-measure for the additive class of G-measur- 
able sets of Z;. Among other results may be mentioned: the set of graphs which ter- 
minate has measure x Almost all graphs either terminate or have th generation 
population (jı, * ++, ja) approaching the ratios m: -- +: of v. The latter is the 
analogue for multiplicative systems of the strong law of large numbers in additive 
probability. (Received September 16, 1948.) 


TOPOLOGY 


44. L. W. Cohen and Casper Goffman: The topology of ordered 
abelian groups. 


The problem is to find complete group extensions of ordered abelian groups G. It 
is well known that the set of all lower segments will not serve for non-archimedean 
groups. A subset of the lower segments, called Dedekindean, is defined. These are the 
elements of the complete group extension Gp of the given group G. The groups G have 
an ordinal £*(G) in terms of which convergence and topological completeness are de- 
fined. Gp is topologically complete. It is shown that groups G complete in the archi- 
medean sense are topologically complete, that the converse is not true but that if a 
topologically complete group is dense in every archimedean extension it is complete in 
the archimedean sense. The Hahn groups are examples of topologically complete 
ordered abelian groups and are of the second £*-category. (Received August 19, 
1948). 


45. R. H. Fox: A remarkable simple closed curve. 


In 3-dimensional Euclidean space there exists a simple closed curve whose comple- 
mentary domain has a non-abelian fundamental group although, in the everyday sense 
of the word, this curve is not knotted at all. (Received September 18, 1948.) 


46t. F. I. Mautner: Completeness relations on locally compact 
groups. 


The completeness relations which have recently been obtained for the irreducible 
unitary representations of separable locally compact groups (Proc. Nat. Acad. Sci. 
U.S.A. vol. 34 (1948) pp. 52-54) are now studied in more detail. One of the results is 
that two methods which lead to the same Parseval relation for compact or locally 
compact commutative groups may lead to two essentially different completeness rela- 
tions for certain classes of locally compact groups. As an illustration, it is shown that 
the “regular representation” of the group of linear transformations in one variable 
over any infinite discrete field can be decomposed in an explicit manner into uncount- 
ably many inequivalent irreducible unitary representations, despite the fact that a 
certain algebra of operators associated with the group (the weakly closed ring gen- 
erated by the regular representation) is a factor of class Il; in the sense of Murray and 
von Neumann (Ann. of Math, vol. 37 pp. 116-229) and thus a simple algebra. (Re- 
ceived March 13, 1948.) 


41t. A. H. Stone: On the analytic definition of degree of multico- 
herence. 
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It is proved that the “analytic” and “geometric” definitions of the degree of multi- 
coherence (Eilenberg, Fund, Math. vol. 27 (1936) pp. 159, 153) agree for all con- 
nected, locally connected, normal spaces. A number of geometrical deductions are 
made. The principal tool is a modification of the notion of the “nerve” of a system 
of sets, to take into account the numbers of components of their intersections. (Re- 
ceived August 13, 1948.) 

T. R. HOLLCROFT, 
Associate Secretary 


THE NOVEMBER MEETING IN CHICAGO 


The four hundred fortieth meeting of the American Mathematical 
Society was held at the Museum of Science and Industry, Chicago, 
Illinois, on Friday and Saturday, November 26-27, 1948. The total 
attendance was about 200 including the following 136 members of 
the Society: 


A. A. Albert, W. R. Allen, R. V. Andree, M. L. Anthony, Max Astrachan, W. L. 
Ayres, Reinhold Baer, Walter Bartky, H. R. Beveridge, S. F. Bibb, R. H. Bing, K. E. 
Bisshopp, W. M. Boothby, A. J. Brandt, J. W. Butler, K. H. Carlson, R. E. Carr, 
Harold Chatland, Herman Chernoff, E. W. Chittenden, W. G. Clark, E. H. Clarke, 
H. E. Clarkson, E. G. H. Comfort, J. J. Corliss, A. R. Craw, H. J. Curtis, G. K. Del- 
Franco, Flora Dinkines, J. L. Doob, John Dyer-Bennet, B. J. Eisenstadt, H. M. Esser, 

; H. S. Everett, Chester Feldman, J. V. Finch, C. H. Fischer, Harley Flanders, L. R. 
Ford,.R. S. Fouch, Evelyn Frank, C. G. Fry, R. E. Fullerton, S. H. Gould, L. M. 
Graves, D. E. Green, L. J. Green, L. W. Griffiths, M. M. Gutterman, P. R. Halmos, 
Frank Harary, E. D. Hellinger, Vaclav Hlavaty, G. P. Hochschild, Carl Holtom, L. 
A. Hostinsky, S. P. Hughart, H. K. Hughes, Ralph Hull, Meyer Jerison, Louis Joseph, 
Samuel Kaplan, William Karush, Leo Katz, Fulton Koehler, J. C. Koken, W. C. 
Krathwohl, M. Z. Krzywoblocki, E. P. Lane, J. S. Leech, Saunders MacLane, 
Kenneth May, D. M. Merriell, Clair E. Miller, D. D. Miller, J. M. Mitchell, C. W. 
Moran, E. J. Moulton, Leopoldo Nachbin, E. D. Nering, August Newlander, O. M. 
Nikodym, E. P. Northrop, F. S. Nowlan, J. M. H. Olmsted, Daniel Orloff, E. H. 
Ostrow, Gordon Pall, Sam Perlis, D. H. Potts, D. W. Pounder, G. B. Price, O. W. 
Rechard, H. W. Reddick, W. P. Reid, W. T. Reid, Haim Reingold, P. R. Rider, L. 
A. Ringenberg, V. N. Robinson, Arthur Rosenthal, A. E. Ross, Herman Rubin, J. 
M. Sachs, Hans Samuelson, R. G. Sanger, L. J. Savage, A. C. Schaeffer, O. F. G. 
Schilling, Lowell Schoenfeld, W. T. Scott, A. S. Shapiro, Harold Shniad, D. N. Silver, 
G. F. Simmons, H. A. Simmons, Annette Sinclair, D. M. Smiley, M. F. Smiley, G. W. 

-Smith, W. S. Snyder, E. H. Spanier, D. C. Spencer, D. M. Stone, A. F. Svoboda, L., 
W. Swanson, T. T. Tanimoto, A. H. Taub, E. F. Trombley, H. E. Vaughan, G. L. 

2 Walker, S. E. Walkley, D. R. Waterman, André Weil, J. W. T. Youngs, Antoni 

Zygmund. 


The Committee to Select Hour Speakers for Western Sectional 
Meetings had invited two speakers for the occasion. Professor 
P. R. Halmos, of the University of Chicago, spoke on Measurable 
transformations at 2:00 p.m., Friday; Professor Saunders MacLane, 
of the University of Chicago, on Duality for groups at 10:00 A.M., 
Saturday. Presiding officers at these lectures were Professors J. L. 
Doob and Reinhold Baer, respectively. 

Two sessions were held for contributed papers: Friday, 10:30 a.m., 
Professor Arthur Rosenthal presiding; and Friday, 3:15 P.M., Pro- 
fessor E. W. Chittenden presiding. 

At the session on Saturday morning, Professor L. M. Graves moved 
that the Associate Secretary be instructed to write a letter of thanks 
to Major Lenox Lohr, Director of the Museum of Science and In- 
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dustry, for the hospitality which the Museum had extended to the 
Society. The motion was seconded and passed unanimously. The As- 
sociate Secretary has carried out these instructions. 

Social life at the meeting was enlivened by a party held by Mrs. 
Dorothy MacLane for visiting mathematicians on Friday evening 
from 4:30 to 7:00 P.M. 

Abstracts of all papers presented at the meeting are given below. 
Papers read by title are indicated by the letter “.” Paper number 48 
was presented by Professor Chatland. 


ALGEBRA AND THEORY OF NUMBERS 


48. Harold Chatland and Harold Davenport: Euchd’s algorithm 
in real quadratic fields. 


The question of the existence of Euclid’s algorithm in real quadratic fields, 
k(m\%) has been settled except for m a prime, of the form 24n-+1. For m >128? 
Davenport proved the nonexistence of the algorithm. Chatland then showed that 
except for m=193, 241, 313, 337, 457, 601 the algorithm is invalid for m a prime of 
the form 24n-++1. In this paper it is proved that the algorithm does not exist in any of 
these six cases. Hence, as a result of all investigations it may be said that Euclid’s 
algorithm exists in the real field &(m/2) if and only if m has one of the values 2, 3, 5, 
6, 7, 11, 13, 17, 19, 21, 29, 33, 37, 41, 57, 73, 97. (Received August 10, 1948.) 


491. V. E. Dietrich and Arthur Rosenthal: Transcendence of fac- 
torial series with periodic coefficients. 


It is well known that every real number æ can be represented in the form 
a= ae, @„/n! where the G, are integers and 0 Saa <n (for n=2, 3, - - - ). In this 
noteitis proved that «is a transcendental number if the a, are periodic (except for the 
trivial case where almost all a, are zero). More generally it is proved: If the power 
series d(3) = ee (an /n!) has algebraic coefficients a, (not almost all of them being 
zero) which form a periodic sequence, then #(z) is a transcendental number for every 
algebraic z (0). (Received October 12, 1948.) 


50. Frank Harary: The structure of finite Boolean-like rings. 


Boolean-like rings (BLR’s) were defined by A. L. Foster as the class of rings in 
which the ring and logical operations are interdefinable through the same equations 
as for Boolean rings. In this paper, all finite BLR’s are classified into isomorphism 

“types by means of a canonical form for their multiplication tables. This canonical 
form is the basis for all further results on finite BLR’s. Indecomposable BLR's are 
characterized as BLR’s whose Boolean subring contains exactly two elements. It is 
verified that each finite BLR is isomorphic to the direct product of indecomposable 
BLR’s. Not all BLR's have unique prime factorization. A necessary and sufficient 
condition for a finite BLR to have unique prime factorization is obtained. (Received 
October 15, 1948.) 


ANALYSIS 
51t. R. P. Boas: The Charlier B-series. 
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The B-series has the form f(x) ER G,A"6(x), where A denotes a receding differ- 
ence; when f(x) is defined only for integral values of x, 0(x)=e>/x! for 
x=0, 1, 2,+++ ; 0(x)=0 for z=—1, —2, --+; when f(x) is defined for all real 
x, Olx) = (2r) ef, ei exp (As)du. This paper develops an L? theory of the 
series, considering the meansquare approximation to a given f(x) by sequences 

er an A*6(x), where the a” are not necessarily determined by the usual formulas 
for the coefficients in the B-series. The resulting expansion theory applies to more 
general functions f(x) than can be represented by the B-series itself. More general 
series of similar character are also considered. (Received October 11, 1948.) 


524. L. W. Cohen and Casper Goffman: The completion of ordered 
fields. 


The problem dealt with is that of defining complete extensions of an ordered field 
by the methods of Dedekind and Cantor. The equivalence of these methods in the 
classical completion of the rational field suggests the possibility of their equivalence 
in general even if the field does not enjoy the property of Archimedes. Let $ be an 
ordered field. By the method of Dedekind is meant the definition of the field Fp whose 
elements are those lower segments L with the property that if g>0, 0 the zero'in 7, 
there is an fCL such that f+g€ L. By the method of Cantor is meant the definition of 
the field Fg whose elements S are the classes of mutually equivalent fundamental se- 
quences in the topology of F. The principal result obtained is that 7p and Fc are iso- 
morphic complete extension of 7. Completeness in the sense of Archimedes is con- 
sidered and the relation between the two concepts of completeness is indicated. The 
Hahn fields are examples, (Received October 10, 1948.) 


53%. H. V. Craig and W. T. Guy: On Jacobian extensors. 


The purpose of this paper is to introduce the concept Jacobian extensor together 
with certain features of the accompanying theory. The transformation equation in- 
volved differs from that of ordinary extensors by the presence of the coefficients 
X sup æ inf p, which are equal to the binomial coefficient „Cs times the derivative of 
order æ—p of the weighted Jacobian, («/#)". Rules are given for constructing Ja- 
cobian extensors by differentiation of weighted scalars and tensors, and it is found 
that the process extensive differentiation carries over to the new theory. A Jacobian 
connection is developed from the ordinary connection and by extensive differentiation 
extended to higher orders of M. By means of the extended Jacobian connection, the 
higher order intrinsic derivatives of weighted scalars and tensors are expressed as 
contractions. (Received October 15, 1948.) 


54. O. W. Rechard: A note on the representatton of real numbers. 


Let p be any integer 22. For every continuous strictly increasing function f(x) 
on [0, p] to [0, 1] Everett (Representations for real numbers, Bull. Amer. Math. Soc., 
vol, 52 (1946)) has defined an algorithm which associates with every real number be- 
tween 0 and 1 a sequence of integers mod p. For the case f(x) =x/p this algorithm 
yields the decimal representation of a number to the base p. This note contains, 
among other things, a characterization of the class of one-one correspondences between 
real numbers and sequences of integers mod p which can be obtained by applying such 
an algorithm. It is simply the class of those correspondences which can be obtained 
from the class of all continuous strictly increasing functions F(x) on [0, 1] to [0, 1] 
by defining the sequence corresponding to the number x to be the sequence of integers 
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in the non-(#—1)-terminating decimal! expansion of F(x) to the base p. As a result of 
this characterization, for example, there exists a continuous strictly increasing func- 
tion f(x) on [0, 2] to [0, 1] which distinguishes between algebraic and transcendental 
numbers in the sense that a number æ between 0 and 1 is algebraic if and only if 
a=f(aitf(aat +++ +f(an)) +++) for some finite sequence of integers a), Gr, * * * , Gn, 
with a,=0 or 1. (Received October 15, 1948.) 


55. W. T. Reid: Symmeirizable completely continuous linear trans- 
formations in Hilbert space. 


This paper treats the spectral theory of a completely continuous linear transforma- 
tion K in a complete (not necessarily separable) abstract Hilbert space Q, where K is 
(left) symmetrizable in the sense that there exists a non-negative symmetric bounded 
transformation S on § such that SK is symmetric. It is proved that K has a real 
nonzero proper value in case SK 0; certain expansion theorems are established for 
transformations K such that (Su, #) <0 for each proper element u of K corresponding 
to a nonzero proper value. Special attention is given to symmetrizable transforma- 
tions corresponding to the vector integral equations which are equivalent to self- 
adjoint boundary problems satisfying a condition of definiteness as formulated by 
Bliss (Trans. Amer. Math. Soc. vol. 44 (1938) pp. 413-428) or by the author (Trans. 
Amer. Math. Soc. vol. 52 (1942) pp. 381-425). The method of proof is based on ex- 
tremizing processes. In particular, the paper extends the results of Zaanen (Nieuw 
Archief voor Wiskunde (2) vol. 22 (1943) pp. 57-80; Nederl. Akademie van Weten- 
schappen, Proceedings vol. 49 (1946) pp. 194-204; Indagationes Math. vol. 8 (1946) pp. 
91-101—see also his further papers in vols. 49, 50 of the same journal on the theory 
of linear integral equations). (Received October 15, 1948.) 


564. I. E. Segal: Invariant measures on locally compact spaces. 


The existence and uniqueness of Haar measure are generalized by showing that 
an equicontinuous group G of unimorphisms of a uniformly locally compact space M 
leaves invariant a nonzero regular measure on M, which is unique (within propor- 
tionality) if and only if there is a point in M whose orbit is dense. If G is locally com- 
pact and acts continuously on M (that is, if the function on GX M to M describing 
the action of G is continuous) and if fÆ L(G) and gC L,(M), then fof(a)g(ap)da 
exists for almost all p, da being the element of Haar measure, and defines a function in 
La(M) (1 Sas œ). (Received October 1, 1948.) 


APPLIED MATHEMATICS 


57. M. Z. Krzywoblocki: On the theory of the limiting lines in com- 
pressible, rotational, inviscid, isentropic flow. 

Tollmien and Ringleb created the theory of the so-called “limiting lines” in com- 
pressible, inviscid, isentropic irrotational flow by a transformation of the physical 
plane onto the hodograph plane. In the present paper a similar procedure is applied 
to a compressible, inviscid, isentropic, rotational flow. By a suitable selection of the 
“generalized” velocity potential function a simple hodograph transformation is ob- 
tained. The condition of the vanishing functional determinant gives the equation of 
the “limiting lines”. (Received September 23, 1948.) 


58t. H. E. Salzer: Formulas for numerical integration of first and 
second order differential equations in the complex plane. 
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For numerical integration of a first or second order differential equation in the 
complex plane, wherever the solution is analytic, it is more natural and advantageous 
to choose s=%-+4y as the variable, rather than to express the equation as a simultane- 
ous real system in x and y. Also, using s as the variable permits a closer choice of the 
fixed points upon which to base the approximating polynomials for the integrand. 
Integration formulas are given for a Cartesian grid. They were found by integrating 
the Lagrangian interpolation polynomial for three to nine points g,aaz)+jh, where h 
is the length of a square in the grid, and j is a complex integer jı+#j2. The configura- 
tions of 3, were chosen from considerations of convenience and closeness. A number 
of formulas for complex extrapolation are given, because they have an essential role 
in the integration process. All formulas are given with exact coefficients. A simple 
procedure for systematic integration, with suggested variations, is outlined for general 
use, suited to large-scale automatic computation devices. For configurations of g; 
that are symmetric about the 45° ray, there are proved several useful relations among 
the coefficients occurring in the integration formulas. (Received October 8, 1948.) 


GEOMETRY 


59. V. G. Grove: On the Ry-assoctate of a line. 


In this paper the author extends a notion of Popa applied to a plane net to the 
asymptotic net on a surface. Thereby new geometric characterizations of Bell's 
Ry-associate of a line and of the R)-derived curves are found. Applications give char- 
acterizations of the Darboux and Segre tangents and of the tangents of the Darboux- 
Segre pencil of conjugate nets. (Received October 15, 1948.) 


TOPOLOGY . 


601. E. G. Begle: The Vietoris mapping theorem for bicompact 
spaces. 


The Vietoris mapping theorem is proved for bicompact spaces. For any covering ` 
M of a space X, denote by X(M) the complex consisting of all simplexes of X for each 
of which there is a set of M containing all its vertices. Then the statement of the 
theorem is: Let f be a mapping of X onto Y such that for each covering M of X, each 
point y of Y, and each integer k, 0 Sk Sn, there is a refinement N of M such that any 
finite &-cycle on X(N) \f-!(y) bounds on X(M)\f-'(y). Then the homomorphism of 
the #-dimensional homology group of X into that of Y which is induced by f is an 
isomorphism and is onto. The coefficient group is arbitrary. If the coefficient group is 
compact or a field, then the hypothesis may be replaced by the weaker condition that 
the k-dimensional homology groups of f-!(y), 0Sk Sn, vanish for every y. For integer 
coefficients the theorem is not true with this weaker hypothesis, even in the compact 

metric case. (Received October 6, 1948.) 


61. R. H. Bing: Complements of continuous curves. 


Suppose space is compact, connected, locally connected, and metric. It is shown 
that each pair of points lies on an arc each of whose complementary domains has 
property S. If no pair of points separates space, the arc may be so chosen that its 
complement is also connected. If W is a closed totally disconnected point set, there is 
a dendron containing W such that each complementary domain of W has property S. 
(Received October 14, 1948.) 
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62t. Ky Fan: Partially ordered additive groups of continuous func- 
tions. I. 


Let C(Q) be the partially ordered additive group (p.o.a.g.) of all real continuous 
functions on a compact Hausdorff space R. A subgroup G of C(Q) is called a char- 
acterizing subgroup, if: (1) G contains all constant functions; (2) for v0 and f, 
g&G such that f(x0) =g(xo) =0, there is an ACG with haf, hag, k(x) =0; (3) for 
any two points «154% of Q, there is an fGG with f(x) f(x). A subgroup G of C(Q) 
verifying (1), (2) is called a weakly characterizing subgroup. Let 9, Q* be two com- 
pact Hausdorff spaces and G* be a characterizing subgroup of C(Q*), Then Q and 0* 
are homeomorphic, if and only if G* is isomorphic (as p.o.a-g.) to a characterizing sub- 
group of C(Q). More generally, Q* is a continuous image of Q, if and only if G* is iso- 
morphic to a weakly characterizing subgroup of C(Q). It is to be noticed that, when 
C(Q) is regarded as a lattice, a characterizing subgroup of C(Q) is not necessarily a. 
sublattice of C(Q). On the other hand, when C(Q) is considered as a ring, a subring 
G of C(Q) verifying (1), (3) fails to determine the topology of Q. (Received October 14, 
1948.) 


63%. Ky Fan: Partially ordered additive groups of continuous func- 
tions. II. 


Let G be a partially ordered additive group (p.o.a.g.). An element fGG is an 
Archimedean element of G if, for every g&G, there is a natural number » with nf 2g. 
An element f&0 without this property is a non-Archimedean element of G. A sub- 
group H of G is singular in G, if every fE.H is of the form f=g—h, where gCH, hCH 
are non-Archimedean elements of G. A subgroup H of G is convex in G, if HG and 
if MCA, WEH, h Sf Sh, imply fCH. The following theorem is proved: A p.o.a.g. G 
is isomorphic to a characterizing subgroup of C(Q) (cf. the preceding abstract) for a 
topologically unique compact Hausdorff space Q, provided G satisfies these four con- 
ditions: (i) G has a subgroup R which is isomorphic to the simply ordered additive 
group of all real numbers; (ii) at least one element of R is an Archimedean element of 
G; (iti) if #f+g20 for all natural numbers n, then f&0; (iv) if a maximal convex 
subgroup M of G is not maximal singular in G, then there are a finite number of ele- 
ments fi, +++, fa such that f.GEM (1S4Sn) and that each maximal singular sub- 
group of G contains at least one of them. By adding a fifth condition, a characteriza- 
tion of the entire group C(Q) is also obtained. (Received October 14, 1948.) 


641. M. K. Fort: A note on equicontinuity. 


It is proved in this note that the center of every algebraically transitive group of 
homeomorphisms acting on a compact metric space is equicontinuous. (Received 
August 12, 1948.) 


65t. M. K. Fort: A proof that the group of all homeomorphisms of 
the plane onto ttself ts locally arcwise connected. 


Let P be a plane and let H(P) be the group of all homeomorphisms of P onto itself, 
topologized by defining convergence to mean uniform convergence on each compact 
subset of P. It is shown that corresponding to each positive number e there is a posi- 
tive number ô such that for each element f of H(P) which is in the -neighborhood of 
the identity element J there is an isotopy F such that Fo=f, Fı=/ and F; is in the 
e-neighborhood of J for 0S#S1. It follows that fand J can be joined by an arc inside 
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the -neighborhood of I. Since H(P) is a topological group, this proves that H(P) is 
-locally arcwise connected. (Received September 16, 1948.) 


664. Deane Montgomery: Theorems on the topological structure of 
locally compact groups. 


Let G be a locally compact » dimensional group. If U is a neighborhood of the 
identity there exists a neighborhood V of the identity such that any n or n—1 cycle 
(reals mod one) in V bounds in T. An analogous property is true for homogeneous 
spaces. If H is a closed subgroup of dimension n—1 and if dim G/H is finite, then 
dim G/H=1. If G is locally connected and A is a closed n-dimensional subset then A 
must contain an inner point; this also holds for homogeneous spaces. (Received 
October 4, 1948.) 


671. G. T. Whyburn: Eguicontinuous collections of mappings. 


If A and B are metric spaces, a collection G of mappings of A into B is called uni- 
formly interior on AoC A provided that for e>0 a d>0 exists such that for any x Ao 
and fGG, f[V.(x) ]D Valf(x) ]. Similarly, G is uniformly light on A, provided that for 
any e>0 a d>0 exists such that if V is any connected set in A intersecting Ao and of 
diameter Ze and fGG, then 8[f(V)]2d. If G is equicontinuous, A is locally compact 
. and B is compact, then G is uniformly light on the compact subsets of A if and only if 
the limit mapping of every sequence uniformly convergent on a compact subset of A 
is light. If G is an equicontinuous collection of strongly interior mappings of a locally 
connected generalized continuum A into a locally connected continuum B and if the 
limit mapping of every sequence in G uniformly convergent on a compact subset A of 
A is light, then G is uniformly interior on Apo. A uniformly bounded collection G of 
analytic functions on a region A is uniformly interior, or light on a compact region R 
in A if and only if for some d>0, max,.x | f’(s)| 2d for all fEG. (Received October 2, 
1948.) 


68. G. T. Whyburn: Normal regions and developabslity. 


Given locally connected generalized continua A and B and a light interior map- 
ping f(A) =B, a region Rin A is'normal provided fIR is interior and f permutes with 
` the boundary of R, that is, f[F(R)]=F[f(R)]. (This is similar to but not identical 
with Stoilow’s notion of normal region.) If K is a continuum in B, H is a compact 
component of f-!(K) and «>0, there exists a normal region R satisfying HC RC V.(H). 
If A is the union of a strictly monotone increasing sequence of conditionally compact 
normal regions, f is said to be developable. This property holds if and only if each 
continuum in A lies in a conditionally compact normal region. Also, f is developable if 
and only if it is expansive in the sense that A is the union of a strictly monotone in- 
creasing sequence of conditionally compact regions [R,] such that no given compact 
set in B intersects the images of the boundaries of infinitely many of the Ry. (Received 
October 2, 1948.) 


J. W. T. Younes, 
Associate Secretary 


THE NOVEMBER MEETING IN LOS ANGELES 


The four hundred forty-first meeting of the American Mathematical 
Society was held at the University of California, Los Angeles, on 
Saturday, November 27, 1948. The attendance was approximately 
125, including the following 93 members of the Society: 

M. I. Aissen, O. W. Albert, Richard Arens, W. G. Bade, J. L. Barnes, E. F. 
Beckenbach, H. W. Becker, M. M. Beenken, Clifford; Bell, Gertrude Blanch, H. F. 
Bohnenblust, J. L. Brenner, Herbert Busemann, W. D. Cairns, L. H. Chin, L. M. 
Coffin, F. E. Cothran, F. G. Creese, E. L. Crow, D. R. Curtiss, J. H. Curtiss, Tobias 
Dantzig, P. H. Daus, W. W. Denton, C. R. DePrima, R. P. Dilworth, Roy Dubisch, 
W. D. Duthie, D. T. Finkbeiner, G. E. Forsythe, Arie Gaalswyk, P. R. Garabedian, 
H. H. Germond, H. E. Glazier, W. H. Glenn, J. W. Green, G. J. Haltiner, H. J. 
Hamilton, E. M. Henderson, M. R. Hestenes, P. G. Hoel, Alfred Horn, R. E. Horton, 
D. G. Humm, D. H. Hyers, Rufus Isaacs, Glenn James, P B. Johnson, Samuel 
Karlin, M. B. Lehman, D. H. Lehmer, Eugene Lukacs, J. C. C. McKinsey, J. E. 
McLaughlin, A. V. Martin, W. A. Mersman, A. B. Mewborn, A. D. Michal, W. E. 
Milne, S. F. Neustadter, A. B. J. Novikoff, L. J. Paige, R. S. Phillips, H. H. Price, E. 
S. Quade, W. C. Randels, L. T. Ratner, Saul Rosen, Wladimir Seidel, Max Shifman, 
R. A. Siegel, Ernst Snapper, I. S. Sokolnikoff, R. H. Sorgenfrey, D. V. Steed, Robert 
Steinberg, E. G. Straus, L. M. Straus, A. C. Sugar, J. D. Swift, Alfred Tarski, A. E. 
Taylor, C. J. Thorne, Elmer Tolsted, S. M. Ulam, F. A. Valentine, L. F. Walton, 
Morgan Ward, P. A. White, A. L. Whiteman, D. V. Widder, V. A. Widder, E. R. 
Worthington. 


The morning session was devoted to research papers and to the 
invited address, The geometry of Finsler spaces, by Professor Herbert 
Busemann, of the University of Southern California. Professor M. R. 
Hestenes presided. In the afternoon there were two sections for re- 
search papers, at which Professors D. H. Hyers and Morgan Ward, 
respectively, presided. 

Following the meetings, there was a tea at the Institute for Numer- 
ical Analysis of the National Bureau of Standards, on the campus. 

Abstracts of papers read at the meetings follow. Abstracts whose 
numbers are followed by the letter “4” were presented by title. Mrs. 
Lehmer was introduced by Professor J. W. Green, Mr. Lackness by 
Professor G. C. Evans, and Mr. Thompson, Professor Mostowski, 
and Mrs. Szmielew by Professor Alfred Tarski. Paper number 69 


was read by Miss Chin, paper 73 by Mr. McLaughlin, and paper 91 
by Professor Phillips. 


ALGEBRA AND THEORY OF NUMBERS 


69. Louise H. Chin and Alfred Tarski: Distributive and modular 
laws in relation algebras. 
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By the left distributive law for two binary operations © and ® is meant the 
formula aO (b®e) = (a Ob) @ (a Oc) where a, b, c are elements of a set S. Similarly, by 
the left modular law is meant the formula 2©[b® (a@c) |=(a208)@ (a Oc). Right 
distributive and modular laws are analogously defined. Relation algebras (A. Tarski, 
Journal of Symbolic Logic vol. 6) are systems where four binary operations—absolute 
+ and -, relative + and ;—play a fundamental role. Hence there is a variety of such 
laws to consider. In some cases, that is, for some couples of binary operations, the 
laws are satisfied by arbitrary a, b, cof the algebra; for example, distributive laws for ; 
and +, and for + and -. In other cases, elements a are distinguished which are dis- 
tributive, or modular, for a given couple of operations, that is, which together with 
arbitrary b, ¢ satisfy a distributive or modular law in question. In most cases the sets 
of elements thus distinguished prove important even independent of formal reasons. 
For example, elements a which are left distributive for ; and - (that is, such that 
a; (b-c)=(a; b): (a; c) for any b, c) coincide with the functional elements, that is, 
with functions in the ordinary interpretation of relation algebras. Similarly, elements 
a which are left and right modular for - and ; are equivalence elements, that is, sym- 
metric and transitive relations in the ordinary interpretation. (Received October 8, 
1948.) 


70. R. P. Dilworth: A theorem on the structure of the lattice of con- 
tinuous functions. 


A prime ideal P of a distributive lattice L is said to be isolated if for every prime 
ideal Q either 02 P, PDQ, or PUQ=L. The following theorem is proved: let C(S) 
denote the lattice of continuous, bounded, real functions on a topological space S. 
Then C(5) has the property that each element (as a principal ideal) is an intersec- 
tion of isolated prime ideals. This property is, in a sense, a weak form of the require- 
ment that the lattice be a direct union of chains, for it can be shown that a finite- 
distributive lattice has this property if and only if it is a direct union of chains. (Re- 
ceived October 16, 1948.) 


71. D. T. Finkbeiner. A general imbedding problem for lattices. 
Preliminary report. 


Consider a property P which holds in a lattice L if and only if P holds in every 
quotient lattice of L. Such properties are distributivity, modularity, upper and lower 
semi-modularity, and so on. P is said to hold weakly in L if and only if P holds in every 
quotient lattice a/b where b is not the null element of L. If L’ is a lattice with the prop- 
erty P, and if S is the set sum of principal ideals generated by a set of elements of 
L’, then L=L’—S-tnull element is a lattice in which P holds weakly. In this paper 
conditions are determined under which a lattice L, in which P holds weakly, can be 
enlarged to L’ in which P holds in general (Received October 18, 1948.) 


72. Emma Lehmer: On the quintic character of 2. 


A criterion for the cubic character of 2 was developed by Gauss. It states that 2 is 
a cubic residue of $ if and only if x=1 (mod 3) is even in the quadratic partition of 
Ap mx +27 y2, Recently S. Chowla gave an expression for #3=1-+¢3(4), where 
pila) = aa x()x(v*-+a) is a sum discussed by Jacobsthal in a Berlin dissertation 
(1906). (Here x(#) denotes the quadratic character of n with respect to p.) The present 
paper gives a similar criterion for the quintic character of 2 as follows: Two is a 
quintic residue of p if and only if the value of «m1 (mod 5) is even in the simultane- 


` 
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ous solution of the pair of Diophantine equations 16p =x; -+5042+500?+125w2 and 
xt mp3 —4uv—u?, The uniqueness of this value of x; has been established by L. E. 
Dickson (Amer. J. Math. vol. 57 (1935) pp. 391-424). It is also shown that z=1 
-++ds(4). From another point of view x, can be defined in general as x, = — Liian 
where a; are the coefficients in the decomposition of p into reciprocal factors in the 
field of èth roots of unity for $ an odd prime. Then x,=1-+¢,(4). Obviously xy is 
even if and only if 2 isa kth power residue, but the Diophantine equations involving 
x, which are known do not have a unique solution for xs and therefore cannot serve as 
criteria for k>5. (Received October 15, 1948.) 


73. Jack McLaughlin and R. P. Dilworth: Projectivities in rela- 
tively complemented lattices. 


It is known that if two points of a complemented modular lattice are projective, 
this projectivity can be accomplished by means of two transpositions. It is shown here 
that although this property does not extend to arbitrary relatively complemented 
lattices L, every projectivity between points of L can be accomplished by means of at 
most 2(n—1) transpositions, where » is the dimension of L. (Received October 16, 
1948.) 


74. Alfred Tarski: Arithmetical classes and types of mathematical 
systems. Preliminary report. 


Consider the class K of all systems %=(A, R), A any nonempty set, R any 
n-termed relation (z fixed). LGK is an arithmetical (or elementary) class, LC AC, if 
the condition (A, R)EL is equivalently expressible by a formula containing only ele- 
mentary logical constants (connectives, quantifiers, identity symbol), bound vari- 
ables representing elements of A, and the free variable R. (This definition is replace- 
able by a purely mathematical one. Compare Tarski and Kuratowski-Tarski, Fund. 
Math. vol. 17.) A, BEK are arithmetically equivalent (elementarily indistinguishable), 
TB, if ALLABEL whenever LE AC (Tarski, Fund. Math. vol. 26). M denotes 
the class of all HK with Y=8 for some BEM; L is an arithmetical type, LC AT, 
if L=M for some one-element MCK. Theorems: I. AC is a Boolean algebra under 
class addition and complementation, with unit class K. II. (Ln CLEAC for 
#30, 1, +- (Tice). II. (LEATICLS T[ wer for some dual 
prime ideal F in the Boolean algebra AC). IV. AC is countably infinite; also AT for 
the fixed » equaling 1; AT has the continuum power otherwise. V. For every 
(4, R)EK, A infinite, there is a (B, S)=(4, R) with B of any prescribed infinite 
power. All these notions and results extend to systems with many relations and 
operations, (Received October 12, 1948.) 


75t. Alfred Tarski: Metamathematscal aspects of arithmetical classes 
. and types. Preliminary report. 


For notions below see Tarski, Fund. Math. vols. 25, 26. Using symbolism of Bull. 
Amer. Math Soc. Abstract 54-11-74, consider any LEK. Let Th(L) be the aruh- 
metical (elementary) theory of L, that is, the part of the theory of systems (A, R)CL 
formalizable within the lower predicate calculus. Th(Z) and Th(Z) clearly coincide. 
(Th(Z) is consistent)<+(Z 0) [Godel’s result related to II of preceding abstract]; 
(Th(Z) has a finite system of non-logical axioms)<>(LE AC); (Th(Z) is consistent 
and completek+(LE AT). V of abstract 54-11-74 in metamathematical translation 
presents an extension of Löwenheim-Skolem’s theorem. Call Man arithmetical L-class, 
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ME AC(L), or L-type, MC AT(L), if M=L-N for some NCAC, or M=L-NX¥0 
for some NE AT. If LE AC, then (ME AC(L)}>(LD MC AC) and (MC AT(L)) 
«(LID ME AT). AC(L) is a Boolean algebra under class addition and complementa- 
tion, with unit class L; its isomorphism type determines uniquely the structural type 
of Th(L) and conversely. If one succeeds in establishing a decision procedure for 
Th(Z) by means of the so-called method of eliminating quantifiers, one also succeeds 
in exhaustively describing AC(L) and AT(L); if LEAC, the description of AT(L) 
amounts to that of all consistent and complete extensions of Th(Z), that is, con- 
sistent and complete theories obtained by enriching Th(Z) with new non-logical 
axioms. (Received October 12, 1948.) 


76. Alfred Tarski: Arithmetical classes and types of Boolean alge- 
bras. Preliminary report. 


For notations see Bull. Amer. Math. Soc. Abstracts 54-11-74 and 54-11-75. L 
denotes the class of all Boolean algebras. Clearly L=L© AC. The decision procedure 
for the theory Th(Z) (found by the author) leads to the following description of 
AC(L) and AT(L). Given BEL, let Bo=B; let Bayi be the quotient algebra BT 
where J is the ideal of the elements x in Ya such that the join of all atoms included in 
x exists. M, N(n), P(n), O(n, p), where n, p=0, 1,---, are respectively classes of 
all BEL such that (i) none of the algebras Bo, Bi, +--+, Be, + + - is atomistic; (ii) 
Ba is atomistic; (iii) 8, has infinitely many atoms while ®,;ı has only one element; 
(iv) Ba has exactly p atoms, Theorems: AC(L) is the smallest family containing L, 
all N(n)'s and Q(n, ~)’s, and closed under class addition and subtraction. AC(L) as 
a Boolean algebra under class operations has a well ordered basis of the type w? 
(cf. Mostowski-Tarski, Fund. Math. vol. 32). AT(L) - AC(Z) consists of all the classes 
Q(0, 0): N(0), O(n, +1): N(») and Q(n, p)—N(n); AT(L)—AC(L) consists of all 
the classes M, P(n): N(n), and P(n)—N(n). The families AC(L), AT(L)- AC(L), 
AT(L)—AC(L) are countably infinite. The results above were obtained in 1940. 
(Received October 12, 1948.) 


77. Alfred Tarski: Arithmetical classes and types of algebraically 
closed and real-closed fields. Preliminary report. 


For notations see Bull. Amer. Math. Soc. abstracts 54-11-74, 54-11-75. L being 
the class of all algebraically closed fields (A, +, -), we have L=LẸ AC. A decision 
procedure for Th(Z) has been found. The resulting description of AC(Z) and AT(L) 
follows: M(p) being the class of all ACL with characteristic p, AC(Z) is the smallest 
family containing all M(p)’s, p a prime, and closed under class addition and comple- 
mentation with respect to L; AT(L)-AC(L) consists of all M(p)’s, p a prime; 
AT(L) — AC(L) consists only of M(0). Hence AC(L), AT(L), and AT(L)- AC(Z) are 
countably infinite. As a Boolean algebra under class operations, AC(L) has a well 
ordered basis of the type w. A=8 (for M, BEL) if, and only if, A and B have the 
same characteristic. Let now L’ be the class of all real-closed fields. Sturm’s theorem 
for L’ is extended from one equation in one unknown to arbitrary systems of alge- 
braic equations and inequalities in many unknowns. By means of this, a decision pro- 
cedure for Th(Z’) is established; Th(Z’) proves to be consistent and complete. 
Hence L’ =L’EAT-AC; AC(L’) consists only of L’ and 0, and AT(L’) of L’; 
finally A=8 for arbitrary A, BCL’ (for example, the field X of real numbers and the 
field ® of real algebraic numbers). (Received October 12, 1948.) 
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78. Andrzej Mostowski and Alfred Tarski: Arithmetical classes 
and types of well ordered systems. Preliminary report. 


For notations see Bull. Amer. Math. Soc. Abstract 54-11-74, 54-11-75, The set 
A being ordered by the relation S, r(A) denotes the order type of the system 
A= (A, <). Let L be the class of all (4, <) with A 0 well ordered by S. A deci- 
sion procedure for Th(Z) is established. Given any ordinal y, let M(y), N(v), P(Y), 
Q(v) be respectively classes of all HEL with: r(M =y-+n for some ordinal 70; 
7(M) =£-+y-+ for some Fand n, n<y a; r(W =y; r(A) =": f+y for some x0. 
Theorems : AC(L) is the smallest family containing all the classes L, M(w"), N(w*- p), 
where n, p=0, 1, - + + ‚and closed under class addition and subtraction. AC(L) as a 
Boolean algebra under class operations has a well ordered basis of the type œw” AT(L) 
- AC(L) consists of all P(y)'s, and AT(L) — AC(L) of all Q(y)’s, with y <a”. The fami- 
lies AC(L), AT(L), AT(L)-AC(L), AT(L)—AC(L) are countably infinite. For 
A, BEL, we have {= if, and only if, either «(W=r(B) <a” or r(A) =u" -a+7, 
7(B) =a”: 8+ for some a70, p0, y<”. If MCL, (W) Ze then AaB for some 
BEEL; take, for example, r(G) =w+-w*- +r(M). There is a EZ such that BEM 
whenever LC ME AC; take, for example, r(@) = o-+w*. L <L and L, LEE AC (Tarski, 
Fund. Math. vol. 26, p. 301). The results above were obtained in 1941. (Received 
October 12, 1948.) 


79%. Wanda Szmielew: Arithmetical classes and types of Abelian 
groups. Preliminary report. 
Let L be the class of all Abelian groups. Obviously, L=LE AC (see Bull. Amer. 


Math. Soc. Abstracts 54-11-74, 54-11-75). A decision procedure for the theory 
Th(Z) has been established. The resulting description of AC(L) follows: Given 


(4, +)GLand n, p=1,2, - - - , the elements ai, +--+, „&4 are called independent 
modulo p if the formula ~,-a:+--++,:a,=p-a with any oCA and 059: 
<p, +, 0Spn<p implies i= »- + =pa=0; they are called H-independent if they 


are of order p and the formula fi-ai-t+-++ +pn'¢,=0 with OSfi<p,---,0 
Spa <p implies fiw +--+ =p,—0. Let M(n, b), N(n, p), and P(n, p) be classes of all 
(A, +)EL with at least n different elements which are respectively (i) p-independ- 
ent, (ii) independent modulo 2, and (iii) of order p and independent modulo 9; let 
O(r) be the class of all (A, +)EL with n -a =0 for every a& A. Theorems: AC(L) is 
the smallest family containing all the classes L, M(n, p*), N(n, p*), P(n, pH, 
O(n) [k, n=1, 3, - - -+ , pġ any prime], and closed under class addition and subtrac- 
tion. (Hence a description of AT(L) can also be derived.) AC(L) asa Boolean algebra 
under class operations has no well ordered basis. The families AC(L) and AT(L) 
- AC(L) are countably infinite; AT(L) and AT(L)—AC(L) have the power of the 
continuum. Analogous (though simpler) results apply to simply ordered Abelian 
groups (4, +, <). (Received October 12, 1948.) 


804. Andrzej Mostowski: A general theorem concerning the decision 
problem. Preliminary report. 


Let A be a mathematical system formed by a set A and arbitrary relations and 
operations Ri, +++, Ra. Let B® be the direct (cardinal) product of arbitrarily many 
factors each identical with A. The term “direct product” can be understood in the 
strong or the weak sense; in the latter case any element sCA definable in terms af 
Ri, + ++, Ru can be taken as 0. (See, for example, A. Tarski, Cardinal algebras, New 
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York, 1948.) Let Th(€) and Th(%) be the arithmetical theories of A and B respec- 
tively (cf. Bull. Amer. Math. Soc. Abstract 54-11-75). Theorem: if the theory 
Th(M) is decidable (that is, if the set of all theorems in Th(#) is generally recursive), 
the same applies to Th(%). Example: Let {= (A, +) and B= (B, - ), where 4 is the 
set of all non-negative integers, B the set of all positive integers, and + and - have 
their usual arithmetical meanings. A decision procedure for Th(%) has been estab- 
lished (by Presburger); by the theorem stated above it implies the existence of a de- 
cision procedure for Th(%) (a result obtained in a different way by Skolem). (Received 
October 12, 1948.) 


81. F. B. Thompson: A note on the unique factorization of abstract 
algebras. 


In their monograph, Direct decompositions of finite algebraic systems, Notre Dame 
Mathematical Lectures, No. 5, 1947, Jónsson and Tarski establish the unique fac- 
torization theorem and several related results for finite algebras consisting of a set A of 
elements closed under a binary operation +, such that A contains an element z which 
is a zero element for +. They raised the problem whether these results can be extended 
to algebras differing from those mentioned above in that the element 3 need only 
be idempotent under + (that.is, 3+3=z). The solution of this problem proves to be 
negative. In fact, let O and [] be operations on integers such that (i) mOn=0 for 
all m and n, (ii) mOn =2m 4n where0 Sm’, 2’ <2, mmm’ (mod 2), #=n' (mod 2). 
Let Bı, Bz, Cı, G be respectively the algebras constituted by: (1) the set {0, 1} and 
the operation O; (ii) the set {0, 1, 2, 3, 4, 5} and the operation []; (iii) the set 
{0, 1, 2} and the operation O; (iv) the set {0, 1, 2, 3} and the operation (7). It is 
seen that each of these algebras has an idempotent element and is indecomposable, 
and that 8, X82, @, This contradicts the unique factorization theorem. (Re- 
ceived September 22, 1948.) 


ANALYSIS 
824. Paul Civin: Approximation in Lip (a, p). 


If f(x)ELip (a, p) and P,(x)} is a sequence of trigonometric polynomials of 
order » such that (/*, |f(x)—Ppa(x)|?éx)¥?SKn-, then it is shown that 
D=(f™, |Pa («)|dx)Wr SA(1-a) n for 0<a<1, DSA log n for a=1, and 
DSA(a—1)— for @&>1, where in each case A depends only on « and the sequence 
P,(x) but not on #. The corresponding result for functions in Lip was established 
by M., Zamansky (C. R. Acad. Sci. Paris vol. 224 (1947) pp. 704-706). (Received 
August 10, 1948.) 


83. G. E. Forsythe: Certain inequalities concerning the Legendre 
polynomials. Preliminary report. 


For integers #20, k2h21 and a real variable x, let A=A(n, k, k; x) 
= Pp(2)P nyal) —Pars(z) Pnys(x), where P,(x) is the Legendre polynomial of rth 
degree. When h-+k isan even [odd ] number, A is an even [odd] function of x. For given 
n, k, k, the form A is said to have property T when 0<x<1 implies that A<0. The 
general purpose of this investigation is to see which of the forms A have property T. 
Turán showed that A(n, 1, 1; x) has property T for each n 20 (see G. Szegö, On an 
inequality of P. Turán concerning Legendre polynomials, Bull. Amer. Math. Soc. vol. 
54 (1948) pp. 401-405). The present author proves that A(n, 1, 2; x) and A(27 +1, 2, 
2; x) both have property T for each n 20. The proofs involve applying Szegö’s first 
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two methods of proof (loc. cit.) to A, dA/dx, or d3A/dx* in various subintervals of 
(0, 1). On the other hand, the present author shows that A has one or more zeros xo 
with 0<xo<1 for the following values of the parameters: (i) for each » 20, when 
ht+k=4M-+1 (M21); (ii) for each even» 30, when A+k=2M (M 22), except when 
h=k=odd number 33; (iii) for each odd #21, when h+k =2 M (M22), except when 
h=k 22; (iv) for n=0, k=1, when 23; (v) for n <0, 4=2 or 3, when k 2h. By com- 
putation when necessary it is further shown that for »+4+3S10 the only A with 
property T are those of types A(n, 1, 1; x), A(n», 1, 2; x), and A(2n +1, 2, 2; x). (Re- 
ceived October 16, 1948.) 


84. P. R. Garabedian (National Research Fellow): The sharp form 
of the principle of hyperbolic measure. 


Let D bea Riemann surface of genus g bounded by # continua, let G be a Riemann 
surface with a universal covering surface of hyperbolic type, and let zo be a point of 
D, wea point of G. Denote by E the class of functions f(s), analytic in D, which as- 
assume values in G and satisfy f(30) =wo, and denote by F(z) a function in E with 
| Fo) | max AEDI for f in E. It is shown that F(z) maps D upon a covering sur- 
face S of G which has no boundary components over G, that is, upon which any 
point can move indefinitely, provided its projection lies interior to G. While S may 
have infinitely many sheets, it has at most 4g-+2n —2 branch points, with multiple 
branch points counted according to their multiplicities. These branch points lie at 
the zeros of a quadratic differential R(#)di% which is regular on S except for a possible 
double pole at ¿=w and which is positive on the boundary of S. These results can 
be extended to problems of Pick-Nevanlinna type. The proofs are based on variational 
methods. The variations are defined by Green’s formula and the construction of 
simply- and doubly-connected covering surfaces of G which correspond to the 
boundary components of D. (Received October 1, 1948.) 


“851. M. R. Hestenes: A note on the Lagrange multiplier rule in 
the calculus of vartattons. 


Consider a Hilbert space H. Let Q(x, y) be a real symmetric bilinear form on HH 
and denote by Hp the set of all y such that Q(y, x) =0 for all xin H. Suppose that there 
is a positive number m such that Q(x, x) zm| x| ? on the subset of H that is orthogonal 
to Ho. Then every linear form L(x) that vanishes on Ho is expressible in the form 
L(x) =Q(y, x). In the present paper it is shown that the Lagrange multiplier rule for 
the problem of Bolza is a simple consequence of this result. (Received October 15, 
1948.) 


86. R. M. Lakness: Green's theorems in multiple leaved domains. 


A multiple leaved space Jif in 3 dimensions is the analog of a Riemann surface 
in the plane. Let Q bea bounded domain on Al with boundary consisting of a finite 
number of branch curves {s,} and a bounded exterior frontier Q* such that Q is 
topologically equivalent to an m-leaved sphere where the {s,} correspond to branch 
circles within the sphere, no two of which loop or have a point in common. The {s;} 
are to be of zero capacity as closed sets in space. Since the boundary Q* is not involved } 
by the branch curves we may take the parts of the boundary to be regular surfaces. 
Let u, v be functions which are linear combinations of bounded functions of class C, 
whose Laplacians exist almost everywhere and are non-negative. Then V!4, (Vu), 
(V#Vv) are summable over Q and the usual Green's theorems are valid in which 
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the boundary integral involves only Q* and not the branch curves. The main tool 
used in the proof is Kellogg’s uniqueness theorem for such domains, which has been 
proved by Professor G. C. Evans (Proc. Nat. Acad. Sci. U.S.A. vol. 33°(1947) p. 272). 
(Received October 11, 1948.) 


87. S. F. Neustadter: Multiple-valued harmonic functions with 
circle as branch-curve. 


The three-dimensional Euclidean space is referred to toroidal coordinates. A multi- 
ple-leaved Riemann space with the fundamental circle of the coordinate system as 
branch curve is obtained by joining a finite or infinite number of ordinary spaces 
along the disk spanned by the fundamental circle. One is concerned with the multiple- 
leaved domain T of which the branch-circle is the sole boundary. There is obtained in 
the form of an integral the solution of Laplace’s equation which has an ordinary 
pole at some point of T, continuous derivatives everywhere else in T, and vanishes 
at infinity in all the leaves of T. It is shown that if a point on the branch-circle is 
approached, the function which results for the finitely-leaved case approaches one 
nth of the reciprocal of the distance from the pole to the point on the branch-circle. 
In the infinitely-leaved case this limit value is zero. Analogous results hold for the 
limits of the derivative of the function with respect to the toroidal coordinates, 
while the directional derivatives are shown to be unbounded near the branch-circle. 
(Received October 12, 1948.) 


88. A. E. Taylor: Spectral theory for closed distributive operators. 


Let T be a closed distributive operator with domain and range in a complex 
Banach space X. Let the resolvent set p(T) be nonempty. Let G(T) be the class of 
complex functions f(A), each analytic in some domain containing the spectrum o(T) 
and a neighborhood of A= ©; it is assumed that f is regular at A= œ. Define KT) 
=f(&)T+(1/2#6) ffs) AI— T) d, the integration being over the boundary of a cer- 
tain region containing o(T) and a neighborhood of A= œ, The correspondence 
WAT) defines a homomorphism of the ring G(T) into the ring [X] of bounded 
linear operators on X into itself. Polynomials in T are defined in the natural way. 
If P(A) is a polynomial of degree n and if f©G(T) has a zero of order at least n at 
A=, the operator corresponding to PAJA) is P(T)f(T). The operational calculus 
and spectral theory founded in this way include the work of Dunford on bounded 
operators (Trans. Amer. Math. Soc. vol. 54 (1943) pp. 185-217) and afford a uniform 
development of the theory in which the role of boundedness at particular places is 
made clear. Various spectral criteria for T to be in [X] are obtained. If TEE [X], it is 
proved that there exists no polynomial P(A) 0 for which P(T) is the 0 operator on 
its domain. (Received October 16, 1948.) 


89. A. L. Whiteman: Theorems analogous to Jacobstahl’s theorem. 


For any prime p of the form 8%+1 the diophantine equation pmxi+2y2 
has a unique solution in x and y except for signs. It is proved in this paper that 
xm4-1 5077) (m/D)((mt-H1)/D), where (m/p) denotes the Legendre symbol. From this 
result it follows that the number of solutions of the congruence „Y=x5-+x (mod p) 
(p=1 (mod 8)) is p+O(p4), The method is based upon the theory of the division of 
the circle and is used to obtain similar formulas for primes of other forms. In particu- 
lar, the analogous theorems of E. Jacobstahl (J. Reine Angew. Math. vol. 132 (1907) 
pp. 238-245) and S. Chowla (Proceedings of the Lahore Philosophical Society vol. 7 
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(1945) 2 pp.) for primes of the forms 4n-++1 and 3n-+1, respectively, are derived. 
(Received September 28, 1948.) 


APPLIED MATHEMATICS 
90. H. W. Becker: The symmetric reciprocity theorem. 


A source and receiver of any internal impedances s and z may be bodily inter- 
changed in a network 6 without change of current through z, if they are in the same 
summand of the branch symmetry partition, and both impedances are the same in 
each pair of branches permuted by the transformation 6_,—0,_. The latter are the 
here topologically identical networks to which 6 reduces, when s is shorted and'z 
opened, and vice versa. Moreover the same equalities (graphically deduced, with no 
time lost in any calculations whatever) yield the same interchangeability in the dual 
network 0, since “(@++)=(®)+z. If sand g are not symmetrical in 0, 649, _ 
topologically; and the conditions for their algebraic equality, by adjustment of any 
one branch between s and z, are neither simple, dual, nor necessarily realizable. 
(Received October 16, 1948.) 


91. R. S. Phillips and Henry Malin. A helical wave guide. Pre- 
liminary report. 


This paper is concerned with an idealized helical wave guide. This guide consists 
of a circular cylindrical surface which has perfect conductivity in a given helical di- 
rection and zero conductivity in the direction normal to this on the surface. For each n 
(n=0, +1, £2,---) there is a general solution of the wave equation in cylin- 
drical coordinates involving mth order Bessel functions. For each such solution 
there are precisely as many non-attenuated modes as there are real and imaginary 
solutions in v of the following characteristic equation: 3/a = —(#/v*) [1 + (v/a)?] 
+!-[H Ks (2) ]/[*Zn(e)K(0) ]} V2. It is found that there are no imaginary solu- 
tions. The paper is thus devoted to a study of the real solutions of this equation for all 
possible æ and # and their relations to one another. The results are obtained from a 
study of certain ordinary differential equations of the Riccati type. In the course of 
the study numerous approximations for and inequalities between Bessel functions 
are found. (Received October 20, 1948.) 


92t. Edmund Pinney: Elastic waves from a point source within a 
sem-infinite elastic solid. 


A solution is given to the problem of harmonic elastic waves originating at a point 
source in the interior of a semi-infinite elastic solid. (Received October 18, 1948.) 


93t. C. J. Thorne: Symmetrically loaded rectangular plates fixed at 
points. 


The work begun in the previous paper Square plates fixed at points (Journal of 
Applied Mechanics (1948)) is extended to include additional design data for the 
square plate and similar results for plates with side ratios 2:1 and 3:1. Deflection 
functions for thin plates with symmetric loads are given as a sum of biharmonic poly- 
nomials with coefficients determined by the slopes and deflections at equally spaced 
points on each edge of the plate for what are called full fixed and not full fixed edge 
conditions. Results and design data are then given numerically and graphically for a 
center point load and a uniform load. (Received October 18, 1948.) 
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GEOMETRY 


94. Alfred Horn: Some generalizations of Helly’s theorem on convex 
Sets. 


Let S, be the surface of the unit sphere i+ ... +=1 in n-dimensional space 
R,. A subset A of Sẹ is convex if whenever a and b are linearly independent points of 
A, then either the minor or the major arc of the great circle through a and b lies in 
A, Let Sp denote the intersection of S, with a #-dimensional plane through the origin. 
Theorem: Let F be a family of closed convex subsets of Sa which is such that every 
p members of F have a point in common. Then through every Sn-p there passes an 
© Sy p41 which intersects every member of F, 1S pn. From this can be deduced the 
following theorem concerning convex sets in the ordinary sense: Let F be a family 
of compact convex subsets of Ra which is such that every p members of F havea point 
in common. Then through every (» —)-dimensional] plane, there passes an (s—p-+1)- 
dimensional plane which intersects every member of F, 1S pn. The case p=n-+1 
is Helly’s theorem, if a—1-dimensional plane is defined as the empty set. (Received 
May 17, 1948.) 


LoGic AND FOUNDATIONS 
95t. Julia Robinson: General recursive functions. 


A function will be called general recursive if it can be obtained from the constant, 
identity and successor functions by repeated use of substitution, primitive recursion 
and the »-rule. Functions obtained without using the „-rule are called primitive re- 


cursive. The g-rule has the form F(x, -+ +, %a)=ny{A(m, +--+, £a, y) 20}, where 
the expression on the right denotes the smallest y such that the condition in braces 
holds, it being assumed that for every x, * + * , Xa there exists a y satisfying this 


condition. The purpose of this paper is to give a mathematical treatment of general 
recursive functions; part of the results obtained were previously established meta- 
mathematically by Kleene. In particular, the question whether all general recursive 
functions are obtained by restricted operations is discussed. One result is that the 
recursions may be omitted, if suitable functions are adjoined to the initial functions. 
On the other hand, using primitive recursions, a single application of the „-rule is 
sufficient. It is also shown that all general recursive functions of one variable may be 
obtained without using functions of more than one variable, by starting with just two 
primitive recursive functions and using only substitution and the u-rule in the form 


F(x) =py{A(y) =x}. (Received October 11, 1948.) 


96. A. C. Sugar: A rational reconsiruciton of dimensional analysts. 
Preliminary report. 


A dimensional number is defined as a class (N, P) where N is a real number and 
the dimensional part P is the class (D1, œ), * * * , (Dn, aa)), D, =D, when i>4j; the 
D; are dimensions, and the q rational numbers. In the usual interpretation D; is a 
standard physical or geometric object such as the standard meter bar, the standard 
gram, or a radian. As a consequence of this definition, the so-called dimension- 
less quantity can be regarded as a special kind of dimensional number, that 

- is, (N, (D1, 0), ° ++, (Da, 0)). The set (Di, +++, Du), Di¥D,, when 4, is called a 
. dimensional system of order #. The order of a system is fixed in a given analysis. 
Using these concepts and the definitions of multiplication and division of dimensional 
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numbers it is possible to analyze the fundamental functions of the physical sciences. 
Three typical examples of fundamental physical functions are length, Z, mass, M, 
and acceleration, A. A fundamental physical function will have a dimensional num- 
ber for its value and may have several arguments one of which may be a. physical 
object. Consider, for example, the mass function, M. Here, the value of the function, 
M(Q), isa dimensional number and the argument, Q, is a physical object. Included is a 
logical critique of the methods of obtaining physical laws by dimensional analysis. 
(Received October 6, 1948.) 


NUMERICAL AND GRAPHICAL METHODS 
971. C. J. Thorne: A table of biharmonic polynomials. 


The polynomials 2*/nl and &(2*/nl) satisfy V‘W=0. The values of the first 
twenty-five such polynomials both real and imaginary are given at intervals of .05 for 
y=0, OSxS1;x=1, OSyS1; xy, OSyS1; x=2y, OSyS1/2; x=3y, 0 $7 51/3; 
y=1/2, 0Sxs1; y=1/3, OSxS1. The partial derivatives to the third order are 
given for the real parts of 2(s"/n!). The construction of the tables and their use is dis- 
cussed. (Received October 18, 1948.) 


STATISTICS AND PROBABILITY 
98. A. L. Whiteman. Distribution theory of unrestricted runs. 


A run is a sequence of like elements preceded and succeeded by different elements. 
An unrestricted run is a sequence of like elements withaut regard to the elements 
which precede or follow the sequence. The number of elements in a run is its length. 
Consider a random arrangement of n a's and m b's with m-+2a =n. Let ri; denote the 
number of runs of a’s of length j and rs, denote the number of runs of b’s of length j. 
Let r, and r, denote the total number of runs of a's and b’s, respectively. In a similar 
manner, define #1;, ty, # and #3 for unrestricted runs. Typical theorems are the fol- 
lowing. The expected value and variance of #u are given by the following expres- 
sions: E(un) =n (m—1)(nı—2)/n(n—1) and — o2(t13) =221(91—1) (1 —2) maa +1) 
(5? Ann — 19 +6n2+12) /n3(n —1)!(# —2)(n —3). When rı is given, the expected ` 
value and variance of un are given by the following expressions: E(#u) 
= (n—n)m—-n—1)/m-1) and (un) = (mn) m-n-Yrln-1)/m-D%m—2). 
New derivations of some theorems of A. M. Mood (The distribution theory of runs, 
Ann. Math. Statist. vol. 11 (1940) pp. 367-392) are obtained by expressing the r’s 
as linear functions of the u's. (Received May 4, 1948.) 


J. W. GREEN, 
Associate Secretary 


` GODFREY HAROLD HARDY 
1877-1947 


: : 

Last year English mathematics suffered the loss of that mathe- 
matician who has more than any other been identified with the 
English School from the early 1900s to the present. 

Godfrey Harold Hardy died of heart failure in 1947. For a consider- 
able period his work had been restricted by bad health, which came 
as a special misfortune to a man whose career for many years had 
been identified not only with great mental activity, but also with a 
large measure of interest in all those games in which a ball takes 
part, and for whom this interest involved a very considerable share 
of- personal participation. He was an encyclopedia of information 
concerning cricket, and to the very end nothing delighted him more 
than to witness a match. 

Hardy came from a family with artistic and intellectual traditions. 
He went to Winchester and then to Trinity College,‘Cambridge. The 
milieu in which he developed as a mathematician is one which it is 
particularly difficult for those outside of the English tradition to 
understand, and even rather difficult for those belonging to the 
newer English tradition which Hardy himself had so much hand in 
establishing. 

It all goes back to the disputes between Newton and Leibniz con- 
cerning the invention of the calculus. At present we have not much 
doubt of the fact that Newton invented the differential and integral 
calculus, that Leibniz’ work was somewhat later but independent, 
and that Leibniz’ notation was far superior to Newton's. At the be- 
ginning the relations between the Leibnizian and the Newtonian 
schools were not hostile, but it was not long before patriotic and mis- 
guidedly loyal colleagues of both discoverers instigated a quarrel, 
the effects of which have scarcely yet died out. In particular, it be- 
came an act of faith and of patriotic loyalty for the British mathe- 
maticians to use the less flexible Newtonian notation and to affect to 
look down on the new work done by the Leibnizian school on the 
Continent. For a while there was no scarcity of able English mathe- 
maticians of the strictly Newtonian school. For example, we must 
mention Taylor and Maclaurin. However, when the great continental 
school of the Bernoullis and Euler arose (not to mention Lagrange 
and Laplace who came later) there were no men of comparable 
calibre north of the Channel to compete with them on anything like a 
plane of equality. Part of this must be attributed to the fallen status 
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of the English Universities during the 18th century. In the 17th 
century the English Universities were seats of learning comparable 
with the greatest schools of the Continent, but in the 18th century 
the grasping new Whig aristocracy that had risen out of the prosper- 
ous middle class (the nabobs) took over the older English institutions, 
the common land, public schools, universities, lock, stock and barrel, 
as their private property. The public schools were transformed from 
institutions of a semi-charitable nature to the place where the chil- 
dren of the new aristocracy were formed after its own pattern. The 
universities became nests of sinecures for dependent clergymen. In 
this atmosphere creative scholarship did not and could not flourish, 
and it is not until the 19th century is well under way that we find the 
signs of anew awareness of whatthecontinentalscholars, particularly 
Laplace and Lagrange, had done in mathematics. Among the English 
names belonging to this tentative reformation we may mention Boole, 
Peacock and DeMorgan. DeMorgan in particular is associated with 
the new University College at London which by its pressure did so 
much to bring the older universities back to a sense of intellectual 
responsibility. 

This reform of English education was far from complete. The 
level of mathematics at Oxford was for many years scarcely more 
than contemptible, and even at Cambridge the training was devoted 
to the passing of severe examinations, the Triposes, rather than to 
the development of original mathematical workers. What mathemati- 
cal talent there was in the British Isles went rather to the formation 
of a great school of mathematical physicists. Even here Cambridge 
entered the game rather late. Clerk Maxwell owes more to Faraday, 
the self-taught practical experimentor, than to any Cambridge man,” 
and neither George Green nor Hamilton was in the Cambridge tradi- 

‚tion. Sylvester, as a Jew, was not permitted to enter the older uni- 
versities till towards the end of his life, and is another of those sem- 
inal figufes who center around the University of London. Cayley is 
the first real great Cambridge pure mathematician of the 19th cen- 
tury. He certainly was in touch with those continental scholars whose 
interest was primarily in algebra, but algebra was at that time an 
important secondary mathematical subject rather than one in the 
main stream of development. 

It is not remarkable that in such an environment, secluded from the 
central activity of world mathematics, mathematical study should be 
devoted rather to the formation of public school ushers or a trial in- 
tellectual run for promising barristers than to research activities. As 
a matter of fact, the Tripos was made such an ordeal, at least in diffi- 
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culty though in general not in originality, that it marked the culmi- 
nating point in the intellectual life of many of those who participated 
in it, and their subsequent activity became retrospective rather than 
creative. 

This was the state of English mathematics to about the turn of the 
century, when an awareness of the great work of the continental 
mathematicians smuggles itself into England by non-academic by- 
paths. The English generation of pure mathematicians of the 19th 
century and the first decade of the 20th century is curiously tentative. 
It has many important names, such as A. N. Whitehead, Andrew 
Forsyth, E. A. Hobson and W. H. Young. These all carry to some de- 
gree a mathematical style and ethos formed under the older English 
tradition into a period when the topics of interest were far more 
continental. 

Whitehead developed the new stream of postulationalism into a 
tool for handling the problems of multiple algebra. Together with 
Bertrand Russell he formed the incipient mathematica! logic of Boole 
and of Frege into something much more scholarly and complete. 
Nevertheless, he did not quite arrive at the present expanded tech- 
nique for handling questions of modern algebra and of topology for 
which he paved the way, and his later career suggests a definite aban- 
donment of mathematics for metaphysics. 

Forsyth wrote several extremely inadequate books on the theory of 
functions and on differential equations, but their inadequacy must 
not obscure the fact that they represent a transfer of English mathe- 
matical interest to problems significant to the contemporary French 
and Germans. Hobson, after an initial career in the classical British 
tradition, shifted his interest to the new theories of the integration of 
Lebesgue, and published a book which is a tour de force of the correct 
use of the modern notions, although the whole feeling of the book be- 
longs to earlier days. Before this W. H. Young had almost shared 
with the Frenchman Lebesgue the honors of inventing the new theory 
of integration, for which he lost much of the contemporary credit 
through a certain difficulty of style and through personal idiosyn- 
crasies, 

It was into this environment of transition that Hardy and his im- 
mediate associates were born as scientists. They represent the first 
generation to have had contact from the beginning of their training 
with modern continental analysis and point-set theory. They also 
represent the first generation, unless one makes a partial exception 
here of Professor Young, to have familiar personal contact with allthe 
leaders of their work on the continent and to be regarded by the latter 
as friendly equals. 
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Their students, and this is particularly the case with Professor 
Hardy, are scattered over the whole world. I need only mention 
Vigayaraghavan, and especially the late mathematician Ramanujan 
of India, Hua Loo Keng of China, Bohr of Denmark, Landau and 
Heilbronn of Germany, Levinson, Widder and the reviewer himself 
from the United States, and there are many others whom I could add. 

While it was a great achievement to accomplish the integration of 
British mathematics into world mathematics it would not alone have 
placed Hardy where he stands if it were not for certain more intel- 
lectual personal characteristics. 

In the first place, Hardy's approach to mathematics was that of a 
sportsman. To be a sportsman means to take a joy in difficulty, and 
to overcome difficulties according to a meticulously exact code of 
what is permissible and what is not permissible. 

Hardy chose as his field the analytic theory of numbers, in which 
the theory of the Riemann zeta function had been developed suffi- 
ciently to make the field promising, and in which important triumphs 
had already been achieved by de La Vallée Poussin and Hadamard, 
but where the greater part of the more precise results remained wide- 
open to speculation. In the closely related field of Waring’s problem, 
the problem of the representation of all numbers by the sum of a 
fixed number of nth powers, Hilbert had already obtained important 
results with the aid of a method distinctly algebraic rather than ana- 
lytic. In those fields Hardy and his colleague, Littlewood, showed a 
virtuosity of rigorous mathematical technique which led to the solu- 
tion of wide classes of problems. That these methods have been sup- 
plemented and in many cases superseded by the work of Vinogradov 
and his school in no way detracts from the subtlety and the power of 
the methods of the English school. 

Your true sportsman is always a little aloof from worldly matters. 
He piefers the skilful use of a tennis racquet to the skilful use of an 
axe. In this respect Hardy is true to form. How much of the emotional 
response which led him to become a conscientious objector in the first 
World War is due to the abhorrence of the social destructiveness of 
war itself and how much to his feeling of the perversion of a beautiful 
thing like mathematics to unworthy ends one cannot say. Perhaps 
the two motives are not fully distinct. It is, however, certain that 
Hardy carried his hostility to applied mathematics to the extent of a 
real doubt that much work, which attached itself to his own but 
claimed an engineering motivation, really was genuinely associated 
with engineering. 

Besides the foreign scholars whom we have listed, Hardy was a 
great teacher and a fellow worker of the younger leaders of English 
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- mathematics. It may not be fair to call Littlewood his pupil, but it is 
certainly fair to attribute to the collaboration between the two much 
of the stimulus which led Littlewood to develop his own vein. This 
vein is so closely related to Hardy’s that it may be difficult for those 
not thoroughly familiar with the work of both to separate them. I 
think it is fair to say that throughout their long collaboration the ex- 
tremes of technical facility belong to Littlewood, but that much of the 
. nexus of leading ideas and the philosophical unity is that of Hardy. 

If I were to single out any of the English disciples of those two men 
as the continuers of their tradition I should name Titchmarsh, Ing- 
ham and Paley. In his early twenties Paley had already distinguished 
himself as sharing with Littlewood some of the latter’s power and 
virtuosity. His early death in a skiing accident in the Canadian 
Rockies was a tragedy which has been felt in the entire later develop- 
ment, not only of English, but of world mathematics. 

The Hardy school came into being in a time of mathematical transi- 
tion, not only in England but elsewhere. In the period between the 
wars there were signs of another change of interest which was felt all 
over the world, but perhaps most intensely in the United States. It 
presented on the one hand something of which Hardy would thor- 
oughly approve, namely, the separation between pure and applied 
mathematics; on the other hand, largely under the influence of Veb- 
len, the development of topological and algebraic fields led to some- 
what a cavalier assumption that the days of analysis were over. The 

‘dominance of the Princeton school over the many English scholars 
who have studied there has carried these new movements back to 
England. I need not mention the younger Whitehead, Newman, 
Hodge and Mordell to indicate the trend. Indeed, Mordell; who like 
Hardy is a number-theory man but unlike Hardy thinks much more 
in algebraico-geometrical terms, is Hardy’s successor. 

How long these new interests will hold the upper hand is no man’s 
prediction. I myself do not share the easy assumption that analysis 
is played out, and I believe that if Paley had lived these algebraic 
and topological schools would still find a serious competitor along the 
lines of Hardy's analysis. I think, however, that Hardy’s opposition 
to applied mathematics might well give way to a recognition of the 
important pure mathematical problems presented by applications. 

Here a parenthetic remark is permissible. The extreme abstract- 
ness of some of the modern schools tends to become rather empty 
abstractness unless it is supplemented by a study of special cases 
where the difficulty is found to be a real difficulty even when the 
abstract problem is studied in a concrete case. There is nothing better 
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than concrete instances for the morale of the mathematician. Some 
of these concrete cases are to be found in mathematical physics and 
the closely related mathematical engineering, but there is a branch 
within mathematics which has similar merits as a source of actual 
problems. This field is that of number theory. It is here that such 
concrete cases arise with the greatest frequency and where very pre- 
cise problems which are easy to formulate may demand the mathe- 
matician’s greatest power and skill to resolve. Here Hardy found the 
central core of his work. It is precisely because Hardy’s analytical 
tools are applied to number theory that his work has a freshness and 
exactness which much, although by no means all, of the fashionable 
work of the present day fails to exhibit. In short, Hardy had his 
feet on the ground. 

In addition to his accomplishments in research and teaching, 
Hardy contributed greatly to the reform of mathematical instruction. 
He was bitterly opposed to the rigid and unmathematical Tripos sys- 
tem and is unquestionably in a large part responsible for the fact that 
the order of rank of the Wranglers, those who obtain first class in the 
Tripos, has not been published since 1912. The present mathematical 
Tripos and indeed the whole system of training at Cambridge has 
been modified in the sense of conforming very closely to the actual 
work and career of the mathematicians of this day. Even this change, 
which has spread from Cambridge to all the British Universities, is 
a compromise between the old system and a system where research 
should even more completely take the place of examinations. 

Hardy accepted the shift of the focus of modern interest away 
from his own fields with resignation, and yet with a certain sadness. 
He regarded it as inevitable, and still he felt that with this inevitable 
change his own day was done. There is much of this sadness in the 
book which he published under the title A mathematician’s apology. 

Hardy was a staunch friend of all mathematicians, and especially 
of all young mathematicians. There is no man to whom so many of 
us owe so much personally. His loss, although we had been prepared 
for it for some years, gave us a real shock, and brought us the sense 
of the passing of a great age. 

NORBERT WIENER 
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Guide to the literature of mathematics and physics including related 
works on engineering science. By N. G. Parke. New York, McGraw- 
Hill, 1947. 15+205 pp. $5.00. 


This book has been written in order to enable mathematicians, 
physicists, and engineers to have entry into the important literature 
of fields which are related to their own specialty. Two-thirds of the 
volume are devoted to a listing under subject headings of the leading 
treatises and texts. Judging by the books in mathematics, one would 
conclude that the author is exceedingly well informed as to important 
titles. Probably, some of the works are somewhat too advanced for 
the outsider. For example—examples are always unfair—E. H. 
. Moore’s General analysts is more of a curiosity than a reference text 
for the electronics specialist. Some typical headings are: aeronautics, 
27 titles; algebraic geometry, 10 titles; electric discharge through 
gases, 16 titles; relativity, 23 titles. 

In part I of this book, the author discusses the principles of reading 
and study, self-directed education, and the search of the literature. 
The young student will find here sound advice, warmly written. The 
scientist who wishes to collect a library, a desire which this reviewer 
regards with strict neutrality, will obtain valuable guidance from this 
work. 

E. R. Lorca 


Eleven and fifteen-place tables of Bessel functions of the first kind, to all 
significant orders. By E. Cambi. New York, Dover Publications, 
1948. 5+154 pp. $3.95. 


Bessel functions are in great favor, as usual, with the makers of 
mathematical tables. This is a handy set for -J„(x), OSxS10.5, 
Ax=.01, n=0, 1,:::, 29, 11 decimals. A supplementary table 
gives Ja(x), 0SxS.5, AX=.001, n=0, 1,:--, 11, 15 decimals. 
A question may be raised as to whether the simultaneous publication 
of these tables and similar ones by the Annals of the Computation 
Laboratory of Harvard University represents a duplication of effort. 

E. R. LorcH 


Tables of spherical Bessel functions. Vol. II. Prepared by the Mathe- 
matical Tables Project, National Bureau of Standards. New York, 
Columbia University Press, 1947. 20 +232 pp. $7.50. 


The functions tabulated here are (m/2x)"2J,(x) where v is one- 
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half an odd integer. Volume I treated the range V=+1/2, +3/2, 
- ++, +27/2. In the present volume we find tables corresponding to 

v= +29/2, +31/2,--+, +61/2. The entries are given to 8-10 
significant figures for x10 and to 7 figures for <>10. For | »| 
<43/2, x varies from 0 to 10 at intervals of .01 and from 10 to 25 
at intervals of .1. For |»| >43/2 the entries correspond to the range 
10 Sx S25. Second and sometimes fourth differences are given. The 
introduction contains instructions for interpolation. 
E. R. Lorca 


Tables of Bessel functions of fractional order. Vol. I. Prepared by 
the Computation Laboratory of the National Bureau of Standards. 
New York, Columbia University Press, 1948. 42+413 pp. $7.50. 


The above tables list J.(x) for n= 3/4, +2/3, +1/3, 1/4, 
0<x<25, Ax=.01, 10 decimals. For values of x close to zero, the 
tables are refined by taking Ax=.001. Second differences are tabu- 
lated. The differential equations of wave theory provide an example 
in which these functions arise. 

E. R. Lorca 


Tables of the Bessel functions of the first kind of orders four, five, six, 
seven, etght, and nine. (Annals of the Computation Laboratory of 
Harvard University, vols. 5 and 6.) Cambridge, Harvard Uni- 
University Press, 1947. $10.00. 


The staff of the computation laboratory at Harvard University 
has undertaken to produce tables of the function J,(x) for n=0, 1, 
2,°++, 100. In volumes IIT and IV the values »=0, 1 and n=2, 3 
were treated. The present volumes take us up to #=10. And even as 
you and I sleep, the indefatigable Automatic Sequence Controlled 
Calculator is pouring forth endless decimals which will shortly com- 
plete this series. Future publications in the set will not receive notice 
on these pages. We invite the interested reader to peruse the last 
page of the Bulletin which lists new publications. The functions J,(x) 
are listed for OSx<25 with Ar=.001 and for 25Sx<100 with 
Ax=,01. The tables are printed to 10 decimal places. 

E. R. Lorca 


NOTES 


The editors of the Transactions wish to acknowledge the services 
of the following persons, not members of the Editorial Committee, 
who have been consulted regarding papers submitted for publication: 
R. P. Agnew, L. V. Ahlfors, Stefan Bergman, D. H. Blackwell, L. S. 
Bosanquet, A. T. Brauer, Herbert Busemann, J. W. Calkin, K. 
Chandrasekharan, I. S. Cohen, M. M. Day, J. L. Doob, C. H. 
Dowker, H. W. Emmons, Arthur Erdélyi, Herbert Federer, N. J. 
Fine, R. H. Fox, Orrin Frink, J. H. Giese, V. G. Grove, P. R. Halmos, 
M. H. Heins, Einar Hille, F. B. Jones, E. R. Kolchin, E. P. Lane, 
Norman Levinson, Charles Loewner, L. H. Loomis, C. C. MacDuffee, 
G. W. Mackey, G. R. MacLane, C. V. Newsom, J. C. Oxtoby, Hans 
Rademacher, C. E. Rickart, A. E. Ross, Herman Rubin, Raphael 
Salem, A. C. Schaeffer, R. D. Schafer, M. M. Schiffer, I. J. Schoen- 
berg, I. E. Segal, Atle Selberg, Max Shiffman, Frank Smithies, Ernst 
_ Snapper, E. H. Spanier, D. C. Spencer, Gabor Szegö, A. H. Taub, 
T. Y. Thomas, R. M. Thrall, W. J. Trjitzinsky, A. D. Wallace, 
Henry Wallman. 

The editors of the Bulletin wish to make grateful public acknowledg- 
ment of the services rendered by the following persons who have re- 
ferred papers: R. P. Agnew, L. V. Ahlfors, C. B. Allendoerfer, 
Richard Arens, Reinhold Baer, M. A. Basoco, P. T. Bateman, E. F. 
Beckenbach, P. O. Bell, R. H. Bing, Garrett Birkhoff, Salomon 
Bochner, A. T. Brauer, Richard Brauer, H. W. Brinkmann, R. C. 
Buck, E. W. Chittenden, R. V. Churchill, I. S. Cohen, H. V. Craig, 
John DeCicco, J. L. Doob, C. H. Dowker, Samuel Eilenberg, H. W. 
Emmons, Paul Erdös, H. P. Evans, Herbert Federer, N. J. Fine, 
R. H. Fox, Philip Franklin, M. J. Gottlieb, W. H. Gottschalk, 
Marshall Hall, P. R. Halmos, G. A. Hedlund, A. E. Heins, E. D. 
Hellinger, M. R. Hestenes, T. H. Hildebrandt, J. D. Hill, Einar Hille, 
G. P. Hochschild, L. K. Hua, R. L. Jeffery, R. E. Johnson, Bjarni 
Jónsson, Mark Kac, I. N. Kagno, Irving Kaplansky, S. C. Kleene, 
J. R. Kline, E. R. Kolchin, Norman Levinson, A. N. Lowan, N. H. 
McCoy, C. C. MacDuffee, G. W. Mackey, Saunders MacLane, H. 
W: March, Morris Marden, A. M. Mark, W. T. Martin, W. E. Milne, 
David Moskovitz, M. E. Munroe, Zeev Nehari, C. V. Newsom, 
Oystein Ore, Gordon Pall, Harry Pollard, W. T. Puckett, Hans 
Rademacher, E. D. Rainville, J. F. Randolph, M. O. Reade, R. M. 
Robinson, A. E. Ross, Hans Samelson, A. C. Schaeffer, I. J. Schoen- 
berg, W. T. Scott, I. E. Segal, Abraham Seidenberg, I. M. Sheffer, 
M. F. Smiley, R. D. Specht, J. J. Stoker, M. H. Stone, W. C. Strodt, 
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Gabor Szegö, A. H. Taub, Olga Taussky-Todd, T. Y. Thomas, W. J. : 
Thron, C. A. Truesdell, Paul Turän, J. L. Vanderslice, D. F. Votaw, 
R. J. Walker, J. L. Walsh, Hassler Whitney, D. V. Widder, Albert 
Wilansky, R. L. Wilder, J. E. Wilkins, John Williamson, G. S. 
Young, J. W. T. Youngs, Oscar Zariski, Leo Zippin, Max Zorn. 

Applications are invited for the Harry Bateman Research Fellow- 
ships at the California Institute of Technology. These are post-doc- 
toral fellowships carrying a stipend of $3600 for the academic year. 
Recipients will teach one course and devote the remainder of their 
time to research. 

Professor Tomlinson Fort of the University of Georgia has been 
appointed Distinguished Service Professor. 

Professor L. M. Graves of the University of Chicago has been hon- 
ored with the presidential certificate of merit for his work on the panel 
of applied mathematics of the National Defense Research Committee. 

Professor Tibor Rado of Ohio State University has been elected a 
corresponding member of the Academy of Science of Bologna. 

Professor I. S. Sokolnikoff of the University of California at Los 
Angeles has been awarded the presidential certificate of merit for 
“outstanding contributions in aid of the war effort against the com- 
mon enemies of the United States and its allies in World War II.” 

Dr. J. A. Schouten has been appointed to a professorship at the 
University of Amsterdam. 

Professor R. B. Seth of Hindu College, Delhi, India, has been ap- 
pointed to a visiting professorship at the Iowa State College of Agri- 
culture and Mechanic Arts. 

Dr. Mary-Elizabeth L. Solari has been appointed lecturer at Chel- 
‚sea Polytechnic, London, England. 

Dr. B. L. van der Waerden has been appointed to a professorship 
at the University of Amsterdam. 

Associate Professor J. A. Clarkson of the University of Pennsyl- 
vania has been appointed to a professorship at Tufts College. 

Dr. G. M. Conwell of St. Paul’s School, Concord, New Hampshire, 
has been appointed to an associate professorship at the University 
of Georgia. 

Dr. J. T. Culbertson of the University of Chicago has been ap- 
pointed to an assistant professorship at the University of Southern 
California. 

Mrs. Stewart Dismuke has accepted a position as physicist at the 
Oak Ridge National Laboratory. 

Mr. L. A. Fine has accepted a position in business management 
with the United Trading Company, Boston, Massachusetts. 
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"Mr. H. L. Herrick of Yale University has accepted a position as 
mathematician with the International Business Machines Corpora- 
tion, New York, New York. 

Mr. Joseph Hilsenrath of the Naval Ordnance Laboratory has ac- 
cepted a position as scientific educational advisor with the National 
Bureau of Standards. 

Mr. Jaime Lifschitz has been appointed to a professorship at the 
Technical Institute of Monterrey, Monterrey, Mexico. 

Professor J. C. C. McKinsey of the Oklahoma Agricultural and 
Mechanical College has been granted a leave of absence to partici- 
pate in the Rand Project at Douglas Aircraft, Santa Monica, Cali- 
fornia. 

Assistant Professor J. K. L. MacDonald of Cooper Union has been 
appointed head of Applied Mathematics Research, Naval Ordnance 
Test Station, China Lake, California. 

Mr. Paul Meier of Princeton University has been appointed to an 
assistant professorship at Lehigh University. 

Mr. C. A. de Moraes of Rensselaer Polytechnic Institute has ac- 
cepted a position with the National Advisory Committee for Aero- 
nautics, Langley Field, Hampton, Virginia. 

Dr. T. S. Motzkin, on leave from the Hebrew University, Jeru- 
salem, has been appointed to an associate professorship at Boston 
College. 

Mr. A. T. Myers of the University of Airzona has accepted a posi- 
tion at the Tucumcori High School, Tucumcori, New Mexico. 

Assistant Professor D. H. Rock of the Iowa State College of Agri- 
culture and Mechanic Arts has accepted a position as mathematician 
with the United States Air Forces. 

Mr. M.L. Slater of Harvard University has been appointed senior 
mathematician for the Bureau of Ordnance at the Museum of Science 
and Industry, Chicago, Illinois. 

Sister Helen Sullivan of Mount Saint Scholastica College has been 
appointed to a visiting professorship at Loyola University. 

Assistant Professor D. B. Sumner of the Louisiana State Univer- 
sity and Agricultural and Mechanical College has been appointed 
special lecturer at the University of Toronto. 

Associate Professor C. J. Thorne, on leave from the University of 
Utah, has been appointed to an associate professorship at the Uni- 
versity of California at Los Angeles. 

Mr. Herschel Weil of Brown University has accepted a position as 
mathematician with the General Electric Company, Schenectady, 
New York. 
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The following promotions have been announced: 

Leonard Greenstone, University of California at Los Angeles, to 
an assistant professorship. 

Howard Levi, Columbia University, to an assistant professorship. 

K. F. McLaughlin, United States Naval Academy, to an assistant 
professorship. 

P. V. Reichelderfer, Ohio State University, to a professorship. 

R. C. Simpson, United States Naval Academy, to an assistant 
professorship. 

E. G. Swafford, United States Naval Academy, to an assistant 
professorship. 

Annita Tuller, Hunter College, to an assistant professorship. 

The following appointments to instructorships are announced: 
University of Georgia: Mr. James Bercos; Harvard University: Dr. 
John Gurland; University of Illinois: Dr. R. G. Langebartel; North 
Texas Agricultural College: Miss Merle Mitchell; University of 
Oklahoma: Mr. E. V. Greer; Princeton University: Mr. E. E. Floyd; 
Rockford College: Miss Margaret Owchar; Tufts College: Dr. Shep- 
ard Bartnoff (physics); Wilson Junior College: Mr. J. H. Siedband. 

Dr. J. T. Rorer of Temple University died August 13, 1948. He 
had been a member of the Society for thirty-two years. 

Professor Emeritus C. T. Sullivan of McGill University died Sep- 
tember 17, 1948. He had been a member of the Society for thirty-six 
years. 

Dean R. C. Tolman of the Graduate School, California Institute 
of Technology, died September 5, 1948. He had been a member of. 
the Society for twenty-five years, 

Professor Emeritus J. H. M. Wedderburn of Princeton University 
died October 10, 1948. He had been a member of the Society for 
thirty-five years. 

Correction: The note appearing on page 870 of the Bulletin of 
the American Mathematical Society, vol. 54, no. 9, stating that 
Dr. P. H. Anderson has been appointed to an associate professorship 
of marketing at Loyola University, should read “professorship.” 
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A CHARACTERIZATION OF CONFORMALLY FLAT SPACES 
A. H. TAUB! 


1. Introduction. The purpose of this paper is to show some an- 
alogies between the theory of groups of infinitesimal conformal 
transformations and that of groups of motions in Riemannian spaces. 
The main part of the paper will be devoted to Theorem I: The neces- 
sary and suficient condition for an n-dimensional (n=3) Riemannian 
space, Vn, to admit an (n+1)(n+2)/2 parameter group of infinttesimal 
conformal transformations is that the Vn be conformally flat. 

This theorem is the analogue of the well known theorem concerning 
groups of motions of n-dimensional Riemannian spaces Vp, namely,? 
A group of motions of a V„ has at most n(n+1)/2 parameters and thts 
number only in case V, has constant curvature. Sasaki? has shown part 
of Theorem I by using the formalism of the conformal connection. He 
has shown that a space with a conformal connection will admit a 
maximal number of independent infinitesimal conformal transforma- 
tions only if it is conformally flat but has not given this number. The 
proof given here of Theorem I will be carried out in a fashion similar 
to Eisenhart’s proof of the latter one. We shall use the notation of 
R. G. throughout this paper. 

In a V, (n>3) for which the Weyl conformal curvature tensor 
vanishes, there exists a coordinate system! where 


(1.1) Er = er (e853, l, = + 1. 
That is, the V, is conformal to a flat space S, with the metric 
Qs, = bir. 


The S, admits® the conformal group of (#+1)(n+2)/2 parameters 
generated by dilatation, inversions, translations and orthogonal 
transformations. The part of this group connected to the identity is 


Received by the editors February 21, 1948. 

1 Guggenheim post-Service Fellow at the Institute for Advanced Study, on leave 
from the University of Washington. 

2L, P. Eisenhart, Riemannian geometry, Princeton University Press, 1926, p. 
239. This work will be referred to as R. G. hereafter. 


1 Shigeo Sasaki, Geometry of the conformal connexion, Science Reports of the Té- .' 


hoku Imperial University (1) vol. 29 (1940) pp. 219-267. I am indebted to J. L. 
Vanderslice for this reference and a valuable suggestion regaiding the integrability 
condition of equation (3.5). 

1R. G. p. 92. 

ë R. G. p. 94, problem 16. 
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generated by an infinitesimal group of (n+1)(n+2)/2 parameters. 
This infinitesimal group is simply isomorphic to a group in V, 
which is a group of infinitesimal conformal transformations of V, 
into itself. Hence if a V, (#23) is conformally flat, it admits an 
(n+1)(n+2)/2 parameter group of infinitesimal conformal trans- 
formations. 


2. Infinitesimal conformal transformations. The proof of Theorem 
I will’ be completed by examining the differential equations satisfied 
by the vectors determining an infinitesimal conformal transforma- 
tion of a Va. These are® 


(2.1) ha = fi + ii = Ver 


where the comma denotes covariant differentiation. 

It is obvious from these equations that if £a}, and p], are solutions 
with Y=y. and ~=w, respectively then so is £,=a%tqj;+a%f), (a 
and 8 not summed) where a“ and a are arbitrary constants and 
Y =a %pa +a}. Hence we have? 

If Eai for o=1,--+-+,7 are components of infinitesimal conformal 
transformaitons of a Vn so are a°Ẹejs, where the a's are arbitrary constants. 

A straightforward calculation using (2.2) given below shows that 
under the same hypothesis as above 

1 ai i Os 

saji = $51 azi “ly 

is also a solution of (2.1) with W=Wea=&siWan—fsie.x- Thus we have 

the result: If X f=&9f/dx' for co=1, 2,---, 4 are the generators of 

infinitesimal conformal transformations of a Va, so are (Xz, X-)f for 
o,7T=1,---+,7 (or). 

‚These two results show that the set of all generators of infinitesimal 
conformal transformations of V, are closed under the operations of 
taking linear combinations and forming commutators, that is, these 
generators form a Lie algebra just as in the case of generators of 
motions of V,. 

From equation (2.1) it follows that 


hiis Ans — hin = Sie + Beg Elan 
By using the procedure given in R. G. it may be shown that 


(2.2) kun — nRa +2 Wager + Virgen — Vase) 


= Pikast u Base 








_ ŚR. G. p. 231, equation (69.1). 
‘ TCF, R. G. §71 p. 237. 
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and the integrability conditions of these equations are 


(2.3) Em(Ruszt — Rus) + EmaRaı — En Rii + EimRisı + Em. Ren 
+ 27 (gb ge — gaba bt awa — gaan) = 0. 


3. Transformation of the integrability conditions. We now trans- > 
form equations (2.3) into another form. From the Bianchi-identity 


(3.1) Rain + Rai; + Ran, = 0 
it follows that equation (2.3) may be written as 


— ERa + Sm Ri — Em Rii + Erna + En Rori y 
+ Ude + gih ii — gati) = 0. 


To eliminate y from equation (3.2) we multiply by g” and sum. : 
The resulting expression is multiplied by g* and summed. We thus 
obtain ` 


(3.3) — ER irm — tak, Sok, £2 Gao gnay = O, 


(3.2) 





. 1 
(3.4) Aw = 1 (E"Rm + 2Em R") 
es 
where Aw = gap „z Substituting for A from (3.4) into (3.3) we ob- 
tain 
i 


tC — Wa = eo (Ru. — iia) 
(3.5) 





+ Em Ry + Em, Re = kirta R”. 


1 
(n — 1) 


When this value of Y» is substituted into (3.2) we obtain 


(3.6)- — E”Ciimm + Empli Crs — Cni + ôC im + rC) = 0 


as the integrability conditions of equations (2.2) where C% is the 
Weyl conformal curvature tensor and is defined in terms of the 
Riemann tensor, Ricci tensor and the scalar curvature by 


1 
Ca = Ren + Fre) (35 Rir — du; + EaR; Ze gi;R) 
(3.7) 


h A 
+ Ge TREE (Enge; — 5; gir). 


\ 
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The integrability conditions of equations (3.5) are 


(3.8) ERa + ERin — ErRiim — 21m — D.C =0 


where 


(3.9) R = (Ru _ u sa) - (Ra _ u en). 


Equations (2.2), (3.5) and the equations 


ð$, ay 
tie —=Yi 


constitute a system of equations of the form 


(3.10) u, Bel ee E ee ee 





Ox! 


where 0% represents the set of (#-+1)? functions W; Eii Yui and &,;. 
The functions 6¢ are subject to the n(n+1)/2 algebraic relations (2.1). 


- The system (3.10) is of a standard form? and it is well known that the 


maximum number of linearly independent & is (n+1)(n+2)/2 and 
that this number obtains when the integrability conditions of (3.10) 
are identically satisfied in virtue of (2.1). That is, if a space admits 
this maximum number of linearly independent infinitesimal con- . 
formal transformations equations (3.6) and (3.8) must be satisfied 
for arbitrary choices of the & and &;,; satisfying (2.1). Thus 


(3.11) Cum = 0 


and at least the antisymmetric part with respect to p and m of the 
coefficient of &u,, in equation (3.6) must vanish. That is, we must 
have 


8° Chey — CH + 8 Chu + 85 Com = 87 Cag — ôk Chy + 8 Cour + 55 Ciki 


Setting p=}, summing, and using the fact that Clim =0 we obtain 


(n — YCh; = Cit Cu + Chey = 0 


the last equality being a consequence of the symmetry properties of 
Ca. Hence if a (+1) (n+2) /2 parameter group of infinitesimal 
conformal transformations is to exist we must have 


‘Cf. L. P. Eisenhart, Non-Riemannian geometry, Amer: Math. Soc. Colloqui- 
um Publications, vol. 8, New York, 1927, p. 14. 
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(3.12) Cry = 0. 


This is the necessary and sufficient condition for a V, (n>3) to be 
conformally flat. . 
If n>3 then it follows from 





that equations (3.8) are satisfied when (3.11) holds. If n =3, equations 
(3.6) are automatically satisfied since the Weyl conformal curvature 
tensor vanishes in this case. If a Vs admits a 10 parameter group of 
infinitesimal conformal transformations then the argument used 
above applied to (3.8) leads to- 


Rum = 0 
and ; 
EptRizm — EmiRikp — Spt Ryim + EmiRjip = 0. 
Multiplying the last equation by g”! and summing gives . 
Ram = 0. 


This is the necessary and sufficient condition for a Vs to be con- 
formally flat. 


INSTITUTE FoR ADVANCED STUDY 


THE DIFFERENTIAL INVARIANTS 
OF A TWO-INDEX TENSOR 


D. D. KOSAMBI 


Riemannian geometry, based upon a metric form ds’=gi,dx'dx’, 
gives us the curvature tensor Rj, as the sole basic differential in- 
variant of the space, and of the symmetric tensor g. The general 
tensor gą; can be broken up into the sum of two irreducible com- 
ponents, namely the symmetric and antisymmetric portions defined 
respectively by 2gep=gy tgn and 2gu =gi;—gs. The latter disap- 
pears in constructing ds*; but the general differential invariants of g, 
must necessarily be composed of those derivable from gus (the curva- 
ture tensor above), from gi and a group of mixed invariants de- 
pendent upon both. It is proposed to investigate the general problem 
by use of a well known and easily proved fundamental lemma of the 
calculus of variations: The Euler equations derived from a variational 
principle are tensor-invariant under the group of transformations which 
leaves the original integral invariant. Actually the equations as di- 
rectly obtained state that a certain covariant vector vanishes. 

Given the tensor g(x! - ++ x") we first introduce two (implicit) 
. absolute parameters #, v, and construct the variational problem 

if R dx’ 
(1) of fijtux,dudo = 0; te = a and so on. 
Only x-transformations will be allowed for the present. The Euler 
equations become 
genau + Lmz} = 0; 
Lint = (Eisa + Sain — Eii) /2; Bin = Ôgi/ 3x. 


These Lip must, therefore, have the law of transformation of Christof- 
fel symbols of the first kind. In fact 


3) Lin = gun. + gan. — gama} /2 + {ema + gua. + gun. /2 
= Tyas + Qiri 

Here T»: are precisely Christoffel symbols of the first kind associated 

“with gap, and Oy; ts the fully covariant form of the Carian torsion 


tensor. If now the discriminant leonl #0, we may construct g“ as _ 
usual to raise indices, and then obtain the coefficients of a general 


(2) 
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affine connection: 
(4) Lin =g” Lim = Vin + Qi 
with 
uni = gank — ganL — genl = 0. 


That is, the covariant derivative of gun with respect to the affine connec- 
tion defined by (2) vanishes. This follows from the vanishing of the 
covariant derivative of gup with respect to Tœ, and the antisym- 
metry of Qi; in any pair of indices. 

One may note in passing that Qi ts the only basic differential in- 
variani dependent upon giu alone. Any differential invariant con- 
structed from g) must be based upon some form of tensor differ- 
entiation. If we take the covariant derivative with respect to any 
symmetric affine connection, we may write 


Qi = guas + guri + Sos 


(5) 
: = ghile F Eiaa + Steele 


The antisymmetry of guy and the symmetry of the connection coefh- 

‘cients make the latter cancel out of (5). The tensor guy has only 
one other irreducible component besides Qi, namely gruss + gene 
and this is clearly dependent upon the connection coefficients; hence, 
in this case, the remaining tensor-invariants are mixed. The condi- 
tion Q,,,=0 is necessary and sufficient for gup to be a curl, that is, 
of form ),;,;—)j,, as is well known. 

In the foregoing, however, we obtain no indication as to the in- 
trinsic geometry of a purely antisymmetric g;,, that is, when 
Zaun =0, though this is the only case where the integral in (1) is in- 
variant under parameter transformation. This defect may again be 
remedied by utilizing another variational principle. We take a single 
absolute parameter #, and look for the geodesics of a metric of higher 
order (2) associated with g,,¢‘/. But this is not an invariant under 
x-transformations, as & is not a vector. We must therefore add to +? 
the terms A%t'2#, where A}, are as yet unspecified coefficients of 
affine connection symmetric, without loss of generality. Still further, 
we have to utilize the fact that a variational problem is unchanged 
by the addition of a perfect differential to the integral. If we integrate 
&,%'47/2 by parts, we have left under the sign of integrationn 
— gyiktat/2 — gi; 887%] 2. The actual statement, therefore, is: 


(6) of {gunt + (8/2 + grA RER }dt = 0, 
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The terms in parentheses are completely symmetric in all three lower 
indices 17k, and we may therefore take An=V ps the Christoffel sym- 
bols associated with gun; then the terms in gañ, »/2 cancel out with 
those in gun A leaving only ginAn&i£#. We may then drop the 
` brackets in subscript, taking g,,=g1,1 for we have finished with gup, 
which enters hereafter only through Th, its Christoffel symbols. 

We make the further assumption that | g,;| #0 which implies that 
n, the number of dimensions of the space, is even. This is to allow 
raising and lowering of indices, along with a solution of the Euler 
‘equations explicitly for dx‘/di. The equations themselves are 


(7) Qgii{deldt +382 Ya + Bint EE} = 0, 
- where 


(a) gis + 8n = 0; 
(b) IgV = 382/24 (gm. + 8.)/2 — Hiri 
ı 
(c)  2guByer = Bien — Hice + Hrn 
(d) with Hin = Sul ih + gilr + aml vi 
where the bracketed subscripts in ¢ denote only the completely sym- 
metric portion. The tensor analysis of equations d#*/dt+-ai(x, %, 2, t) 
=0 has been discussed elsewhere. The basic set of differential invari- 


ants in our present case would be, besides the vector x* itself, the two 
tensors 


(8) 


4 i di ik 
P, =a; — 3 (5 Yr + ver) 
(9) i i is Ë rd ad ı k 
Or = a,r — A; — FF: ne er ed at + 11; 
where 
a = 308 yin + Bit #2, 
i dat i 1 dat i ob 
ar = —, and Y=— — 5 Yat 
gar" Zee 


The remaining (basic) differential invarianis all vanish identically. 
Moreover, yh have the transformation law of coefficients of an affine 
connection, while there are three tensorial differential operators: 


(10). — a Mir 
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~ and the third corresponding full covariant differentiation 


i i (= an! =) 
r E ur — Yrl — — 
u Wane Togs 





(11) 
+h N. + ir 
— ~ — art — . 
T YıYr Jat Yir 


We are primarily interested in those differential invariants obtained 
from (9)-(11) which are independent of & and x. 

These invariants may be calculated very simply as follows. Wher- 
ever x‘ occurs, we add thereto the terms T%£’x*, and subtract the cor- 
responding terms elsewhere in the same tensor. The tensor is thereby’ 
resolved into its invariant components, namely the coefficients of 
(«’+T4%’x*) and the homogeneous polynomials of various degree in 
x, 

The actual calculation is avoided almost entirely by the following 
considerations. It is known and easily proved that the connection 
. coefficients yf in (8b) have the same law of transformation as 
Christoffel symbols of the second kind. Moreover, we have 


(12) ginn — iY ik — griy = 0, identically, 


whence the covartant derivative of the basic tensor gi; vanishes with 
respect to its own “Christoffel symbols.” Now the torsion, that is, the 
anti-symmetric portion, is seen to be 


\ r 
(13) ‘SV ie] = (eis F Bini — Ein,i)/2 = 70/6, 


as before. Since any tensor of the proper rank may be added to or 
subtracted from connection coefficients without affecting their trans- 
formation law, we have only to investigate invariants of the sym- 
metric portion 


r ir 
(14) ' Yor) = 8 (gin + gix, — Hin) /3. 


From these, again, one may eliminate g,+ga, by using their co- 
variant derivatives with respect to T%,, that is, Zisis +E, which is 
seen to be the irreducible component of gija mentioned before. We 
then have to investigate the curvature tensor formed by means of 
the symbols 


(15) Lin = {Tie + 2g" (Tirga; + Tiger) } /3. 


Choosing special coordinates in which T$, (but not their derivatives) 
vanish at a point,.the tensor in question is seen to be 
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(16) Riu/3 + L(g” gu Ren + g” genRin,)/3, 


where Rj is the Riemann-Christoffel curvature tensor formed as 
usual from the Th. The derivation proves that the sole invariant de- 
pending only on the g;; is Q.;, as before. 

To round out the discussion we have to consider other tensors of 
rank two, such as g# and g;‘, as well as tensors of weight p other than 
zero. The weight can be reduced to zero by division with a suitable 
power of the determinant except when the determinant vanishes, or 
np+2=0, in which case nothing further can be done. Furthermore, 
we have the usual algebraic method of taking the normalized co- 
factors of the transposed matrix for associating a contravariant 
tensor g with a covariant g;,. In this case, however, the geometry is 
associated with the variational principle ôfg"¢.p dx! - - - dx"=0 
- and therewith a generalized Laplace equation. No new invariants are 
obtained. Finally, for the mixed tensor gj, one may look for the 
extremum 5fgi@,,24dt but it can be seen that this leads neither to a 
geometrical interpretation nor to differential invariants; though 2‘ 
may be eliminated from the resulting equations, the equations them- 
selves cannot be solved explicitly for 0°/dx‘0x7. Thus, we obtain 
only the trivial cases (1) g= which is then an invariant of every 
affine connection, the integral above reducing to that of a perfect dif- 
ferential, hence independent of the path, and (2) the obvious in- 
variant gre 


BOMBAY, INDIA 


COVERINGS AND BETTI NUMBERS 
BENO ECKMANN 


1. Introduction. Let the finite polyhedron P be a regular covering 
of the polyhedron P, and let G be the corresponding (finite) group of 
covering transformations of P. Then G acts as operator group on the 
homology groups H, of P. If we consider homology with real coeffi- 
cients, H, is a real vector group of finite rank p,=nth Betti number 
of P, and G operates in H, as a group of linear transformations; we 
denote by sa(x), xEG, the character of this linear representation of 
G of degree pa. Let g be the order of G. 


In this note we shall prove: . 


THEOREM 1. The nth Betti number Pa of P is given by 


1 
Pn = — 2 SE). 
g «EG 
In the Princeton Bicentennial Conference W. Hurewicz raised tbe 
question whether the homology groups of a polyhedron P are de- 
termined by those of a regular covering P given as groups with 
operators. According to Theorem 1 the answer is affirmative in the 
case of finite polyhedra P, P and real (or rational) coefficients. We 
shall show elsewhere—in a general theory of complexes with auto- 
morphisms—that the same is true for arbitrary (finite or infinite) 
polyhedra, provided that the group G is finite. Since the proof in our 
` present case, based upon “harmonic chains,” is very simple and yields 
the explicit formula of Theorem 1, which has interesting applications, 
we give it here independently of other more general considerations. 


2. Simplicial covering and harmonic chains. To compute the hom- 
ology groups of P and P, let K and K be finite simplicial complexes 
which are subdivisions of P and P respectively, such that each 
oriented simplex of K covers one oriented simplex of K. Then G 
acts as an automorphism group! on K; the automorphisms zEG 
are permutations of the oriented simplices o, of K in each dimen- 
sion and preserve all incidence relations. The set of all simplices 
fa covering a simplex ¢, of X is a transitivity domain of G; that is, 
it contains with any simplex of all xo}, xEG, and only those. 
Furthermore, since in an automorphism xxe no simplex is fixed, 


Presented to the Society, April 17, 1948; received by the editors February 25, 1948. 
1 For details see for example [1, 6]. Numbers in brackets refer to the references 
at the end of the paper. 
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xo, =x,0, implies x=x,. The simplicial map which projects each 
on, of K onto the a, it covers is denoted by U; obviously, Uxo,= Us, 
for all xEG. 

In the simplicial complexes K and K we shall only use chains with 
real coeficients, and no distinction will be made between chains and 
cochains. An n-chain a, in K is a linear form a,= ATni with real 
coefficients, a,, where the n-simplices o,; of K play the role of in- 
determinates. All n-chains a, in K form a vector space C, (a real 
linear space) of finite rank, in which the scalar product of «, = Dont 
and ba = 2 ponis defined by a,-b, = Zap.. The boundary operator 
0 is a linear mapping of C, into Canı, »=0, 1, + - - (C_1=0); the co- 
boundary operator ô is the linear mapping of Ca- into C, which is 
dual to ð, that is, 6 is defined .by da, 5" =0,_1-05, for all (#—1) 
chains @,_ı and n-chains b,. If da,=6a,=0, a, is called a kharmonic 
chain; as in each homology or cohomology class there is exactly one 
harmonic chain,? the vector group H, of all harmonic n-chains (a 
linear subgroup of C,) is isomorphic both to the nth homology and the 
nth cohomology group of K (the isomorphism is given by represent- 
ing a homology or cohomology class by the harmonic chain it con- 
tains). The rank of H, is the nth Betti number p, of K. All chains, 
groups, and so on, of K will be denoted by the same symbols as in K, 
with a bar (for example, n, Ča, H,), the boundary and coboundary 
operator as in K by ô and ô. 

The linear mappings of the chain groups and the homology groups 
induced by the simplicial maps U and xEG will also be denoted by 
U and x respectively. x is an isomorphism of C, onto itself, Ua 
homomorphism of C, onto Ca, for all n. 

The simplicial map U of K onto K is locally one-one; that is, if the 
simplices o„ and of of K are both incident with a simplex ø+, then 
Uc, = Us, implies o,=0,. For each simplex o, of K one has there- 
fore not only Udc,=0Us,, but also’ 


(1) Udo, = Usp; 


in other words, the linear mapping U of C, onto C, commutes with ð 
and ô. Let U* be the dual mapping of C, into C,, defined by U*d,-b, 
= du: Ub, for all n-chains EC, and ba E Ca; it also commutes with 
ð and 6. Hence 
(2) U and U* both map harmonic chains onto harmonic chains. 
Since U is a mapping of C, onto C,, the dual mapping U* is an iso- 
morphism of C, into Ca. For, U*é,=0 implies U*6,-b,=4,- Ub, =0 


1 See for example [2, pp. 245-246]. Other references are given in [2]. 
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for all 6,€C,, hence 4,:5,=0 for all EC, hence é,=0. This to- 
gether with (2)'yields 

THEOREM 2. U* induces an isomorphism of H, into H,n=0,1, :::. 


COROLLARY 1. The nth Betti number 5, of K is not greater than the 
nth Betts number pn of K. 


We remark further that U maps U*C,CC, isomorphically onto ` `“ 


Ca For, UU*é,=0 implies UU*é,-d,= U*a,: U*a,=0, hence U*a, 
=0. In particular U maps U*H„CH, isomorphically into H,, and 
since U*H, is isomorphic to H,, this must be a map onto H,. Hence 
(3) U maps Hn onto Hh. 
REMARK. UU* is not the identity mapping of C, or H, but, as is 
easily seen, multiplies each chain 4, by the order g of G. 


3. Invariant chains. In the linear mapping of C, onto itself induced 
by an automorphism «GG the scalar product of two n-chains Ga, ba 
remains unchanged: 


(4) Kon’ XD, = On: Dy. 


This follows simply from the fact that x is a permutation of the. 
oriented simplices (that is, of the basis vectors of C,). In other words, 
x is an orthogonal transformation of Ca. 

A chain „EC, will be called invariant if xan=o, for all «GG. 
This is the case if and only if 


(5) Gn‘ bn = On Kon 


for all «EG and 5,€C,. For, if a, is invariant, a,:b,=xG,-xD» 
=,°Xb,; and conversely, if (5) holds for all xCG, then a,-b, =a, 
-x 1b, =xG,°b, for all bE Cn, hence a,=xa,. The invariant chains 
constitute a linear subgroup Ci of C,. 

(6) The isomorphism U* maps C, onto Ci. 

Proor. For any é,€C,, U*d, is invariant; for 


Uran tbn = On: Ub, = in Ub, = U*än bn 
for all b,€C,. Conversely, if a, is invariant, the relation 
Gn: Uon = Gn-On for all o, of K 
defines an »-chain a, of X without ambiguity (for replacing o, by 
O} =xo, does not change either side of this equation). Then U*a,-o, 
= än’ Uo,=G,'¢n for all o,, hence U*än =a,. 


The invariant harmonic n-chains of K form a linear subgroup Hi 
of -H,. For any 0„EHy there is, by (6), an ö, such that a,= U*d,; 
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since U* commutes with d and ö and is an isomorphism, it follows 
that d, is harmonic. Combining this with Theorem 2 and (6) we ob- 
tain the following result. 


THEOREM 3. U* induces an isomorphism of H, onto Hi. 


4. Proof of Theorem 1. Since the automorphisms «GG of K per- 
mute the n-simplices, for each n, and preserve the incidence relations, 
the linear mappings x of C, onto itself, n=0, 1, - - - , commute with 

. both ð and ô. Hence they induce linear mappings of H, onto itself; 
these mappings describe the operation of G on the n-dimensional hom- 
ology and cohomology groups of K. By (4) these linear mappings of H, 
onto itself are orthogonal. Hence for each n one has an orthogonal 
representation Ra of the group G in the vector group Hy. The sub- 
space Hy of H, consists of those elements of H, which are fixed under 
this representation; by Theorem 3 it may be considered as the hom- 
ology or cohomology group H, of K. This proves that the latter is 
determined by H, and by the operation of G in H, (cf. $1). 

The rank of Hj, which is the nth Betti number 5, of K, is equal 
to the number of trivial irreducible representations of G contained in 
the representation Ra of G in H,, hence by a well known character 
relation? is equal to the average over the group G of the character 
5,(%) of the representation Ra. This proves Theorem 1. Replacing 
Sale) by the degree p, of the representation, where e is the unit ele- 
ment of G, we may write the formula in the form 
(7) 8° Pn = Pat 2 SR). 

EG, apse 

REMARK. fa = Pn holds if and only if H, =H, hence if all harmonic 
n-chains of K are invariant under the operations of G; in other words, 
if each n-dimensional homology class is mapped into itself by all 
xEG. This result may be stated in the following way: 


THEOREM 4. The nih Betis numbers ba and Pn of K and K are equal 
if and only if in the dimension n all automorphisms xCG are e the 
homology type of the identity (for real coeffictents).4 


5. Products,’ manifolds. The Alexander -product associates with 
two cohomology classes of K of dimensions » and ka third one of di- 


- 3 Cf. [3, p. 201, formula (16)]. 
í The sufficiency of the condition has previously been proved by G. Hirsch, with 
an application to closed Lie groups; see [4, p. 226]. 
5 For definitions and properties see [5]; for products in a covering complex the 
remarks of [1, $6] have to be used. 
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mension »-+%, hence with two harmonic chains a, and b a unique har- 
monic (n+k)-chain a, Ub,. The Cech-Whitney -product associates 
with ‘a cohomology class of dimension k and a homology class of 
dimension k+p (p20) a homology class of dimension p, hence with 
two harmonic chains by and cy+, a unique harmonic p-chain bs Nca4p- 
From the fact that all incidence relations are preserved by the auto- 
morphisms x€G it may easily be deduced that 


(8) Kon U br = (an U be), 
(9) xbr N tory = Kb N Cen) 


for all harmonic chains d», bs, Ca+p and all xEG. 

It follows that the U- or -product of invariant harmonic chains 
is again an invariant harmonic chain. The direct sum of all Hy, 
n=0,1,+-++, together with the U-product, constitutes a subring R' 
of the Alexander ring (the cohomology ring) R of K. Since U* pre- 
serves the U-product, it follows from Theorem 3: 

(10) U* induces a ring-isomorphism of the cohomology ring R of K 
onto R*. 

We now assume K to be a (closed) orientable N-dimensional mani- 
fold. Let my be the fundamental harmonic N-chain corresponding to 
an orientation of K; that is, my is a chain with coefficients +1 gen- 
erating Hy. The duality operator D in K may be defined by 


(11) Da, = Ga, \ MN 


for harmonic chains a,; if a, is considered as a representative of an 
n-dimensional cohomology class, Da, is the harmonic representative 
of the dual (N—n)-dimensional homology class. As is well known, D 
is an isomorphism of H, onto Hy-_.. 

(12) For anyxEG one has xDan =Y: Dxdn, where y = +1 ts the (topo- 
logical) degree of x. 
PROOF. *Dan=x(an(\my) =xa. Nm = xa, Vy =Y: (xa. NMN) 

=¥-Dxan. 
As a consequence we have: 


THEOREM 5. If K és an orientable N-dimenstonal manifold, then the 
characters sn(x) and su_n(x) of the representations of G in H, and 
Hyn are related by ‘ 

Sn(%) = YSN), 


where y is the degree of «CG. 


6. An application. Let K be a non-orientable N-dimensional 
manifold, and K an orientable two-sheeted covering of K. The cover- 


t 
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ing transformation group consists of the unit element e and an element 
y of degree —1. Various relations between the Betti numbers of K 
and K may be deduced from (7) and (12). (7) becomes in this case 
(we write s, for sa(y)) ; 


(13) $ Din = Pat Sm n=0, 1, N. 


. Since y has degree —1, one has, by (12), »= —Sw—n,, hence 2N 
= DN FSN- = Pn — sn =2Pn— 25, hence 


-(14) Pn = Dr = Sn 
(15) $ Pn + Puen = Ín 


This is a duality theorem for non-orientable N-dimensional mani- 
folds. We shall use (13)-(15) to prove the following theorem. 


THEOREM 6. The following relations hold between the Betti numbers Pa 
of a closed non-ortentable N-dimensional manifold K and the Betti 
numbers pn of a two-sheeted orientable covering K of K: 


(16) for N=3, pi = 2Pı — 138 
(17) for N = 2L, $L >= 251; 


(18) Jr N=2L +1, > (Dr = >> (—1)"$, and 
> tn = 2 22 Pn 


Proor. (a) If N=3, the Euler characteristic $o -Pıt-Ds=0, 
where fo=1, Js=0, hence fp=$,—1; by (15), Pit fe=2fi—-1=p1. 
(b) (17) follows immediately from (15). (c) If N=2L-+1, the char- 
acteristics of K and K are 0.and we deduce from (13) 


N 
(19) ` 2, (15; =(, 


“hence DV m=- I Nr (—1)°sa; since Sa=— Swn, this 
is equal to — > Zor (- 1) syn = — ye o(—1)"sa, hence 
II, (—1)"%s,=0. Using m = —sy—, again, we may also write Te as 
Don evensn =O. These two results together with (13) yield (18). W 

remark that since the characteristics of Kand Kare 0 (N 2141) 
the first of the formulas (18) is equivalent to IN, ,,1ı(-1)Dr 


=2 Dinetti( 1) Ba» the second one to Ir oda Pn=2 Don odd Dr. 


‘For 3-dimensional manifolds K satisfying certain restrictive conditions (16) is 
proved in a note by T. H. Kiang [6]. 
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Remark. The formula (19), which here was proved directly, may 
also be deduced from a well known result concerning the number of 
fixed simplices ina simplicial self-mapping.’ In the general case of an 
arbitrary automorphism group G and arbitrary finite complexes K 
and K it follows from this result that the “Lefschetz number” 
A(x) = DIN. (—1)*s,(x) is 0 for any automorphism x »e. 


REFERENCES 


1. B. Eckmann, Der Cohomologiering einer beliebigen Gruppe, Comm. Math. Helv. 
vol. 18 (1945-1946) pp. 232-282. 

2. , Harmonische Funktionen und Randwertaufgaben in einem Komplex, 
Comm. Math. Helv. vol. 17 (1945) pp. 240-255. 

3. B. L. van der Waerden, Moderne Algebra, vol. 2, Berlin, 1931. 

4. G. Hirsch, Sur les groupes d’homologie de certains compleres de recouvrement, 
Portugaliae Math. vol. 4 (1945) pp. 225-237. 

5. H. Whitney, On products in a complex, Ann. of Math. eat 39 (1938) pp. 397- 
432. 

6. T. H. Kiang, An application of the addition formulas of Mayer-Vietoris, Aca- 
demia, Sinica Science Record vol. 7 (1945) pp. 275-276. 

7. P. Alexandroff and H. Hopf, Topologie, Berlin, 1935. 





INSTITUTE FoR ADVANCED STUDY AND 
UNIVERSITY oF LAUSANNE 


cE. [7, p. 530]. 


t 


THE MAYER HOMOLOGY THEORY 
EDWIN H. SPANIER! 


1. Introduction. In 1942 W. Mayer [4]? defined new homology, 
groups based on a boundary operator whose pth power (p a prime) is 
zero, instead of the usual one whose square is zero. As a coefficient 
group an abelian group G with only elements of order p is used. The 
Mayer homology groups Ha, depend on two integers: n20 and 
0<q<p. Mayer has established the topological invariance of these 
groups but left unsettled the question of their relation with the 
classical homology groups. This question is settled in this paper. The 
answer is embodied in the following theorem which is the main re- 
sult of the paper. 


THEOREM 1.1. Let p be a prime and G an abelian group with all ele- 
ments of order p. The Mayer homology groups Ha, (over G) are then 
related to the classical homology groups H, (over G) as follows: 

(1) If n=q—1(mod p), then Hn, =H, for r=2(n—q+1)/p. 

(2) If n=—1 (mod p), then Hn, =H, for r=2(n+1)/p—1. 

(3) In all other cases, Hn,.=0. 

Conversely, the classical groups H, can be expressed in terms of the 
Mayer groups as follows: 

(4) If r is even, then H,~H,y,q provided n—-q=pr/2—-1. 

(5) If r is odd, then H,=Hn,, provided n=p(r+1)/2-1. 


The theorem implies that the Mayer groups do not yield new topo- 
logical invariants but lead instead to rather interesting alternative 
definitions of the classical homology groups. 

The theorem is valid for the absolute and relative homology groups 
in simplicial complexes. It also remains valid for arbitrary spaces 
provided the Cech limiting process is used to define both H,,, and Hr. 

The proof of the theorem is not obtained by a direct construction of 
the requisite isomorphisms but is an application of the axiomatic 
characterization of homology theory of Eilenberg and Steenrod 
(sketched in [1] and fully developed in a forthcoming book). Roughly 
speaking, the procedure is the following. It is shown that certain 
collections of the Mayer groups, suitably relabeled and together 
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with suitably defined homomorphisms, satisfy the axioms for homol- 


ogy. The uniqueness theorem in the axiomatic theory then implies - 


that these groups are isomorphic with the classical homology groups 
based on the same coefficient groups. The theorem follows from a 
discussion of the coefficient groups and the relabeling process. 

The main interest of this paper lies in the fact that it offers an ap- 
plication of the axiomatic approach to a problem which did not 
seem easy to handle by direct methods. Of course, an analysis of the 
proof of the uniqueness theorem will yield a direct, though most 
likely complicated, definition of the isomorphisms. 

The next section summarizes all the needed definitions and results 
from the book being prepared by Eilenberg and Steenrod, to whom 
the author is indebted for allowing him access to the manuscript. 


2. The axioms. Elienberg and Steenrod [1] have characterized 
homology theory on a certain class of spaces by means of a set of 
axioms which are topological in nature. In addition, -another set (to 
appear in their forthcoming book) is considered which is combina- 

_torial in nature and characterizes homology theory for simplicial 
complexes. This latter set is the one we employ in the following! 

DEFINITION 2.1. Two simplicial maps f and g of a simplicial pair 
(K, L) (consisting of a simplicial complex K and a closed subcomplex 
L) into a simplicial pair (K’, L’) are said to be contiguous if for every 
simplex s of K (or L) the simplexes f(s) and g(s) are contained in a 
simplex of K’ (or L’). 

DEFINITION 2.2. A sequence of groups and homomorphisms 


20 fni fa 
Gye: <— Go. Gp <—_- ee 


is said to be exact if for n21 the kernel of gx_1 is the image of g,, and 
£go is a homomorphism onto. 

DEFINITION 2.3. Consider a system H= { H,(K, L), ð, fr} consist- 
ing of the following concepts: 

(a) For every simplicial pair (K, L) and integer r20, H,(K, L) is 
an abelian group called the nth homology group of K mod L. 

(b) For r21, 0:H,(K, L)>H,_ı(L) isa homomorphism called the 
boundary operator. 

(c) For every simplicial map f:(K, L)—(K’, L’) there is a homo- 
morphism fx: H,(K, L)—H,(K’, L’) called the homomorphism induced 
by f. 

The system H is called a simplicial homology theory if it satisfies 
the following axioms: ’ 
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AXIOM 1. If f is the identity simplicial map of (K, L) onto itself, 
then fa is the identity isomorphism of H,(K, L) onto itself. 

Axiom 2. If f: (K, L)>(K', LY and g:(K’, L')—>(K", L') are 
simplicial, then (Ex = gate. 

Axiom 3. If f: (K, L)>(K', L’) is simplicial and n3 1, then com- 
mutativity holds in the diagiam 


fe 
A,(K, L) ———> HK, L’) 


Ol a 


. UIDs 
Bi): 


Axiom 4 (Exaciness axiom). If #:L>K and j:K—(K, L) denote 
identity simplicial maps, then the following sequence ts exact 


de Te te 8 l te 
HK, L) Tran «— H,(K) — H,(L) —— HK, L) du; 


Axiom 5 (Contiguity axiom). If f, g:(K, L)>(K’, L’) are contiguous 
simplicial maps, then fx = £x. 

Axiom 6 (Excision axiom). If Kı, Ke are closed subcomplexes of a 
complex K, the homomorphisms 


iu: A,B, KLO K) > H,(Kı U Ks, Ka) 


induced by the identity map i:(Kı, KiKi) >(K:1U Ka, Ke) are iso- 
morphisms onto. 

Axiom 7 (Dimension axiom). If P is a complex consisting of a single 
vertex, then H,(P)=0 for r>0. 

If a simplicial homology theory is given, the group Ho(P) is called 
the coefficient group of the theory. If G is a fixed abelian group, the 
groups H,(K, L)=H,(K, L; G), defined in terms of the cellular struc- 
ture of K as in [3, chap. 3] together with suitable definitions of ð 
and fs form a simplicial homology theory with G as coefficient group. 
This homology theory will be referred to as the classtcal homology 
theory. 

The above shows that simplicial homology theories with arbitrary 
coefficient group exist. The following uniqueness theorem, which will 
appear in the book on the axiomatic theory mentioned earlier, shows 
that any simplicial homology theory is isomorphic to the classical 
homology theory with a suitable coefficient group. 


THEOREM 2.4. Given two simplicial homology theories H and H and 
given an tsomorphism 
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ho: GSG 
of their coefficient groups, there exists an isomorphism 
l h: HsH 
which is an extension of ho. 


By an isomorphism k:H=~Ħ between two simplicial homology 
theories is meant an isomorphism between corresponding homology 
groups H,(K, L) and H,(K, L) which commutes with the boundary 
operator and induced homomorphism. 


3. Definition of the Mayer groups. Let p be a fixed prime and let 
G be a fixed abelian group all of whose elements are of order p. 

__ DEFINITION 3.1. Let K be a finite simplicial complex with vertices 
{v,}. An n-cell or of K is defined to be an (n-++1)-tuple vo, - - - , 0, of 
vertices v; (not necessarily distinct) such that the vertices oo, - < * , Da 
all belong to some simplex of K. Two such (n-+1)-tuples differing 
only in the arrangement of the v’s are to be considered the same n-cell. 
There are no cells of dimension k for k <0. 

DEFINITION 3.2. For n20 the group C,(K) of n-chains of K with 
coefficients in G is the group of linear forms J gao? in the n-cells of 
of K with coefficients g,€G. An elementary n-chain is a chain of the 
form gof. Clearly the elementary n-chains span C,(K). 

For 22,1, the boundary homomorphism 


F: CK CK) 


is defined as follows. It suffices to define F for elementary n-chains 
and extend to C,(K) by linearity. Define F(g(vo - - : o,)) by 


F(g(0 + +  ©)) = È goo dr va) 


where (vo +- 9, -+ + 0„) denotes the (#—1)-cell obtained from the 
cell vo -+ +9, by deleting v; The fact that every element of G has 
order p implies, as shown by Mayer [4, p. 371], that for n2p, F? 
maps („(K) into the zero of C,_,(K). 

DEFINITION 3.3. Let q be an integer such that 0<gq <p. Unzg, 
consider the diagram 


Catel K) San C.(K) y Ca—(K). 


The group Z,,.(K) of qth n-dimensional cycles of K is defined to be 
the kernel of F?, and the group B„,.(K) of qth n-dimensional bound- 
arses of K is defined to be the image of Fr-«, If 0Sn<q, we define 


A 
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Zn,q(K), to be C,(K) and B,,,(K) to be the image of Cy;p_,(K) under 
Fr-«, Since Fr=0, it follows that B,,,(K)CZa,q(K). The factor group 


f Hyn, (K) = Zu K)/ Bn o(K) 
is defined to be the qth n-dimensional homology group of K. (This 
notation differs slightly from that used by Mayer in that he uses 77 
to denote the group Ha,g) 
THEOREM 3.4. If P is a complex conststing of a single vertex v, then 
Hy-ia(P) ~G, and Hn (P) =0 frn#g-—1. 
Proor. If »20, there is only one n-cell o* of P. Hence, C,(P) con- 


sists solely of the elementary chains gø” and is isomorphic to G under 
the mapping go*—. If n>0, 


Pgo”) = ((n + De. 
‘Since p is a prime, elements of G can be divided by integers mif 


ms£0 (mod $). It follows that if n+1#0 (mod p), F((1/(n-+1))ge*) 
=go*—!, Therefore, for n>0, 


F(C,(P)) = 0 if n= — 1 (mod $), 
F(C,(P)) = Ca(P) if x — 1 (mod 9). 
It follows that for n2q 
Fc,(P)) =0 if »=kwith -l1S k<q-1, 
F4(C,(P)) = Cal P) otherwise. 


Therefore, 

CG(P)in=gqg-lorsekwih -1Sk< q-1, 
zul = 4 | 

0 otherwise, 
5 (m= ifatp—q=mwit —-lsSm<p-—q-I, 
ma"! UCP) if n+ p—q=emwith p—q-1Sm<p-1. 


Then H,,,(P)=0 unless n=q—1 or n=k with -1Sk<g-1. If 
nsk with —1Sk<q—1, then n+p—gek-+p—g and p—-g-isk 
+p—q<p—1, so Ba,(P)=C,(P), and Hn,.(P)=0. Therefore, 
H,,((P) =0 if n#g-1. If n=q-1, then n+p—q=p—1=—1, so 
B,..(P)=0. Since Zu1.(P)=Cyı(P), it follows that Hy-1,¢(P) 


4. Relative theory. The axioms stated in $2 require that a group 
H,(K, L) be defined for every simplicial pair (X, L). In this section 
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we extend the Mayer definition to the relative case so that later we 
will have the groups needed in verifying the axioms. 

Let L be a (closed) subcomplex of K. Then any cell of L is also a 
cell of K so that C,(L)CC,(K). It is clear that F defined for chains 
of L is the same homomorphism as F defined for chains of K when 
restricted to C,(L). 

DEFINITION 4.1. For n2q, the group Zn,q(K, L) of qth n-dimensional 
cycles of K mod L is defined to be the subgroup of C,(K) which is the 
inverse image of C,_,(Z) under Fe, while for n<g, Z.,,(K, L) is 
defined to be C,(K). The group B,,,(K, L) of qth n-dimensional bound- 
aries of K mod L is defined to be the subgroup of C,(K) spanned by 
the two subgroups C,(L) and F?-(Cyzp-~(K)). Then B,,.(K, L) 
CZ,,,(K, L) and the factor group 


Fnq(K, L) = Zs (K, L)/Bu.(K, L) 


is defined to be the qth n-dimensional homology group of K mod L. 
Note. If L=0 is the null set, then H,,,(K, 0)=Hn,.(R). 
In the following we use 6:Z,,.(K, L)-H,,,(K, L) to denote the 
natural homomorphism of Z,,,(K, L) ontoits factor group H,,,(K, L). 
DEFINITION 4.2. For n2gq, define a homomorphism 


Fe: Hy (K, L) > Hx¢,p(L) 
as follows. Let sGZ,,,(K, L). Then from the definition of Zn,q(K, L) 
it follows that FC C,_,(L). Iin—q2p—gq, then F?-*(F%s) = Fes =0. 


lf n—q<p—q, Cr—q(L) =Za-¢.p-(L). In any event we see that 
F*s€Z,_¢,9-q(L) so that F* is a homomorphism 


Fe: Z,.q(K, L) > Zna, plL). 


Let bBEB„.(K, L). Then there is vECy4n..(K) and v€C,(L) 
such that 


N 


Fry+v=b. 


Since Ft)=F?u+ Fw= FwCB, ., (L), it follows that F! maps 
Ba,.(K, L) into B„_.,»-a(L) and so induces a homomorphism 


Fe: Hy q(K, L) > Ena plL) 


such that Fedg=$F%z for sCZ,,,(K, L). 

DEFINITION 4.3. Let f:(K, L)>(K’, L’) be a simplicial map. If 
Yo '**,m is an n-cell of K (or L), f(v0, © - ©, m) =flwo), * * +» fn) 
is clearly an n-cell of K’ (or L’). Therefore, f induces a homomorphism . 


fa: Ca(K)—>C,(K’) such that fa( ogot) = sfr). 
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LEMMA 4.4. For n2=1, commutativity holds in the diagram 


Ca(K) —> Cn-1(K) 
Fat F lfa 
CAR) — Cy1(K’). 


_ Proor. It suffices to prove the commutativity for elementary n- 
chains. Let v9» 9, be an n-cell of K. Then 


Ffa(gvo ` + 00) = Fgf(oo) + + + f(r») 
= $ gfo) «> Ao) +++ f(s) 


and 


In-ıF(gvo + + + Dn) su > gv tee Gere n) 
= Def) Ko) Sn). 


It follows from Lemma 4.4 that f, induces a homomorphism 
fat Hno(K, L) > Hn K’, L’) 
such that fads —=¢f,2 for 2€Z,,.(K, L). 


THEOREM 4.5. If f:(K, L)—>(K, L) is the identity simplictal map, 
then fa ts the sdenisty tsomor phism. 


Proor. The theorem follows immediately from the fact that f, is 
the identity isomorphism of C,(K) onto itself. 


THEOREM 4.6. If f:(K, L)>(K', L’) and g:(K’, L)—>(K", L”) 


- are simplicial, then (gf)*=2afe. 


Proor. gf is simplicial because both f and g are, and (gf)„=gufn 
which implies the theorem. 


THEOREM 4.7. If f:(K, L)-(K’, L’) is stmplictal and tf n2q, 
commutativity holds in the diagram 
fe 
H„.(K,L) ———> Hn, K’, L’) 
ey (De Be 


Ha-.r-.(L) ee Hu-a,r-(2). 


Proor. It follows from Lemma 4.4 that 
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Fef, = (F| L)noF* 


and this, together with the commutativity of F? and ¢, implies the 
theorem. 


THEOREM 4.8. If f, g:(K, L)—>(K', L’) are contiguous, then fx = +. 


Proor. This is proved for the absolute case by Mayer [4, p. 379]. 
The same proof carries over to the relative case without any essential 
change and so is omitted here. 


THEOREM 4.9. If Ki, Ks are closed subcomplexes of K, and if 
i: (Kı, Ki Ks) -(KiU Ka, Ka) ts the identity simplicial map, then 


ty: Hn (Ki, Kı A Ki) > An (Kı U Ks, Ka). 


Proor. Since C.(KıN\K&:) = C.(K)NCa(K:) and C,(KiUE3) 
=C,(Ki)+C,(K:) =the subgroup of C,(K) spanned by C„(Kı) and 
C,(Ka), it follows from the Noéther isomorphism theorem that 


Ca(K1)/Ca(Ki AN Ks) ~ Cu(Kı U K) /Cy( Es). 


More precisely, if 7: Cu (KU RK) 9C,(KiU K3)/C,(K2) is the natural 
homomorphism, then ri, maps C,(K1) onto C,(Ki/Ka)/C,(K:) and 
has kernel C,(K1K3). 

If n2q and s€Z,,,(KiU/ Ka, Ka), then s€C,(KiVU Ka) such that 
F°zEC,_~(Ks). Choose s’EC,(Kı) such that ré,3’=7s. Then 1,3’ 
=s-+c for some c&C,„(K;) and so 


TE ing = TFUg + c) = 1(F%e + Fee) = 0 


because F%g and F%c both belong to C,_,(Ks). Therefore, ri„_,F%z’ 
=rF%,3’=0, so Fes’ is an (n—g)-chain of Ki\K¢ from which it fol- 
lows that 3’ is a qth n-cycle of Kı mod K, AK. Then we have 
os’ EHn, (Ki, KiQKk:) and 


id = pinz = (z + c) = ¢s, 


the last equality because cEB,„..(Kı UK: Ka). Therefore, +4 maps 
iy q( Ka, Kı Ks) onto Hy, (Ki Ka, Ko) if nèg. 

If »<g, the same proof as above can be used, the only difference 
being that it is no longer necessary to show that s’ is a qth n-cycle of 
Kı mod KAK; because any n-chain of K; is such a cycle by defini- 
tion. Hence, f+ is onto in all cases. 

To prove the kernel of f+ is zero let #468=0. Then ings = F?-%+d 
where cCCuyp-~(KiUK2) and d€C,(K2). Choose c'E Crp- Ki) 
such that Trigg po’ =7¢. Then ¢—4tnyp—o6’ E Car p—q( Ks). Now 3— Fri’ 
CZn, (Ki KıN\&;) and 
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Ting — Fra) = tF + td — Pine 


which equals zero because F?-%(c—t,;,-,c’) and d both belong to 
Ca(Ka). Since the kernel of ri, is C,(Ai/\K:), we see that z— Fr=«’ 
E Ca (KiKa). Hence 3= F?-%¢’-+-d’ for some d' ECC, (Kil \K3). It fol- 
lows that ¢z=0, so ty is an isomorphism. 7 


5. Verification of the axioms. All of the concepts necessary to 
verify the axioms have been defined, and the main theorem can now 
be proved. 

A pair of integers (q, k) is called admissible if 0<q<pand 0OSk<gq. 
For a fixed admissible pair (q, k) we define a simplicial homology 
theory Ht = {H**, ð, fx} as follows. 

Define’ 


Haal K, L) where n=rp/2+k for r even, 
Han-ı(K,L) where m= p(r+1)/2 + k — q for r odd. 


The boundary operator ð: H!*(K, L)—Ht,(L) is defined to be the 
homomorphism 


Hr (K, L)= { 


Ft: Hp (K, L) > Hng, plL) if r is even, 
Fr: Hm, pal K, L) > Hm—ptgg(L) if r is odd. 
The homomorphism 
fa: HE*(K, L) > HEK, L^) 


‘induced by a simplicial map f:(K, L)—>(K’, L’) is defined to be the 
homomorphism 


Sat Hna K, D) > Hy (K’, L’) if r is even, 
fat He,p-q(K, L) > Hm, pl E, L’) if r is odd. 


It will be shown that {H, ð, fx} is a simplicial homology theory. 

- Theorems 4.54.9 and 3.4 imply all the axioms except for Axiom 4, 
_the exactness axiom. To prove exactness, consider the following se- 
quence 


fi o ae Ro CuK). a CR) 


and subsequence 


it 2S Od) — Cy Fred: 


The groups H*"*(K, L) have been defined to be the homology groups 


N 
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of the upper sequence modulo the lower sequence (in the notation of 
Kelley-Pitcher [2]). It follows that the homology sequence of (K,L) 
is exact [2, Theorem 3.3]. 

We have now shown that for any admissable pair (q, k) there is a 
corresponding homology theory. The uniqueness theorem stated in 
§2 implies that this homology theory is the same as the classical 
homology theory based on H$*(P) as coefficient group. By Theorem 
3.4, 

ak G if k= q— 1, 

a ifk~g—1. 

Hence, for k#~q—1, the homology theory H** is trivial, because it is 
isomorphic to the classical one based on a trivial coefficient group. For 
k=q-1, the hofnology theory Heet! is isomorphic to the classical 
one based on G as coefficient group. Hence, if H,(K, L) denotes the 
classical homology group of K mod L based on G as coefficient group, 
we see that 4 


HLUK, L) = Hag(K, L) 


where n = pr/2 + q — 1 for r even, 
7,(K, L) = 


Be (KD) = Bade) 
where m = p(r + 1)/2 — 1 for r odd, 


thus parts (4) and (5) of Theorem 1.1 have been proved. 

Let H„..(K, L) be any Mayer group. We shall determine this group 
in terms of the classical groups by showing that it belongs to some 
homology theory H**. Find integers m, ¢ such that 


n=mp+i where 0 St < >. 
If <q, (q, f) is an admissible pair, and. 
Hin(K, L) = Hart, L) = Hn (K, L). 
Hence, if n= (mod p) with OSi<gq, 
Hag(K, L) = Hra-o/(K, L) 


5 fi#g-i, 
+(K,L) forr = 2(n—q+1)/pift=q—1. 


This proves (1) of Theorem 1.1. 
If t2q, then 0St-g<p-gq so (p—g, t—g) is an admissible pair, 
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and 
rt 


Hımtı (K, L) = Haptpit-p.c(K, L) = Ha,(K, D). 
Hence, if n=# (mod p) with gst<p 
Hya(K, L) = Haanpı(K, L) 
0 fix p—1, 
Neue L) where r = 2(n + 1)/p-—1ift=p— 1, 
thus proving (2) and (3) of Theorem 1.1. 
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INSTITUTE FOR ADVANCED STUDY 


A NOTE ON HOMOGENEOUS PLANE CONTINUA 
F. BURTON JONES 


In his Doctoral Dissertation (Texas, 1947), E. E. Moise proved 
that there exists a compact plane continuum M (not an arc) which is 
homeomorphic to each of its subcontinua [1].! Subsequently, R. H. 
Bing showed that M is homogeneous [2]. Bing’s result flatly contra- 
dicts the previously announced result of G. Choquet to the effect 
that a homogeneous, compact, plane continuum must be a simple 
closed curve [3]. It is the purpose of this note to show that had 
Choquet assumed in addition to homogeneity that the continuum 
was aposyndetic? at some point, or that some point of the continuum 
failed to be a weak cut point? of it, then his conclusion would have 
been valid. 


THEOREM 1. If a compact, plane continuum M ts both homogeneous 
and aposyndelic, then M is a simple closed curve. 


Proor. If a point of M is of order 2 in M, then M is a simple closed 
curve [4]. So suppose that no point of M is of order 2 in M. 

Let G denote the collection of all the complementary domains of 
M. Because M is homogeneous and contains a non-separating point, 
no point of M separates M. Since M is aposyndetic, M is semi-locally- 
connected [5]. Hence each element of G is a simple domain [6, 7]. Let 
the simple closed curve J denote the boundary of an element D of G. 

Case 1. If M— J is connected, then each point of M belongs to some 
such simple closed curve lying in M. Consequently each point of M 
belongs to the boundary of an element of G. But G is countable. 
Hence M= $ J: (i=1, 2, 3, +--+), such that for each #, J, is the 
boundary of an element of G. Since no point of M is of order 2 in M, _ 
each point of J; is a limit point of M—J,. This contradicts a well 
known theorem (Baire). 


Presented to the Society, November 28, 1947; received by the editors March 5, 
1948. 

1 Numbers in brackets refer to the bibliography at the end of this paper. 

2 A continuum M ıs said to be aposyndetic at a point x of M if for each point y of 
M-—x, there exists a subcontinuum of M and an open subset U of M such that 
M-yDHDUDs. If a continuum is aposyndetic at each of its points, then it is said 
to be aposyndetic. 

* A point $ of a continuum M is a weak cut point of M if M—p is not strongly (con- 
tinuum-wise) connected. For other definitions the reader is referred to Moore’s book 
or Whyburn’s book, volumes 13 and 28, respectively, of the American Mathematical 
Society Colloquium Publications. 
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Case 2. If M—J is not connected, then M—J=H+K such that 
H-K=H-K=0. There exists an arc T lying in the complement of D 
which is irreducible from H to K. Except for its end points, T lies 
in an element U of G. Let C denote the boundary of U and let the 
point x of C be one of the end points of T. The component AxB of 
C—C-J which contains x is an arc-segment whose end points lie on 
J. It follows that M—-(A+B) is not connected, but M—B is con- 
nected. Hence A is a local separating point of M. Since M is homo- 
geneous, every point of M is a local separating point of M. But all 
except countably many of the local separating points of M must be 
of order 2 in M [8]. 


THEOREM 2. If a homogeneous, compact, plane continuum M con- 
tains no weak cut point, tt is a simple closed curve. 


Proor. If M contains no weak cut point, it is aposyndetic at some 
point [9]. Being aposyndetic at one point, M must be aposyndetic 
at each of its points. Hence Theorem 2 follows from Theorem 1. 
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THE UNIVERSITY OF TEXAS 


ON THE CHARACTERISTIC EQUATIONS 
OF CERTAIN MATRICES 


W. V. PARKER 


In a recent paper Brauer! proved the following theorem credited to 
R. v. Mises. 


THEOREM. Let A = (a), B= (bu), and C= (c,;) be square matrices of 
order n. If the elemenis of A and C satisfy the conditions 


(1) n=} 4a; =0 (4 = 1, 2,--+-,m), 
jel 

(2) y=%0,=0 (j = 1, 2,-+-,n), 
tm] 

(3) aj=Hate, (4,7 =1,2,---,n), 

where C1, Cs, °° * , Ca are arbitrary numbers, then the matrices AB and 


A(B+C) have the same characteristic equation. 


Write C,=c’e where c= (c, Ca, +++, Ca) ande=(1,1,--+-+,1) then 
conditions (1), (2), and (3) are AC{/ =0, GA=0 and C=Ci+C!. 
This is a special case of the following theorem. 


THEOREM. Let A, Ci, and Cy be n-rowed square matrices such that 
GA=AG=0. If C=Ci+Cr and B is an arbitrary n-rowed square 
matrix, then AB and A(B+C) have the same characteristic equation. 


The theorem is trivial if A is nonsingular, for then C=0. The proof 
will be based on the well known lemma: 


Lemma. If A and B are square matrices, AB and BA have the same 
characteristic equation. 


Since A C: =0, A(B+C)=4A(B-+-Cı) and from the lemma it follows 
that A(B+C:) has the same characteristic equation as (B+(C,)A 
=BA, and BA has the same characteristic equation as AB. 

It may be readily shown that if A and C are matrices (not neces- 
sarily square) such that ACA =0, then C=C,+(C; where AG, =C\A 
=0. Also if A is an m Xn matrix and Band Care nXm matrices and 
ACA=0, there exists a nonsingular matrix P, such that 


Received by the editors February 23, 1948, 
1 Alfred Brauer, On the charaderisiic equations of certain matrices, Bull. Amer. 
Math. Soc. vol. 53 (1947) pp. 605-607. 
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Bı B 0c 
PABP- -( : ‘) and PACP-} -( ‘) 
0 0 0 0 


and hence in this case AB and A (B+C) have the same characteristic 
equation. 


UNIVERSITY OF GEORGIA 


ON MATRICES WITH ELEMENTS IN A 
PRINCIPAL IDEAL RING 


WILLIAM LEAVITT AND GEORGE WHAPLES 
We prove the following theorem. 


THEOREM 1. Let D be any commutative principal ideal ring without 
divisors of zero, and A any matrix with elements in D whose character- 
istic equation factors into linear factors in D. Then there exists a uni- 
modular matrix T, with elements in D, such that T AT has zeros below 
the matn diagonal. 


This theorem was proved by Leavitt [1]! for the special case of the 
ring © of all functions of a complex variable holomorphic in, and on 
the boundary of, a closed bounded region R. His paper contains a 
proof that this set of functions forms such a ring; and gives an essen- 
tially algebraic construction for the transforming matrix T of the 
ring. Since this construction uses only properties of § which are 
shared by all principal ideal rings [2; pp. 168-170] for [3; vol. 1, pp. 
60-67], it can be carried out in all such rings. 

The only changes necessary are those of terminology: “Holo- 
morphic functions” must be replaced by “elements of D.” Two ele- 
ments are called assoctated if they differ by a unit factor. Since the 
prime ideals of $ are the ideals generated by the functions (8-20), 
30ER, one must replace “a(z) has a zero of Ath order at zo” 
by “a=0 mod ($*),” and so on. Substituting a constant go for z 
corresponds to mapping the ring § into its homomorphic image 
H/(2-30). Thus since D/P is always a field or our rings Ð, the 
original arguments hold. u 

The one portion of the proof which might seem difficult to gen- 
eralize is the use, in the final construction of the transforming matrix, 
of the theorem on the existence of a holomorphic function whose 
expansion at a finite number of points is specified to a finite number 
of terms. But this is simply the theorem that in any ring with unique 
factorization into prime ideals, we can find an element satisfying a 
finite number of simultaneous congruences, provided that the moduli 
are powers of different prime ideals. This can be proved for all prin- 
cipal ideal rings by the argument used to prove the Chinese remainder 
theorem in [4; p. 12]. ` 

It is also possible to give a much simpler proof of our theorem. 


Received by the editors February 28, 1948. 
1 The numbers in brackets refer to the bibliography at the close of the paper. 
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Let D be any principal ideal ring, A a matrix satisfying our assump- 
tion. Since A can be reduced to its Jordan form J by transformation 
in the quotient field of DÐ, we conclude as in §2 of [1] that there 
exists a matrix S, with elements in D and nonzero determinant, such 
that 


(1) AS = SJ. 


Since J is in Jordan canonical form, it has elements in ©, and zeros 
below the main diagonal. Now there always exists a unimodular 
matrix T such that TS has zeros below the main diagonal ([2; p. 
228]; it is easy to make the slight necessary modification). Then T-! 
also has elements in Ð, and 


(TAT-)(TS) = (TS)J. 


It is easy to verify that the product XY of two matrices in normal 
form [that is, with zeros below the main diagonal] is again in normal 
form. Further if Yand XY are in normal form, and none of the di- 
agonal elements of Y are zero, then X is in normal form. Since TS and 
J are already in normal form, and | T.S| 0, it follows that TAT! is 
in normal form. Clearly the diagonal elements of TAT”! are the roots 
of | TAT —iI | =0, which is the characteristic equation of A. 

It should be pointed out that we have not yet defined a canonical 
. form, since we have not described what can be done with the non- 
diagonal elements, and since two matrices with the same diagonal ele- 
ments can still be dissimilar. For example 


000 000 
A=/3 00), B=| 300|, 
130 —1 3 0 


are not similar even though their Jordan forms are identical. 
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UNIVERSITY OF NEBRASKA AND 
INDIANA UNIVERSITY 


NONLINEAR NETWORKS. M 
R. J. DUFFIN 


The object of this paper is to show that a certain system of non- 
linear differential equations has one and only one periodic solution. 
These equations are of interest in that they describe the vibrations 
of a common type of electric network; therefore, the physical origin 
of the equations will be discussed first. 

A linear network is a collection of linear inductors, linear resistors, 
and linear capacitors arbitrarily interconnected. If a periodic electro- 
motive force is applied to this network, a periodic system of currents 
can exist, provided that the network has no free vibration of the 
same period. This, of course, is well known. The main theorem of 
this paper states that if in such a network the linear resistors are re- 
placed by quast-linear resistors, a periodic system of currents can . 
again exist. 

A quasi-linear resistor is a conductor whose differential resistance 
lies between positive limits. Quasi-linear resistors have extensive 
practical applications. No other type of nonlinearity except this 
type of nonlinear damping is considered here. 

For example, consider a linear network with one degree of freedom. 
An inductor of inductance L, a resistor of resistance R, and a ca- 
pacitor of capacitance S—! are connected in series. The current i(t) 
flowing in this circuit must satisfy the following differential equation: 


z 
LŽ +Rits f ims 


Here g(t) is the electromotive force impressed in the circuit and is a 
periodic function of time. 

The corresponding nonlinear equation to be studied is obtained by 
replacing the linear relation Rs by a function V(f) which for all values 
of 4 is such that A~! < V’ (i) S.A, where A is a positive constant. 

In a general network with m degrees of freedom, if a set of m inde- 
pendent circuits (meshes) is chosen, any distribution of current in 
the network may be uniquely specified by assigning suitable values 
to the cyclic currents ti, t%,--:-+,%m flowing in these circuits. Let 
£1, £2, "m be the electromotive forces acting in these cir- 
cuits. It is convenient to introduce the electric charge variables 
Yu Ya, °° +, Ym such that $;=y/. The linear network equations may 
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then be written as Ly’’+Ry’+Sy=g. Here L, R, and S are m-way 
matrices and y and g are vectors with components y, and g;. Well 
known arguments concerning electric and magnetic energy show that 
the matrices L, R, and S are symmetric semidefinite. The nonlinear 


"network equations are Ly’’+ V(y')+Sy=g where V is a vector 


function. 

The central idea of this paper is to consider the network equations 
‘as a transformation of Hilbert space; that is, the equations give a 
transformation from the Hilbert space of electric charge to the Hilbert 
space of electromotive force. The existence theorem to be proved, 
then, is that this transformation has an inverse. The novelty of the 
proof arises when the linear transformation is replaced by a nonlinear 
transformation. Theorem 4, below, gives conditions which insure 
that a nonlinear transformation have an inverse. This theorem is 
analogous to the theorem that closure and completeness are equiva- 
lent for linear transformations. The casual reader may turn directly 
to this theorem and skip the algebraic complications which must be 
disposed of first. 

It should be noted that Levinson, Chevalley, Lefschetz, and others 


_ have treated even more general types of nonlinearity in a single 


second-order differential equation. Therefore, in the case of one de- 
gree of freedom, the contribution of this paper is to furnish a method 
of proof which differs radically from theirs. It would be interesting to 
know if their techniques could be extended to treat the system of 
equations discussed here. 

In a previous paper the transient solutions of the nonlinear system 
of equations were discussed. Combining the results of these two 
papers, it follows that for networks of the type considered, all solu- 
tions must approach the periodic solution. No appeal, however, will 
be made in this paper to results obtained in previous papers. More- 
over, no appeal will be made to known theorems on differential equa- 
tions. Theorem 3 of the present paper is believed to be a new theorem, 
even for linear networks. 

Let E be a Euclidean space of m dimensions. A vector x will have 
components x, £z, * * * ,%m which are real numbers. If x and y are 


- vectors, then the inner product is given by (x, yJ)=xyıt X yat + °° 


+xmym and the norm of x is ||x|| = (x, x). All constants and func- 
tions shall be assumed real. The symbol A will stand for a positive 
constant whose value, however, may differ in different sections. 

If B is a matrix, the manifold of all vectors of the form Bx will be 
designated as Mp. A semi-definite matrix B satisfies the relation 
(Bx, x) 20 for all vectors x. 
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: Lemma 1. If B is a symmeiric matrix which satisfies the inequality 
0S(Bx, x) SAı||x||? for all vectors x, then: 

(a) ||Bx||?s.41(Be, x). 

(b) (Bx, x) <A,|B«||? where Av ts a constant. 

(ec) llzl[* 54:85, 3) where z= Bx. 


Proor. The inequalities of this lemma are obvious if B is a 
diagonal matrix; however, the expressions are invariant under an, 
orthogonal transformation, and it is well known that there is an 
orthogonal transformation which reduces B to diagonal form. 


LemMa 2. Let Mn and M’ together span E. Then any vector v has a 
unique representation v=Bb-+v’ where b is orthogonal to M’ and v’ ts 
contained in M'. There is a constant A independent of v such that ||d||, 
le'l slo]. 


Proor. If the manifold spanned by the vectors of the form Bb+v” 
were not E, there would be a nonzero vector c such that (Bb-+0’, c) =0 
for all b and v’. Let b=0, then (v’, c)=0, so c is orthogonal to M’; 
therefore, it must be in Mps. Let b =c; therefore (Bc, c)=0, and by 
Lemma 1 (c) it follows that ¢=0, which i is a contradiction. 

From v=Bb+7v', we have (v, b) = o| llel]. Then 
from Lemma 1 (c) we have isle ifall or llall <All |. Because 
v’ =v— Bb, it is obvious that v’ satisfies an inequality of the same 
form. The uniqueness of the representation follows directly from 
these inequalities. 

In what follows, L, R, and S will denote symmetric semi-definite 
matrices such that Mz, Mr, and Ms together span E. A simple 
application of Lemma 1 (a) reveals that the matrix L-+R-+S is non- 
singular. 














THEOREM 1. Any vector v has a unique representation in the form 
=[1+Rr+Ss where lE Mr, rC Me, and sC Msg and RI=S1=Sr=0. 
ens w ilil, ||s|] s Allu|| where the constant A is independent of v. 


Proor. In Lemma 2 let B =L and let M’ be the manifold spanned 
by Mr and Ms. Then v=_L!-+v’. The manifold M’ is also a Euclidean 
space, so again by Lemma 2, v’=Rr-v’’ where vE Mg; hence 
v’’=Ss. The remainder of the statements of the theorem follow easily 
from Lemma 2. 

We are to consider vector equations of the form 


(1) Ly” + Ry! + Sy = g. 


We first wish to show that it is possible to make a linear transforma- 
tion of variables so that these equations break up into three inde- 


122 R. J. DUFFIN [February 


pendent sets, two of which are of very simple form; the remaining 
set we shall call the canonical:form. First by an orthogonal trans- 
formation of y”, y’, y, and g, we may employ a rotated coordinate 
system in which S is a diagonal matrix. Since the matrix elements of 
S are then non-negative, a second transformation, D-1y’’, DW’, 
D-ly, and Dg (where D is a nonsingular diagonal matrix), may be 
chosen in such wise that the new matrix elements of S are either 0 
or 1. The new matrices L, R, and S are expressed in terms of the old 
by DLD, DRD, and DSD. Moreover, the new matrices are sym- 
metric semi-definite. By Lemma 2, any vector y of E may be uniquely 
expressed in the form yı+S5Ss where yı is in the manifold Mı+ Mr 
and s is orthogonal to this manifold and is in the manifold Ms. But 
now S?=S, so Ss=s. Let y2=s, then we have a unique decomposi- 
tion of the vector y in the form yı+y2 Then Sy=Syı+Sy=Syıt ya 
where Syy&Mr+ Mr. To show the latter statement, let x be any 
vector orthogonal to Mr-+ Mr, so it isin Mg. Then (Syı, x) = (Yn Sx) 
= (y x)=0. The vectors y’ and y” are split in the same fashion. 
Noting that Lyi’ = Ry; =0, we may write the equations in the form 
Ly{'+Ryi +Syı+Sys=g. Both sides of this relation can be split 
into components in the manifold Mı+ Mz and its orthogonal comple- 
ment. Thus Lyt! +Ryi +Syı=g, and ya=g We could transform 
the first set of equations in an analogous fashion but splitting L in- 
stead of S; this gives the desired decomposition into the three sets 
y= gs, yl’ =g and Lyi’ +Rys +Sys=gs. The latter set of equations 


- is the canonical form and is such that if Es is the mantfold of these equa- 


tions, then Mı and Mp span Esand Mr and Ms also span Es. In other 
words, L+R and R+S are both nonsingular. 

Let v= V(x) be a vector function with corresponding differential 
transformation dv = V’dx where V’ is the matrix of differential coeffi- 
cients. If R is a symmetric semi-definite matrix, we shall say that 
V(x) is a quasi-linear replacement of the linear function Rx if: 

(I) V(0) =0. | 

(II) V’(x) exists for all x as a symmetric matrix. 

(III) There is a positive constant A such that for all vectors x and y 


A-"(Ry, yY) S (V'y, y) Ss A(Ryı 9). 


By use of Lemma 1 we may derive other inequalities such as 
IREA’, y’), ||v’»|?s44(V’y, y), and || V’yl| SAsl|Ry]|- It is 
apparent that V’ is semi-definite and that it is made up of uniformly 
bounded matrix elements. By the mean value theorem V(x)— V(y) 
= V'(x—y) where V’ is evaluated at the point y+0(x—y); 0S0 S1. 
Setting y=0, we have V(x) = V’x. 
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In performing the transformation of equations (1) to a canonical 
form, we note that the new matrix R, is given in terms of the old by 
the relation R„=B:RB where B is a nonsingular matrix and B; is its 
transpose. The quasi-linear replacement would become V,(x) 
=B,V(Bx), and hence V/ =B,V’B. Clearly, then, V„(x) is a quasi- 
linear replacement of R.x. 

We now wish to show that all vectors v= V(x) are contained in the 
manifold Mz. Because V(x) = V’x, the manifold of vectors V’y con- 
tains v. If the manifold of vectors V’y were not contained in the 
manifold Mer, there would be a vector z perpendicular to Mg; that 
is, Rs=0 but V’z0. By virtue of the inequalities given for a quasi- 
linear replacement, this implies that z=0. It follows, therefore, that 
the same transformation which reduces equations (1) to canonical 
form will also reduce the following equations: 


(2) Ly’ + Vy) + Sy = 8. 


We now regard the vectors of a space E to have components which 
are functions of the time ¢. The primes in equations (1) and (2) refer 
to differentiation with respect to time; thus Ry’ = (d/di)Ry. We adopt 
the convention that writing Ry’ does not imply that all components 
of y are differentiable but only those in the manifold Mp. Moreover, 
in what follows, “differentiable” means absolutely continuous; that 
is, we differentiate only those functions which are the integrals of 
Lebesgue integrable functions. It follows, of course, that the deriva- 
tives may not exist everywhere, but only almost everywhere. Except 
where the contrary is indicated we shall require only that the equa- 
tions (1) and (2) hold almost everywhere. 

We define the real Hilbert space H (of electromotive force) to be 
the set of all vectors of E whose components are periodic functions 
of the time ż of period 2r and which are of integrable square; that is, 
they belong to £3(0, 27). The bilinear form of two vectors x and y is 
given by ((x, y)) = (1/2#) fo" (x, y)dt. If x and y are constant vectors, 
it follows that ((x, y)) = (x, y). The norm of x is given by ||: 2=((x,x)). 
The context will prevent confusion between norms in the space E 
and H. The subspace of constant vectors will be denoted by C. The 
subspace H will be defined as the space of all vectors orthogonal to 
C. 

The normed linear space Q will be defined as the space of vectors - 
of the form y=yo+2/2+ri+s where }, r, and s satisfy Theorem 1 
and where yo GA. The norm of y is given by the relation »IIa= lzy] 2 
+||Ry’||?+-|| Syl]? We note that in equation (1) if gEC, we can obtain 
a solution y&Q with yo=0. This is by virtue of Theorem 1. If y&Q, 


= 
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it follows that Ly”, Ry’, and Sy E&H, and by the convention adopted 
above, Ly’ and Ry are absolutely continuous. 

In what follows it will be tacitly assumed that we are considering a 
canonical form, because a considerable simplification of the proofs is 
thereby achieved. It will be apparent, a posteriori, that the main 
theorems are independent of this assumption. The first simplification 
is that /=0, because by Theorem 1, (R+S)!=0, but R+S is non- 
singular in the canonical form. We now have that Ly’ is periodic as 
well as being absolutely continuous, so Zy’ €H. Thus (L+R)y EH, 
and since L+R is nonsingular, y’ exists and belongs to H. 


Lemma 3. If u,v, uw’, and v’ all belong to H, then ((u, 0’)) = —((u’, v)). 


Proor. Since (d/dt)(u, v) =(u’, v)+ (u, v’), and since (u, v) is ab- 
solutely continuous and of period 2r, it follows that integration of 
this equation on the left yields zero. 


Lemma 4. If yEQ, then ((Sy, y'))=0 and ((Ly”’, y’)) =0. 


Proor. We have seen above that y’ exists, so y is absolutely con- 
tinuous, and so, also, is Sy. We now have (Sy, y) an absolutely con- 
tinuous periodic function, and (d/d) (Sy, y) =2(Sy, y’), so the first 
part of the lemma is true. The second part follows from the identity 
(d/dt) (Ly’, y’) =2(Ly’’, y’). 

A sequence fa, n=1, 2, +--+, of H converges strongly to f if lf -fall 
approaches zero as n approaches infinity, and a sequence converges 
weakly if ((x, f—f,)) approaches zero for every x of H. Strong con- 


vergence, of course, implies weak convergence. Pointwise convergence 


is ordinary convergence, and if such convergence is bounded (uni- 
formly) it implies strong convergence by Lebesgue’s theorem. 

If a sequence f, is uniformly bounded, it is easy to show, by using 
the' “diagonal process” on an expansion of f, in terms of a complete 
orthonormal set, that there is a sub-sequence which is weakly con- 
vergent. 


Lemma 5. If fu ts a sequence of Hy and fu ts uniformly bounded and 
weakly convergent, then there is an fC Ho such that fu converges pointwise 
and boundedly to f and fa converges weakly to f’. Conversely, tf fa con- 
verges pointwise to f, then fa converges weakly to f'. 


Proor. Suppose f, converges weakly to f’. We may take f’ to be 
the derivative of a function f belonging to Ho. Considering the se- 
quence fy —f’, we see that there is no loss of generality in supposing 


‚in the beginning that f? converges weakly to zero. Thus ((x, fx ))—0, 


and by taking x to be a vector of one component, which component is 
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the characteristic function of the interval a, b, we have, if u, is the 
corresponding component of fa, Sau. di0. But |ua (b) —un(a)| ee 
=| fè ud dt|*s|b—a] fè [ud | 2d¢S(2n)|[f |]. Thus un(b)—ua(a) is ` 
boundedly convergent, so fô" (t#.(b) —u„(a))da—9. But since fa€ Ho, 
the integral of the second term vanishes, so 27u,(b)—»0. Thus all the 
components of f„ approach zero pointwise and boundedly. The con- 
verse is obvious. 


Lema 6. If y&Q, then |ly’|| <Allyl|o where A is independent of y. 


Proor. Otherwise there is a sequence yn such that ||y,’||-=1 and 
Ilyana —0. Clearly r, and s, approach zero by Theorem 1, so without 
loss of generality we assume y CH). Since Lyx’ converges strongly to, 
zero, it follows from Lemma 5 that Ly,’ converges to zero. Thus 
(L+R)ya converges to zero but L+R is nonsingular, so y con- 
verges to zero, which is incompatible with ||y,’ || =1. 


THEOREM 2. The space Q of electric charge is a Hilbert space. 


Proor. Let the bilinear form be ((x, Y))a=((Lx”, Ly”) 
+ ((Rx’, Ry’))+((Sx, Sy)). If llylla=0, it follows from Lemma 6 that 
y’=0. But by Theorem 1, r=s=0, so y=0. It is apparent, therefore, 
that the bilinear form has the necessary qualifications. 

It remains to show that Q is closed, so consider a sequence y, such 
that llyn —3x||3 0. Without loss of generality we may suppose that 
JnEHo. By Lemma 6, ya is convergent, and by Lemma 5, Yq CON- 
verges pointwise to a function y. By the converse statement of Lemma 
5, Lyn’, Ryn ‚and Sy, converge to Ly”, Ry’, and Sy respectively. This 
completes the proof. 

We need the following further restriction on a quasi-linear replace- 
ment: 

(IV) If V is a function of the time t, then V(x, t) = V(x, i+2r) and 
(Vi, Vi) sA(V, v) where Vı=ð V(x, t)/ðt. 

It is evident that the inequalities given for a quasi-linear replace- 
ment remain unchanged when the bilinear form (,) is replaced by 
the bilinear form ((,)). 


LEMMA 7. If Rx, converges strongly to Rx, then V (x,) converges strongly 
to V(x). The same ts true for pointwise convergence. 


Proor. V(x,) — V(x) = V'(x%,—x), so 


IV) = Val" = |’ — all’ S ARa — Re’ 0. 


The proofs below would be a lot simpler if we could say the same thing, 
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for weak convergence. However, it is easy to see that the lemma is 

almost always false under such conditions. Consider sin rt, which 

. converges weakly to zero, but f(C+sin nt) would not converge 

weakly to f(C) for all C unless f(C) is a linear function. 

_ The fundamental hypothesis which will be imposed on the matrices 
L, R, and Sin what follows is the relation: 


(3) Ly” + Ry’ + Sy = 0 implies y = 0 if y EQ. 


An apparently less restrictive condition would be that these equations 
have no.periodic solution in Q, but by virtue of Theorem 1 it is easy 
to see that these conditions are equivalent. It may be shown that a 
necessary and sufficient condition for this hypothesis is that the de- 
terminant (—27£+(—1)/"%R+S) #0 for n= +1, t2, +. No use 
shall be made of this fact, however. 


THEOREM 3a. Lei Ly’+V’(x)y'+Sy=f where yEQ and xEH. 
Then |y||asAlfil where A is independent of x and y. 


Proor. It is to be noted that, in particular, V’(x)y’ could be V(y’). 
Because ||¥||q is finite, it follows from the inequalities derived for a 
quasi-linear replacement that ||f|| is finite. If the theorem is not true, 
it is clear that a sequence y, exists with ||y,|le=1 and the cor- 
responding sequence f, converging strongly to zero. By Lemma 6, 
l|y’\|S.4, so it may be assumed that the sequence y, converges 
weakly. It may also be assumed that s, converges; hence, by Lemma 
5, Ya converges pointwise to some y. 

Employing Lemma 4, we have ((V’y, ya))=((Loe +V'yn 
+ Syn, Ve )) = (Um 97 ))—0. By the inequalities for a quasi-linear re- 
placement, Ry, and V’y/ converge strongly to zero. Write Lyn’ =f, 
—V’yd —Sy,. The terms on the right converge strongly; hence, 
Lyt! converges strongly. Thus y, converges in Q to, say, y, so 
Ly” +Sy=0 and Ry’=0. But Ly’’+Ry’+Sy=0 implies y=0 by 
hypothesis (3). This is incompatible with 1=|lyello=llyIle, so the. 
contradiction proves the theorem. 

Let L,=L+R/n where n is a positive integer. The equation 
Lay" +Ry'+Sy=0 for y&Q implies y=0. This is seen by forming 
the inner product with y’, yielding ((Ry’, y’))=0. Thus Ry’=0, and 
consequently Ry’’=0. Thus Ly’’+Ry'+Sy=0 and y=0. 


THEOREM 3b. Theorem 3a is valid if L is replaced by Lu for an A 
independent of n tf JEH. 


Proor. For n fixed we may introduce a space Q,. Then by the 
‚above remarks we see that Theorem 3 is applicable. Thus ||Z.y'||? 
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+%y]?+]|sy]?s42]/]]?. Since L, is nonsingular, |Lay’” | = Ally” || 
2A: |y” |: We may assume 0<4:S1, so if A =4/Aa then 
IvllosA,|f. 

If it is not possible to obtain a uniform bound, there is a sequence of 
integers, say {m}, with a corresponding sequence Ym and fm with the _ 
properties assumed in the proof of Theorem 3a. Then as before we 
have that Lay% is strongly convergent. But LaVe =LYw +RYw /m, 
and this converges to Ly’. Thus by Lemma 5, Lyf converges strongly 
to Ly”. As before, we obtain the contradiction Ly’’+Ry’+Sy=0. 


THEOREM 4. Let T be a transformation of a linear vector space Q on 

a Hilbert space H such that: (a) if Yn ts a sequence of Q such that 

[Zyl] SA, then there is a sub-sequence Ym such that T(Ym) converges 

weakly to T(y) for some y of Q; (b) for each x and y of Q, 

limro(T(y+hx)—T(y))/h=T'(y, x) exists where h is real; (c) for 
each y the relation ((T' (y, x), f)) =0 for all x implies f=0. 
Then for any g of H the equation g=T(y) is solvable. 


Proor. Let b be the greatest lower bound of lg = T)|| for all y of 
Q. Let Ya be a sequence such that ||g- 7(y.)||>d. Clearly ||T(y»)|| is 
uniformly bounded, so there is a weakly convergent subsequence, Ya; 
and by condition (a) there is a y such that T(y„)—7(y) weakly. Thus 
lle-T) +7) —T#)||?=|]z-T)|[2-+2((g-T), To) —T(yn))) 
+||T() —T(ym)||?. The limit of the left side is 5%, and the limit of 
the right is not less than ||g—T(y)||?, so 6?2||g—T(y)||?; hence 
pele roll Let f=T(y)—g, then le- TO ta TO be 
-Tl = A+, TO thx) -TOMTO thx) —T)||?. Thus 
0<2((f, TO thx) —T(y))) HITO hx) — T(y)||%. Divide through by h 
taken to be positive, and let 4 approach zero. Then 0S2((f, T’(y, x))), 
and 0S —2((f, T’(y, x))), so by (c) it follows that f=0. Q. E. D. 


THEOREM 5. For each g of H there is a unique y of O such that 
Ly” + Vy") +Sy =g. 


Proor. First assume that L is nonsingular. Let T(y)=Ly’’ 
+ V(y’)+Sy, and consider the conditions of Theorem 4. Let T(y,) be 
a uniformly bounded and weakly convergent sequence. By Theorem 
3a, Ly,’ is uniformly bounded. There is a sub-sequence, therefore, 
over which Ly,’ is weakly convergent, and since L is nonsingular, 
ya’ is also weakly convergent. Also by Theorem 3a, Ry, and Sy, are 
uniformly bounded, so we may assume that a sub-sequence has been 
selected in such wise that r, and s, converge. Thus by Lemma 5 
there is a y of Q such that y, converges pointwise boundedly to y, yx 
converges pointwise boundedly to y’, and 9%” converges weakly to 
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y”. By Lemma 7, V(y,') converges pointwise to V(y’). It follows, 
therefore, that T(y,) converges weakly to T(y). This shows that (a) 
is satisfied. To show that (b) is satisfied, we note that (V(y’+Ax’) 
—V(y’))/h has the limit V’(y’)a’. Thus T’(y, x) =Lx" + V'x'+Sx, 
and T” is a linear transformation of x. To show that (c) is satisfied, 
consider the relation ((f, Lx” + V’x'+Sx)) =0. First let x be a con- 
stant vector; then 0=((f, Sx)), so the component of fin C is orthog- 
onal to the range of S. The same will be true of f; where f, is the first ¢ 
terms of the Fourier series for f. An x may be chosen, therefore, so 
that «’=f,; then ((f, Lx’’)) =((x’, Lx’’)) =0, and ((f, Sx)) = ((%’, Sx)) 
=0. Thus we obtain ((f, V’x’)) =0, or ((f, V’f,)) =0. Allowing + to 
approach infinity in this expression, we obtain ((f, V’ f)) =0. By the 
' properties of a quasi-linear replacement, this implies that Rf=0; 
‚thus, f belongs to Ho. Let f=u’’, and let u and x belong to Ho; then 
0=((u’’, Lx’! —Rx'+Sx)). By Lemma 3, ((x’’, Lu’’+Ru’+Su)) =0, 
but x” is an arbitrary element of Ho, so Lu'’+ Ru’+Su=0; thus u=0 
and hence, f=0. This proves the existence of a solution under the 
assumption that L is nonsingular. 

The matrix L, is nonsingular, so let g be a function of H witha 
bounded first derivative. By what we have just proved, there is a y of 
Q such that Lay’ + Vy’+Sy=g. Thus y” =L; (g— V(y’) — Sy) almost 
everywhere. Since y, is absolutely continuous, y'= féli (g — V(y’) 
—Sy)di+C. But the integrand is continuous, so actually the expres- 
sion for y” holds in the pointwise sense. It is clear, therefore, that 
y” has a first derivative which is uniformly bounded in the pointwise 
sense; hence, by a well known theorem of Lebesgue integration, y” 
is absolutely continuous, and therefore y’GQ. We may write Lyy’”’ 

+ V'y!!+Sy'=g, where g:=g’— Vi(y’). By hypothesis IV, | Vi(y’)|| 
<A|| V(y’)|| and from Theorem 3b applied to the equation for g, we 
have || V(y’)|| sAlfgl|. Thus ||gıl| is uniformly bounded, so applying 
Theorem 3b to the equation for g, we have that ||Ly’”||, IRy”’||, 
|| Sy’|| are uniformly bounded. Allow to approach infinity and con- 
sider the sequence ya. We may suppose that the sequence is so chosen 
that Lyi”, Ry’, and Sy,’ are weakly convergent. Thus Lyw, Ry», 
and Sy, converge pointwise. Clearly, V(y/) converges pointwise. 
The equation for gı may be solved for Ryj’"/n in terms of-uniformly 
bounded expressions. It may be assumed, therefore, that it is uni- 
formly bounded in H and that Ryj’/n is pointwise convergent. But 
|| Ryi’|| is uniformly bounded, so Ry4’/n must approach zero. If y is 
the limit of y,, then Ly’’+ V(y’)+Sy=g, and this equation holds in 
the poiniwise sense, and all terms appearing are continuous. 

If g does not have a bounded derivative, let g; equal the first ¢ terms 
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in its Fourier series, and we can satisfy the equation for g,. If y, and 
y, correspond to g; and g;, let z=y,—y,; then Le’ + V's’ +Sz=g,— gj. 
By Theorem 3a, alle approaches zero as # and j approach infinity, 
so y, converges in Q to some y. This y satisfies the equation for g, 
and the proof that a solution exists is complete. 

To prove the uniqueness of the solution, we note that if z is the dif- 
ference of two solutions, then Ls’’+ V’s'+5Sz=0. Theorem 3a shows 
directly that z=0. 








THEOREM 6. Suppose that all solutions of equattons (3) are such that 
y'0 as t>». Let yı be the periodic solution of equations (2) when g 
is a function with a bounded first derivative. If yı is any other solution 
of these equations with a continuous first derivative, then fo lyt — y2 ||a: 
<a. 


Proor. This is a special case of a theorem which the writer proved 
in a previous note [1].! To apply this theorem here it is necessary to 
know that y/ is continuous, but this is apparent from the proof of 
Theorem 5. In the previous note it was not explicitly stated that V 
could be a function of the time. The proof, however, remains un- 
changed for this generalization. : 

A later note will consider similar theorems for networks of linear 
resistors and iron-core inductors. 
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ON THE SUMMABILITY OF CERTAIN ORTHOGONAL 
DEVELOPMENTS OF NONLINEAR FUNCTIONALS 


R. H. CAMERON AND C. HATFIELD, JR. 


1. Introduction. Using Wiener’s! method of integration in func- 
tion space, Cameron and Martin? have constructed a set of closed 
orthonormal functionals in the space of nonlinear functionals which 
are Wiener measurable and whose squares are Wiener summable. It 
is the purpose of this paper to investigate the infinite-dimensional 
Abel summability of the orthogonal development of a nonlinear func- 
tional in terms of these orthogonal functionals. 

The space of functions over which Wiener’s integral operates is the 
space C of functions x(t) defined and continuous on 0SiS1 and 
vanishing at #=0. The whole space has measure unity, and measure 
in this space is built up in exactly the same way as ordinary Lebesgue 
measure, except that the definition of an interval and its measure are 
different. 

Wiener defines an interval Q, or as he calls it, a “quasi-interval” in 
his space by the inequalities 


Q: ay < x(t) < Bi j=1,:,n, 


where 4, ++ - , fa is any finite set of numbers such that <h <&< - - - 
<t S1. He defines the measure of Q as 


2 2 
h (k-E) (En — Eni) ] f 
ole a eR De de 
| h h— h by — bya 3 $ 


and shows that this definition is self-consistent and leads to a satis- 
factory measure for general sets, in accordance with the usual defini- 
tion of Lebesgue measure. After measure is defined, the usual 
Lebesgue procedure gives a satisfactory definition of integral with 
all the usual properties except invariance under translations and 
simple behavior under magnifications. Measurability and summabil- 


Presented to the Society, February 28, 1948; received by the editors February 16, ~ 
1948. 
- 1 Generalised harmonic analysis, Acta Math. vol. 55 (1930) pp. 117-258, esp. pp. 
214-224. 

2 The orthogonal development of non-linear functionals in series of Fourier-Hermite 
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ity of functionals are defined as usual. It is convenient to denote the 
Wiener integral of a summable functional F(x) over a measurable set 


S by 
f F(a)der. 
8 
In particular, it has been shown that if 


Fa) = f OR f CO 


where {a,(¢)}, j=1, 2,---,m, are orthonormal and of bounded 
variation, then provided the second member exists, 


F(x)dos 
c 


= el ZS [se ee) EB (= ut) a «<o Um 


kel 


(1.1) 


Convenient Fubini theorems enable us to interchange order of 
two Wiener integrals or a Wiener integral and an n-dimensional 
Lebesgue integral in the ordinary way. Thus the integral has the usual 
satisfactory manipulative properties. We denote by La(C) the space 
of measurable complex functionals F(x) such that 


J | F(x) aux < ©. 


An orthonormal set of functionals { Fn} is of course defined to be a 
set such that i 


f COLO E 98S T 
el 


where ô; is the Kronecker delta, and such a set is closed if for each 
functional GELs(C) and a given e>0, there exists a set of constants 
Cy, C2, > + , Ca such that 


f _ (ew = Dora PEE 


A C.O.N. (closed orthonormal) set of functionals can be constructed 
as follows. Let ai(t), al), +++ be a C.O.N. set of real functions on 
0stsi1 and each a;(t) of bounded variation, and let H,(u) be the 
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partially normalized Hermite polynomials 
2 d” 2 
Halu) = (— D)r2 (nhe — (e), n= 0,1,2, 
du” 
Let 
1 
Pn, p(X) = na| f asda |, m= 0, 1, sips 1, 2, er 
0 
and 


Emeeen) = Yan mpn,0(8) = Pma) +++ Om, p( 2). 


This is called the Fourier-Hermite set of functionals. As the above 
notation indicates, any number of zero subscripts may be added at the 
end of the already given list of subscripts without changing Y, because 
Holu) =Po,,(x) =1. Thus the entire set of the V.,,....., without repe- 
tition consists of 


Wo; 

{Ym}, ; m, =1,2,+++; 
ass m=0,1,2,..,m=12,:.-; 
ER reer 

Wan m = 0,1,2,+++ foré=1,2,---,p—1,m,=1,2,-+°5 


Despite our complicated set of subscripts, this is still only a count- 
able set of functionals. It has been shown? that this is a C.O.N. set 
over L:(C), Thus, if F(x) GL2(C), its Fourier-Hermite coefficients are 
defined to be 


Amen = | F(x) Wan, ++ +,my(%) do, 


and we have 


N 
F(a) — Do Amen) | dox = 0. 


my 


lim 


Now c 





Thus the Fourier-Hermite development of F converges in the sense - 
of a limit in the mean for L:(C) to the original functional. However, 
this does not tell us that it converges in any sense at all for any given 
fixed function x, just as convergence in the mean for a Fourier series 
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does not provide any information at all about the behavior of the 
series at a specific point. The convergence of the Fourier series at a 
fixed point requires more specific information about the generating 
function at that point, and it is reasonable to expect that much more , 
would be required in the case of the functional. It is not at all clear 
what the analogue of the notion of bounded variation should be in 
order for us to carry through a pointwise convergence theorem in 
L;(C). However, if we are content to establish summability of the 
Fourier series of a function at the specified point, then we do not need 
bounded variation at the point, but only continuity; and continuity 
does have a satisfactory analogue for functionals. Since our orthogonal 
functionals are given in terms of Hermite functions, our summability 
will depend on a formula for sums of products of Hermite functions. 
Such a formula has been given by Wiener,’ for Je] <1, - an <x< 9, 
—æ%<y<%, namely, 


(1.2) F plaa) = K(x y, À 


Aryl (1 +P 
~ = pa- A} exp 9 = — =] 


where 
(1.3) Pal = HH, (ae, n=0,1,-'-. 


Wiener showed that this series converges absolutely when |4| <1 and 
that for fixed £ such that || <1, the series converges in the mean 
in x and y to its value. It also converges in the mean as a function of 
x for almost all fixed y, and vice versa. 

The fact that (1.2) involves powers of ¢ led us to investigate in- 
finite-dimensional Abel summability for the Fourier-Hermite series. 
We now state our main theorem. 


THEOREM. Let C be the space of all continuous functions x(t) on 
OStsS1 such that x(0)=0. Let F(x)=F(x(-)) be a bounded Wiener 
measurable functional (linear or nonlinear) for xCC, and let F(x) be 
continuous in the Hilbert topology at xoE&C, that ts, 


| F(x) — F(x)|<¢ when f [x(d — xolt) at < 5%(e). 
Let 


3N. Wiener, The Fourier integral, pp. 55-67. 
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1 at 
Wang, eymy(*) = Hm, f 21/3 cos rs dx(#) 
0 


1 3at 
anf 21/2 cos I 2) 
0 


ut am (f 2" cog DRE =), 


and let 
Asa, f BBN omy a 
then 
Fle) = lim DA lan). 


Now rp1-0 my... my 


(Remark. The reader will note that we have specialized the func- 
“ tional Y by taking the C.O.N. set {a,(t)} to be 


3 — 1m 
. (1.4) ee 


j=12-- 
It was found necessary to take advantage of the special properties 
of the cos (j—1/2)ri. In particular, these functions satisfy the 
boundary conditions a;(1) =a/ (0) =0. It is hoped that later investi- 
gations will make it possible to use less specialized a;(é).) 

Using the fact that the Abel mean is regular for one-dimensional 
- series we shall prove also the following corollary on pointwise con- 
vergence: 


COROLLARY. If we assume, in addition to the hypotheses of the theorem, 
that for each positive integer N 


(1.5) 2. A Unser lt) 
m... my 


converges absolutely, then 


(1.6) F(a) = lim Ir. Ann rn leo 
N> mj, mya 
2. An integral expression for the difference D(x.) between a func- 
tional and its Fourier-Hermite partial sum. In order to prove our 
main theorem stated above we proceed to sum the Fourier-Hermite 
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series with appropriate powers of X as the weight factors. Putting > 
x=y and f=)? in (1.2) we get 


K(x, x, ù = > Kyle) = = mame es 
n=O am 


and hence the series 

rel) = me K(x, x, i) 

n=l 
converges absolutely when lal <1. If we replace x by Saus(ddxo(t) 
.and understand by a;(t) the specialized functions of (1.4), then when 


EC, 
I Èa ( fata) 
(2.1) ” > en, an Í as(aze() 


anf. “an(bdza()) 


2(mit. etma) 2 
2 Z a As Par my(%) 
ee een 
converges absolutely for |A| <1. Since the functionals {W,.,...,my(x) } 
form a C.O.N. set in the space L,(C), we may use the Riesz-Fischer 
theorem for that space. Thus 


(2.2) LIM. DOO AEO HANG n,o my3) Emina) 
How mu, yO 

exists, since (2.1) shows that the sum of the squares of the coefficients 

of Fmi,- -my (£) in (2.2) converges. Since F(x) is bounded and Wiener 

measurable, F(x)CLs(C), and this with the existence of (2.2) 

justifies the interchange of order of integration and summation in: 


0 


f FD O A 0) det 


mut myd 
(a3) = PO mkta f EON OT E: A ES 
Mise -emyl 6 


oo 


X, AmE ERNA ni). 
Mr i 
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Thus the convergence of the last member of (2.3) for all x, and for 
|A| <1 is established. In the same way that we proved the absolute 
convergence of the last member of (2.1) we can show that the first 
member (as well as the second and third) of the following expression 
converges absolutely: 


i) 


SE ba ml) Yan my(%0) 
my) 


ef “ax(béa()) 


my. +) ys 


en El f and) 
Hm( Í. oada) Nr Hay ( f ander) 


= n| amd, ( f ‘ ROLLO) 


ml Om,=0 


Hn ( Í i adaz) | 


In view of (1.2) and (1.3) we have 
K(x, y, 2) = Dr Be REDE): 
n=( 
so that 


Do MH (2) Hay) = ate DRE (a, y, 1) 
(2.5) 
2xyt — P(x? + y? 
2 = an exp 2] 


- Thus replacing £, x, y by A, foa,(é)dxo(é), foc,(¢)dx(#) respectively in 
(2.5) and substituting in (2.4) we get 


> ymt: . ENY wy ea myl 2) Um, ... ‚ny(%0) 


(2.6) mu My : ; : 2. 
_ fifa A pe -N (m + 5) \], 
it 1— 


where 


, 
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(2.7) u; = MEO ġ& = f a,(#)dxo(#), #=1,2,-- 


We now substitute (2.6) and (2.3) and obtain 


wo 


> AME EANA mi, mym wer my(£0) 


mye mye 
(2.8) N Au — X (14: + &) ] 
— ld. 


= (1 - »3)-¥/2 f RG) exp [ > 


al g 1 =. `? 
If we specialize F(x) for the moment by making F(x)=1, then 
since Fo,o,... 0 =Y = H0=1, and all the other W’s are orthogonal to 
%,, we have Ao,o,...,0=1, and all the other A’s are zero. Hence 


N Mu — Nas + th) | Jaai 


(2.9) M- af 1-exp | > 


ial 1—» 


with u; given by (2.7). Then we may multiply through by F(x) in 
(2.9), subtract from (2.8), and obtain 


oO 


D(x) = > AmE PNA mg, my Yan my (80) — F(x) 


(2.10) ner 2,2 2 
7 mau — A (th, + $i) 

= F — 0 So ee ea A dy ’ 

af ro ~ Med] em |X | nt 


int 1- X 
where 


(2.11) a = (1 — 9-9, 


We have now obtained an integral expression for the difference 
D(xo) between a functional and its Fourier-Hermite partial sum, and 
we shall establish in the following sections that D(x,)—0 as A>1—0 
and N> œ. 


3. Domination of D(x») by a sum of integrals J. To prove that 
D(x0)—0 as A—>1—0 and No, we first choose an arbitrary e>0, 
then break up our space C and express it as a sum of sets S; character- 
ized by certain inequalities, and finally dominate D(x) by a sum of 
integrals 7; taken over the sets S;. 

Choose e>0. Then there exists a 6>0 such that if 


(3.1) f i [z() — Pat S 8%, | F(x) — F(a) | < €/3. 


_ \ 
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We let Sy denote the set of functions x(t) satisfying this first in- 


equality: 
S= F, { f [eH — zul) edi < a 


The complement So‘ of So will then consist of all x(é) satisfying the 
reverse inequality: 


(3.2) Ss = E, { f [2() — xoli) Pas > at. 


Let 
3 D -1/3 
-—(1+ f 041) 
2 ; 
so that 
afta ô? 
(3.3) vf da << —- 
i 4 


Choose Ny so great that 


© 1 2 6? 
(3.4) 2, ( Í. px) 40d) < ae 
where 
(3.5) _ BÒ = 2 sin (7 — 1/2) art, j=12 


This can be done since this sum is just the latter part of the (neces- 
sarily convergent) Parseval sum for foxg(é)dt. Now let xı($) be the 
finite-sum 


x( = 28, B,(s)xo(s)ds, 


and x(t) =«o(t) —xi(t). Thus 
0 if js Mo 


f B(x if 7 > No, 


8.7) J ee = pe [ f CEI < ~ ; 


1. 
(3.6) f Oad = 
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We now have from (3.2), (3.3), and (3.7) that when x(#)GSq’, 


J ea J ' (nat — 4 Í oa > a 


or by the Parseval equation 


ai f sola - aola} elf Baai 
= a f CE ] > Z, 


and by integration by parts (using (1.4) and (3.5)), 

> (SaDa 0 1-4 
jel a(j—1/2)? 2 
Note that the sum on the left would still converge if the numerator 
were independent of j and the denominator involved (j—1/2) to the 


3/2 power only. Let us therefore investigate the least upper bound 
of the product of the numerator and (j—-1/2)—/?: that is, let 


er eo ol So, din) } —4 u] 
as G—1/D"? 


Then we have (whether 7 is finite or + ©) 





Di us 
i zY(j — 1/2) 2 
and 


r 


OR GON 
a" 


= 233 4 282 < 6, 


n > 


But 
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n > 3962/12 > 87/2, 


By definition of n, whether y is finite or infinite, there must exist 
“ some value of i, say =tio, for which 


8 _ LYecu(t)d [2 — vol) ]} #1? Soa (drh) #4 {Siada 
2 (i—1/2)1/3 


so that if 
(3.8) u; = f edddut), g= f a()dn), E = f dx), 


we have for xES," and some corresponding value of į (namely, the 
to chosen above), 


8? 1 1/2 ‘ 
(n 8)" > eb - >) EET 


Since 
(¢+6+c)? S$ 3(a? b H c’), 
we have 
175 1 \14 
e-l > lan) telele] 





o ane-a ; 
>—(i--) +> Hl] +161. 


_ Thus if we denote by S; the set 
1 
S, = p {|f aiD -is 
0 
6 1 \ 1⁄4 1 
>—(i--,) +5elel+lerlt 


3 2 





(3.9) 


for 7=1, 2, 3,--+, we have 


ep bore 
foul 


(3.10) C= +} S=} S; 
` j=l {=d 
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Now if we let 


Leaf Ira) = Fao 


8; 
N. Dmt, — N (u + E) 
‘exp P eet dX, 


(3.11) 


. then we have by (2.10) and (3.10), 
(3.12) | D(z) | Ss DT: 
par) 


In the following sections we shall obtain suitable estimates for the 
integrals 7;,. 


4. One-dimensional integral expressions for the Wiener integrals 
I;. It is easy to see from (3.1), (2.9), and (2.11) that for I, we shall 
have - 


= N utd — : + 
n<Ża f exp p a ee 
So 


1- X 

(4.1) P (u 
Pe fon peek es 
~ 3 c "R ml 1-72 i 3 


Consider now /;, for j>0. Since F(x) is bounded by hypothesis, 
there exists a number B such that | F(x) | SB. Then from (3.11) 


2, 2 2. 
I N Maui — X w, +$ 
1; $208 f exp RT han 
8, tok == 


Sl om [zu exp {- > rn 


8, ino ER 


The Wiener integral on the right depends on the u,asi=1,2,---, N 
and on u,; that is, it depends on N linear Stieltjes integrals 


1 
Up = f alddxlt), k=1,2,::-,N, 
0 
if j SN, while if j>N, it depends also on the additional 


je f ,(ddxl). 
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These Wiener integrals can be evaluated by (1.1), and present cor- 
respondingly an N- or (N+1)-fold Lebesgue integral. Let now 


F ô /, 1 \1/4 1 
ang ee) ee, 


0, otherwise. 
Then we have by (3.9), (3.8), and (4.2) 


De} w 
I; s 2Boa-weon f er f le 
u) _o 


(4:3) X es 
Mu yo 
I;s Bo [ se [re 
(4.4) "Ob 0)! 
“exp {= SS ban -dox (Gj S N). 


In the case of the (N+1)-fold integral of (4.3), we have N factors 
of the form 


(4.5) f Sa 


and one of the form 
f le, 


For the N-fold integral of (4.4), there are N—1 factors of the type 
(4.5) and the other one (for v,) is 


° (AE; — 0)? 
fx exp {- EIE ar 
The integrals of type (4.5) are easily evaluated, and we get for each 
one (r(1—X?))Y3, Thus we have (remembering (2.11)), 


2B G 
69 DSE f xil) do G >N), 


| a8 ope CERAN 
UD uso aaj ehe Gsm. 


4 
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5. Estimation of I; for the case j > N. In this section we shall re- 
fine our estimate for I; for j >N. We take now N >N, (see (3.4)) and 
note that since j> N >N. we have, by (3.6) and (3.8), & =£; and 
hence by (4.2) if x,(v) =1, 


ô /. 1\l4 1 
»-&1>-6-75) +zelältlel 


2 
8 1\1/4 
=—(i--) +l&l. 
Thus, x;(v) =1 implies that 
5/. 11 
= 236-7) + 


so that we don’t decrease the integral in (4.6) when we drop x,(v) 
and integrate over the v defined by (5.1). Thus 


2B © ; 4B 5 /. 1, 
(5.2) ssf e do = — erfe 4— {|} -— h, 
wilt 8(F—-1/2)V473 gil? 3 2 


where 
erfc (M) -f edt. 
M 


We note that this estimate of I, is independent of X. 


6. Estimation of J, for the case js N. In order to reffne our 
estimate of J; in this case we make a change of variable in (4.7): 


UTA 
es (1 — 912 at 
so that the integral of (4.7) becomes 


foam a 


(6.1) : 
= (1-91 f xls — AH AE Jets, 


nn) 


If 1>\>1—p/2, then 
(1 ry IEA s 271a | &l, 
and if x;(s(L-M)!?-A&,)=1, we have from (4.2) 
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| s(1 - A912 + (A — 18, | >ù; -5) + Selene 
: 3 2 j 7 


2 
ô 1 \14 Lb 
2 — GER 7 15 
= ( >) 1 2 lë: 
Thus 
(6.2) js(1 — x)| 2 fi - x) 
` a a)? 
that is, 
i Slj — 1/2)14 
war, 
3(1 — A212 


so that we don’t decrease the integral in (6.1) when we drop x, and 
integrate over the set of s defined by (6.2). Hence we obtain for 
jsN and 1>\>1-u/2 
4B p°” 4B òli — 1/2)1/4 
(6.3) I; S — eds = — erfc {ee . 
THES gejayan) gil 3(1 — At)32 
7. The final estimate for D(x). We now combine our estimates for 
I;, making both assumptions of §§5 and 6; in particular, that N >No 
and 1>A>1—y/2. Then (5.2) holds for 7>.N and (6.3) for j SN. We 
have then 


w0 


Et 





= 3(1 = x42 
: a ô 11 
+ ee) tI 
` Since 
o am 
orte (M) = f eat < ae (M > 0) 
it follows that 
BIER Sao {= aj — 1/2) 
ye a ige 1/214 O41 — 1$) 
2B © 3 — Xj — 1/2) 
nz, 5(j — 1/2)"4 j { 9 } 
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But the sum in the second term on the right above converges, so 
that we may take N, (2 No) large enough to make this term less than 
e/3 for N>N.. Moreover, the series of the first term on the right 
converges for all \, 0<A <1, and each term of this sum is decreasing 
in A as A—1—0, and has the limit zero. Thus the first term on the 
right of (7.1) has the limit zero. We may therefore choose A, in the 
interval (1-4/2, 1) so that the first term is less than e/3 when 
A.<A<1. Thus when N>N. and \.<A <1 we have from (3.12) and 
(4.1), 


| Dim) |S Z Ir < e. 

fen0 
Referring to the theorem of §1 and the definition of D(xo) in (2.10), 
we see that the theorem is established. 


8. Proof of the corollary. The regularity of the Abel mean for the 
one-dimensional case, together with the absolute convergence of (1.5) 
assumed in the hypothesis of the corollary, at once permit us to write 


lim Dar An) 


A120 nel mite Henn 


e , 
= Dee Aue) 
Am0 mit’ +myen 


w 


= > Ama: Um my(Xo): 
m “myd 
Now let e>0. Then by the theorem there exists an N,>0 and a Ay 
in (0, 1) such that when N>N, and Ay»<A<1, 


oo 


F(xo) -$ > AN mo) 


mr mye 


(8.1) <e. 








Taking the limit with respect to à in (8.1) we get 


© 


F(z) — %  AmeremyYnuemyl%o) 
mjret tl) 


But this establishes (1.6), and hence the corollary. 


Se 








THE UNIVERSITY OF MINNESOTA 


SUMMABILITY WITH A GOVERNOR 
OF INTEGRAL ORDER! 


| G. MILTON WING 


1. Introduction. In this paper the method of summability with a 
governor, introduced by G. Piranian [5],? is generalized, and the 
effectiveness of the new methods is compared with that of the Cesäro 
methods of integral order. 


2. Preliminary theorems. We shall consider throughout this paper 
an arbitrary formal series 


(a) > Gj. 
0 


Using the notation ss= I}. aj, we consider the standard Toeplitz 
_transformation 


$ (1) On = >; Dis; 
0 


The following theorem is well known. 


THEOREM 1 (SILVERMAN-ToEPLITZ [8, 9]). A necessary and sufi- ` 
cieni condition that the transformation (1) be regular ts that the following 
hold: 


(a) >| bn | <M, M independent of n, 
pa) 
(B) lim bay = 0 for all j, 
(y) lim >> Dar =1. 
no je 


Consider now an arbitrary sequence An} of nonnegative terms, 
not all zero, and set A„= > %9 Ay. Then A,>O for all sufficiently 
large n. If, for these n, we let baj=An—s/An for jsn and b,,=0 for 
j>n, then (1) becomes 


Presented to the Society October 25, 1947; received by the editors August 30, 
1947, and, in revised form, January 26, 1948. 

1The material of this paper forms a part of a thesis, prepared under Professor 
W. Seidel and presented in June, 1947 to the Graduate School of The University of 
Rochester in partial fulfillment of the requirements for the degree Master of Science. 

3 Numbers in brackets refer to the bibliography at the end of the paper. 
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1 n 
(2) an = — Dy Sint 

An f=0 
(For the finite number of cases in which A,=0 we define e, to be 
zero.) 

If lim„.. On exists we say that (A) is Nörlund summable by means 
of the sequence {A,}, or summable (N, X) [4]. It is easily seen from 
Theorem 1 that (N, X) is regular if and only if \,=0(A,). We shall 
consider only regular Nörlund methods. 

It is known that any two regular Nörlund methods, (N, X) and 
(N, w), are consistent. If, in particular, every series summable (N, w) 
is summable (N, X) we shall write (N, w) C(N, N). 


THEOREM 2 (M. Riesz [7]). A necessary and sufficient condition 
that (N, w) CCN, A), where wo>D, ts that 


> | qi] = Olha), 
0 


and qn=o(A,), where = X 3o w and {q;} is defined by the formal 
relation 


=), rat / Dy wet. 
0 1m0 0 
If we choose w,= Cy+s-1,.-1 (k a positive integer) the method 
(N, w) becomes the classical Cesäro mean of order k, or (C, k) [1]. 


Defining AA, =A»—An_ı, and, inductively, AA, =A), A Ap 
with A,=0 for n<0, we obtain the following results: 


COROLLARY 1. A necessary and sufficient condition that (C, k) 
C(N, N) ts that 


(3) 2c ir | A‘, | = O(An). 
fxd 
To see this we observe that 
D wei = DV Che = (1 — DH, 
Pan rar 
so that 
amt = (1 — a)! =D (Amar, 
et io par 


Hence gj=A*);. Further, Qa= > 7.9 Cheuı= Cars... Finally, since 
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An=o(A,), it is clear that A*\,=0(A,), and Theorem 2 yields the re- 
sult. 


COROLLARY 2. A sufficient condition that (C, k)C(N, N) is that 
An Z0 for all n. 


Here we have 


Dc -rke | APA, | = by Cars {AP Ar; _ AE), 1} 
rnd yal 


n—l 
= J, Cota Cai ipt AFA; + An 
imo 


= J, Crea eA). 
you 
Repeating the argument k times we find 
D Caper | A| = D A S Am 
j=0 fend 
so that (3) is satisfied. 


One more useful corollary is now obtainable. 


COROLLARY 3.3 If the sequence {da} is such that the sequence {An} 
(n=0, 1, - - - ) kas at least one but only a finite number of negative ele- 
menis, a necessary and sufficient condiiion that (C, k)C(N, N) is that 
n*=O(A,). 


Let A*\, 20 for all n> No. We write 


> Cn—p+b,b | AP, | = >» Carr AA 
1m0 


Eli] 


x 


No 
+ DW Canai | A*,{ Aa] 
r=0 


No 
= An + >) Cr-ien{ | A| — AR}: 
fer) 


Since Cy,.~n*/k! the result is obvious. 


3. The method (G, k). We shall henceforth consider the series (A) 
under the additional stipulation that not all a,=0. We define 


3 A weaker result was originally stated. The author is indebted to the referee for 
the improved formulation. 
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p2(0) = CAR and, by induction, pa(k) = > jo p;(k—1), and set 


1 
x — nik k= 1). 
(4) Gr(k) = (b+ & >: ssPn-i(k) ( ) 
“(For the finite number of cases for which p,(k-+1) may. be zero we 
define G„(k) to be zero.) 

DEFINITION. If lim... Gn(k) =o exists and if lima.. Pn(k)/Pa(k +1) 
=0, the series (A) is summable to ø by means of a governor of order 
k, or (G, k) summable to of 

The method (G, k) reduces to the method (G) of Piranian when 
k=1. It is easily shown to be a regular Nörlund method. A stronger 
result is the following: , 


THEOREM 3. For every positive integer k, (G, k) C(G, k+1). 
Let (A) be (G, k) summable to ø. Since 


1 
Ga(k + 1) = LED > SyPa—i(k + 1) 


1 
Ey; 2) EDIE. Ae) 


a +2) a? 2 Be 


= >> Galt) bulk + 1) 7 È palt +1), 


the sequence {Ga(k+1)} is obtained from the sequence {G,(k) } bya 
Riesz transformation (R, q) with ga=pa(k+1) [2, 6]. Further, 
lima-o Pr(k+1)=-+ so that the transformation is regular and 
liMa -o Gn(k+1) =o. 

That lim. Pa(k+1)/pa(k+2)=0 follows from a result of 
Piranian [5, Lemma]. Thus (A) is (G, k+1) summable. 

All of the results known for summability (G) are readily extended 
to the case (G, k), although the details are frequently tedious. Since 
the topic of greatest interest here is the relation between Cesäro 
summability and the new method we shall not investigate these 
extensions. The next theorem will, however, prove useful in our 
work. When two or more series are under consideration we shall use 


4 For the sake of completeness we may agree that a series with all zero terms is 
(G, k) summable to the value zero for all positive integers k. This will be entirely 
consistent with all further work. 
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, the ‘notations balk; a), sn(a), Ga(k; a), and so on, to refer to the 
~ serieg (A). 


THEOREM 4, Let (A) be such that lim... Ga(k; a)=o and 


(5) lim > Cy—j+4-1,4-18,(4)/Pa(k + 1; a) = 0. 
no jao 
Let 
(B) Sb 
par 


be such that bj =a, for ji (i fixed) and b;=a,+h. Then, in order that 
limpsoGn(k; b)=o-+h, it is necessary and sufficient that the condition 
lim,.„Dda(k; a)/dn(k+1; a) =0 hold. 


We first observe that 


dar) = È Ce nmantı) 
(6) p 


" 
= > CH-Hr-1r-1 | aj | ? 
f=0 


as may easily be verified by induction. Thus 
Sa(b) = Sala); Pals b) = palr; a) (n < i;r = 0); - 
Salb) = Sala) + h; 

palr; b) = palra) + {fla t h| | a) Ian (#2 iraa 


Hence, for n 24, 











Pots), that hl ~ Lael | 
pall; a) pal; a) 
while for n25, r=2, 
alr; b) Cn—itr—1,r—1 
=1 Pee ee ee SE i 
Palr; o) = | ur | | al ' Capri 


Ci-tie 
25 Ca—rtr—2,r-203(1; 0) l 
jm0 


Since only the case of divergent series is of interest we may assume 
that lima. Pa(1; a) = + ©, so that 
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> Ca #r-s,r-3P:(1; a) 
(7) In ee +o. 
n>“ Catr-ur-1 F 
Therefore, ,(r; b) = {1-+en(r)} palrs a), where limnsoéa(r) =0, r21. ' 
Now, for n>i, 


kad 


2 Silb) bnk; b) 





i=0 
= I 840) tas a) + [la+h|— | a; on} 
+ È skopali a) + AL balki 8). 
jen—i+1 imi 
Thus 
ie, Ga(k; a) _ 1 7 
eels 1+ elk + 1) i A balk + 1; 5) mbH D) 


mt 
> Ca-i-5+3-1,6-15;(0) 


{ler+ A] lel} kt) m 
1+ ¢(k +1) Palk + 1; a) Ink + 1; 0) 


Since 0Sp,-:(k+1; a)/pa(kR+1; a)S1 the third term approaches 
zero, by (5). The result now follows readily. 


4. Relation between (G, k) and (C, k) summability. 
THEOREM 5. For every positive integer k, (C, k)C(G, k). 


Let us assume that (A) is summable (C, k) to o. That is, 
we have lim... Tn(k)=o, where Ta(k)=Sa(R)/Cate,e with 5,(%) 
= 7 oCa—s+4-1,4-1 S; From (6) we have 





n n aj 
25 Sipa—i(k) = >, si, Cs ün—j—r 
f=0 13m0 rm 
n Ei 
(8) = È | ani] D Cig et e-ass 
0 v0 


= D, | an| Coral ib). 
el 
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i > ani | Cina TCh) 
(9) Gal) = — 
2| üni | Cite 


Now (9) represents a Toeplitz transformation applied to the con- 
vergent sequence {T.(k)} where, in tbe notation of Theorem 1, 


C 
el Cerna _ ER 


E | anil Cr: 
fon 
bni =0 (i > n). 


That conditions (æ) and (y) of Theorem 1 are satisfied is evident. We 
need investigate only condition (8). 
Let 0,20. Then, for nm, 


n 
> | | Cree Z | On | Ca—m+k ke 
j0 


Hence 


—i C, ' ` 
[ani] Corre (n = max (i, m)). 


bar S 
; | Am | Cy—m +k, k 
But, since (A) is summable (C, k), a.=o0(n*) [3, p. 484]. There- 
fore, lim... bn =0 for all s. Thus (9) is regular and lim... Ga(k) =o. 
The condition lima... Pa(k)/Pa(k+1) =0 must still be established. 
We consider the series (B). Since (A) is (C, k) summable to a, (B) is 
(C, k) summable to o+-A. Further, 
1 a Catk,k 
lim ——— D Cpm, = lim T,(k; {re \ 
ER ee a aaa 
= 0, _ 
since the bracketed expression approaches zero (see (N). Therefore 
Theorem 4 applies and lima... Pa(B; @)/Pa(k+1; 2) =0. 
THEOREM 6. For every integer k>1 there exist series (G, k), but not 
(G, k—1), summable. 
We establish this result by example. Choosing the integer m such 
that m>k-+1 we consider the series Ir. d; for which 


5 That there are divergent series which are (G, 1) summable is evident from 
Theorem 5, 
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Sanl k = 1) = Canthi, k—1 (n = 0, 1, 2, aeS ), 
S,(k — 1) =0 (pb = mn). 


Recalling that S,(1)= > %o sj, Sfr) = Ir. Sir—1) for r>1 [3, 
p. 466], we compute 


Sma(k — 2) = Cars (n = 0,1, 2,---), 
Santı(k = 2) SR Catk-1,b-1, 
S,(k — 2) = 0 (p = mn or mn + 1). 


Repeating the argument we eventually find 


Santi = (—1) Cri, Care (n = 0,1,2,--- 5057 S k — 1), 
Sp = 0 i (p = mm +j), 
with 
danti = (—1)'Ce, Cnt, (n = 0,1,2,- ;0 Sj <E), 
` =0 (p = mn + 7). 
We notice in particular that da,u=0 (n=1, 2, 3,---+). There- 


fore, > 725" |d| Sen sı(k—1)=0. To see this we Bias that 
Swn—j1(R —1) 0 only when mn—j—1=mp, p an integer, and here 
j=m(n—p)—1, so that d;=0. Therefore, by (8), Gar—1(k—1)=0 


(n=1, 2, 3,---). Hence, if lim... Ga(k—1) =o exists, then ¢=0. 
But, for r such that mn Sr<m(n-+1), S-(k) = Cay»,», and thus 
Cy S,(k Cate, 
ER LEN E 
Cmintitk e  Cr+kib Cmntk,k 


Therefore lima... T»(k) =1/m*, so that >°7., dy is (C, k) summable. 
By Theorem 5, then, the series is also (G, k) summable and 
limps Ga(k) =1/m®. Finally, if >>, d; were also (G, k—1) summable 
to g, then ø would be 1/m*. This cannot be the case and our series 
therefore has the desired properties. 

We have seen that the method (G, k) is at least as effective as the 
-method (C, k). We shall-now determine conditions under which 
(G, k) is stronger than the corresponding Cesäro mean. 


THEOREM 7. Let (A) be (C, k) summable. Then, in order that (A) be 
_(G, r) summable, r<k, it suffices that mss» Palr)/Palr +1) =0 and 
that any one of the following conditions holds: 


© È Carnal AH a) | = oe + D): 


(II) Ar| an|) 20 for all n; 


(III) There exists an No such that At*(|a,|)20 for al n> Ny and 
n*=O(p.(r-+1)). 


To obtain these results from the corollaries of Theorem 2 we merely 
notice that 


Atpa(r) = AHH bal) — Dal} = Aplr — 1) 
= +++ = AP H(1) = Aè |). 


It is interesting to observe that Theorem 5 could be obtained 
from this result if a direct proof that (C, r) summability implies 
lima. Pa(t)/Pa(r+1) =0 were available. The author has been unable 
to find such a proof. 

We conclude by giving a new proof of a theorem due to Piranian 
[5, Theorem 8]. 


THEOREM 8 (PIRANIAN). Let f(x) be a polynomial with real coefh- 
cients. Then 


(10) Din) 
jet 


is (G, 1) summable. 


Let f(x) =a +a! - - - +a,, where a)>0. It is known that 
(10) is (C, k+1) summable [3, p. 479], and that A*f(n) =aok! for 
n>k. Further, there exists an No such that f(n)>0 for all n >No. 
Hence, for »>max (k, No), A*(|f(n)|) >0. Finally, we have 

Pa(2)~aon**?/(k+1)(k+2) and Theorem 7 (III) yields the result. 
For ao <0 we need only consider g(x) = —f(x). 
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THE UNIVERSITY OF ROCHESTER 


ON THE REPRESENTATION OF A FUNCTION 
AS A HELLINGER INTEGRAL 


RICHARD H. STARK 


We derive in this note a necessary and sufficient condition that a 
nondecreasing, continuous function & of a single variable x be repre- 
sentable as a Hellinger integral of the form f3 (df)*/dg. This condition 


was first proved by Hellinger in his dissertation [1].! Other proofs ` 


have been given by Hahn [2] and Hobson [3], who transform to 
Lebesgue integrals and make use of Lebesgue theory. Hellinger’s 
proof and the less complicated proof given here have a certain sim- 
plicity in that they avoid reliance on these notions and even remain 
entirely within the range of monotone functions. 

We consider nondecreasing functions of a real variable x on the 
interval 0Sx <1 (henceforth denoted as [0, 1]). For such a function 
f(x) and a closed interval A with end points x, and x (xı S%2), we de- 
fine a new function fa(x) to denote the length of the interval on the 
f-axis determined by the interval on the x-axis common to A and 
(0, x). More precisely, denoting 


f(z £0) = lim f(x + | k]) if0< 2 <1, 
0 


{0-0 =f; fa+0) = fD, 


we define 
0 if OS “¢< m1, 
(1) Jala) a if v S43 m, 
fx + 0) ifa<ax Si. 


Received by the editors January 30, 1948, 
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The interval [f(xı —0), f(x»+0)] on the f-axis will be denoted as f(A). 
We retain the notation Af for the proper difference f(x) —f(xı). 

Given sets {E;} C [0, 1] for which the symbols fz,(x) and f(E;) have 
been defined, we define 


J 22,(2) = 2 feka) 
JOLE) = LE) 
Js-3.(2) ic fa,(x) == a 
f(E: — Es) = f{Eı) — (Ei) 
The sets which we shall consider will be constructed from sets of 
intervals in a manner such that (1) and (2) will assign to each such set 
E a function fz(x) called the measure function of E on the f-axis 
and a set f(E) of points on the f-axis. Our fz(1) is just the measure 
with respect to f(x) of the set E as defined in [4; p. 277]. It is immedi- 


ate that if f»,(x) denotes the measure on the fz(x) axis of the set D 
on the x-axis, then 


@) Jar(&) = fr-v(2). 


We now consider functions f(x), g(x), and k(x) which are nonde- 
creasing and continuous in [0, 1] and satisfy the inequality 


(2) } if Er Ej = 0 when tj. 


if E C Ey. 


(4) (Af)? S AgAk on every subinterval A of [0, 1]. 


Let M be an arbitrary set on the x-axis. For arbitrary e>0, the set 
g(M) on the g-axis may be enclosed in a set J, of countably many 
mutually disjoint intervals d; such that the measures on the g-axis 
of the sets g(M) and I, differ by less than e; that is, the inverse func- 
tion x(g) defines a corresponding set x(I.) of the x-axis which we 
denote for brevity as X, such that 


(5) 0 S gxd1) — gull) Se. 


Now for A an arbitrary interval of the x-axis and A; the intersection 
of A with x(d,), we have: 


(6) Mos pe Re 
ind 


But (Acf)?SAgAih on every A; so that from the Cauchy-Schwarz 
inequality: 


(7) ( Dar) s Dae Aih S Agx Ah. 


\ 
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With use of (5) and (6), this gives 


. (8) (Afu)? S AguAh. 


Replacing (4) by (8) and carrying out an analogous argument for a 
set N and the h-axis, we have 


(9) (Afu.m)? S AguAhy if (4) holds. 


THEOREM. To a given pair of nondecreasing, continuous functions 
g(x) and h(x) for which g(0)=0=h(0) there corresponds an f(x) such 


that 
z d 2 
hla) = f a 





i and only if for every set E of the x-axis such that gz(1) =g(1), we have 


hy(1) =k(1). 


For the proof, we use the following elementary properties of Hel- 
linger integrals [1] which hold for arbitrary functions g(x) and h(x) 
that are nondecreasing and continuous in [0, 1]: 


a. Existenceof t(x) = f¢(du)?/dgimpliest(x) = f(d [%(dgdt)"/3)*/dg. 
(10) b. f(x) = Ss(dgdh)!!? exists and (Af)?SAgAk. 
c. The inequality (Af)?SAgAh implies that s(x) =f3(df)?/dg 
exists and (Af)?/Ag SAs SAh if Ag0. 

It follows from (10a) that the desired representation of A(x) exists 
only if it is given by fo(df)?/dg where f(x) = f3(dgdh)"/*. By (10b), 
(Af)? SAgAh. Let E be any set such that gr(1)=g(1). Then from (8), 
we have on replacing M by the complement E of E with respect to 


-[0, 1] and taking for A the interval [0, 1] that 


(11) (fa(1))? S ga(1)k(1) = 0 


and consequently fs(1) =f(1). It follows from application of (11) to 
(9) that 


(12) (Af)? S AgAhs. 


Property (10c) with (12) gives that AsSAhs so that the function 
a(x) =ha(x) —s(x) is nondecreasing and if Ag~0 


0 < Aa = Ahg — As S Ah — (Af)?/Ag 
= ((AgAh)Y? — Af)((Ab/dg)" + Af/Ag). 
Consequently 


A 
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(13) OS Aa = Ahg — As S 2(Ah/Ag)"/3((AgAh)!? — Af), 
if ge(1) = g(1) and Ag = 0. 
We next choose a sequence of divisions D, of the interval (0, 1) into 
finitely many nonoverlapping intervals (that is, no two intervals of 


D, have more than an end point in common) such that each D, is 
formed from D,_ı by addition of finitely many division points and 


(14) I ((AgAh)¥? — Af) <a. 
Da 
That such a choice is possible is implied by (10a). 
For each division D,, we distinguish two types of intervals: 


(15) a. The set Ga of intervals such that Ag2=4-"Ah; 
b. The set Sa of intervals such that Ag<4 "Ah. 


Then from (13), (14), (15), we have 


(16) ta, (1) = 2, Aa S 2-74, 
(17) gs,(1) = Ag S Aral). 
Ba 


We define R, = L;-. Gn and R=lim,... Ra. It is immediate that 
(18) ar(1) = lim ap,(1) < lim a¢,(1) = 0 (see (16)), 


and since R C Ion Sm 

gal) S lim È, gs,(1) = 0 (see (17)). 
Thus R is a set of the type E assumed in (13). Consequently, 0 SAa 
<Ahr, and it follows from (9) and (3) that az(1) Shr.z(1) =0. Hence 
(19) ar(i) = 0. 


The function a(x) is nondecreasing with a(0) =0 and by (18) and (19) 
~ has a(1)=0. Thus a(x) =0, that is, 


(20) s(t) = hp(x). 


Therefore, 
T 2 
(fon) 
j 0 
dg 


s(x) = _—. SS 


is the measure function on the h-axis of a set R of the x-axis. This 
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ra 


integral is actually equal to h(x) if and only if 4e(1)=A(1). The con- ' 
dition that gz(1)=g(1) implies kz(l)=h(1) is surely necessary to ' 


provide that A(x) =s(«), for gs(1)=g(1) implies sg(1) =s(1). On the 
other hand, if gz(1)=g(1) does imply Az(1) =A(1), the condition that 
he(1) =A(1) is fulfilled and h(x)=s(x). This completes the proof. 
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NORTHWESTERN UNIVERSITY 


ON THE EXTENSION OF A TRANSFORMATION 
EARL J. MICKLE 


0. Introduction. In a problem on surface area the writer and 
Helsel! were confronted with the following question. Can a Lip- 
schitzian transformation from a set in a Euclidean three-space into a 
Euclidean three-space be extended to a Lipschitzian transformation 
defined on the whole space? The affirmative answer to this question 
has been given by Kirszbraun.? In fact, Kirszbraun shows this result 
for any Euclidean spaces (see also Valentine).* In studying these 
papers the writer noted that a more general extension problem could 
be formulated and a different method of proof to the problem could 
be obtained. To formulate the more general problem we first give 
some definitions. 

Let M be a metric space, the distance between two points pı, EM 
being denoted by pipe. Let P(M) be the class of real-valued continu- 
ous functions g(t), O0St< ©, which satisfy the conditions: (a) g(0) =0, 
(b) g(#) >0 for ¢>0, (c) for any finite number of points fo, fi, +++, Pr 
in M the real quadratic form DM,  [g(pops)?+e(pops)? 
—g(pip,)?]f,é, is positive. Let gÜ)EP(M). A transformation 
p*=¢(p) from a set E in M into a metric space M* will be said to 
satisfy the condition C(g) on E if, for every pair of points pi, p:EE, 
bitps Sg(pip:), where př =4(p,), #=1, 2. We shall say that $(p) can 
be extended to a set E’, ECE’CM, preserving the condition C(g) if 
there exists a transformation p* = ®(p) from E’ into M* which satisfies 
the condition C(g) on E’ and is equal to ¢(p) on E. 

In this paper we prove the following result. Let M be a separable 
metric space and let g()EP(M). Then any transformation from a set 
E in M into a Euclidean space which satisfies the condition C(g) on 
E can be extended to M preserving the condition C(g). 

We give two examples to illustrate this result. We shall use the 
vector notation x to represent a point in a Euclidean »-space En, and 
we shall denote by | x1 — zal the distance between two points xı, %2. 
Let Xo %1,°°',%m be m+1 points in Es and let $, * + + , En be m 
real numbers. From the relation (x,—x,)?=(%o—xs)?+(#%—x;)? 
—2(xo—x:)(xo—x;), the square of the vector x=Lii(xo—m1)+ -- > 
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+LEn(&o Xu), L>0, is given by 


x? = L $, (49 — t)z — rhit 


Igel 
=— Ð [|n n] H] r — | - | - fleg = 0. 


Thus the function g(#)=Lt, L>0, is in P(E,) and the results of 
Kirszbraun follow as a special case of the results of this paper. 
Schoenberg‘ has shown that the function g(t) =L", L>0, 0<aSl, 
is in P(E,). Thus a transformation from a set in a Euclidean space 
into a Euclidean space which satisfies a Lipschitz-Hölder condition 
(L>0, 0<a@S1) can be extended to the whole space preserving this 
same Lipschitz-Hölder condition. 


1. Preliminary remarks. In this section we give some well known 
concepts and lemmas for a Euclidean »-space E„. A set is called con- 
vex if the line segment joining any two points of the set is in the set. 
If E is a closed convex set and xEE, then there is a unique point 
x* GE which is closest to x. (Since E is closed there is one such point. 
If there were two, the midpoint of the line segment joining them 
would be in E and closer to x than either of them.) For a finite set of 
points x1, - * * , Xm, we denote by V(x, +++, Xm) the smallest convex 
set containing them. V(«1,°-+,%m=) is a closed set consisting of 
those points given by the relation x=aq%+ +--+ +¢n%m, where the 
c,;’s are non-negative and a+ :-- +c,=1. 


Lemma 1.1. Let E be a closed convex set, xo a point not in E, xotthe 
unique point of E closest to xo, and y=ixot(1—i)xe, OSt<1. Then 
|y—z| <|x.—x| for every point xEE. 


Proor. Since |y—x| st|xo—x| +(1—2)|xc*—x], #541, it is suffi- 
cient to prove that | ect —x < xo— x| for all x€ E. Assume there is a 
point GE for which |x*-xıl2]x0—xıl. Then the numbers 
a=|x0—x#|, b=|xo— x : c=|x*-xı] satisfy the inequalities a <b 
<c and the number /*=(a?+c?—}?)/2c? satisfies the inequalities 
0<i*<1/2. Thus the point «=t*%,+(1—#*)x>* is in E and | xo—x| 2 
= | xo— x] ?-1*%c <a”, contradicting the assumption that x.* is the 
point of E closest to xo. 


Lemma 1.2. Let È be a set of closed spheres in En such that there is no 
point in common to all of them. Then there ts a finite set of spheres in È 


4 Schoenberg, Ann. of Math. vol. 38 (1937) pp. 787-793; Amer. J. Math. vol. 67 
(1945) pp. 83-93. 
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which have no point in common.® 


PROOF. Let Sy be one of the spheres in &. Then the sum of the com- 
plements of the remaining spheres cover Sp. Since this is an open 


covering of So, there is a finite number of spheres Sy, +++, Sm in È 
the sum of whose complements covers So. Hence, So, Si, ' +, Sm 
have no point in common. 

2. Lemmas. For a given integer m, let a1, > - - . au be a given set 
of m positive numbers and let xı, * > * ,xm be a given set of (not 
necessarily distinct) m points in E„. For each point x let 
(2.1) f(x) = max (| z — z| /a,), i=1,---+,m. 


f(x) is obviously a continuous function of x and there exists a point xo 
for which f(x») =min f(x). We have the following result concerning 
the location of a point x» at which f(x) assumes a minimum value. 


Lemma 2.1. Lei xo be a point such that f(xo)=min f(x) and let 





Xm © © "Km, be all the points in the set of points xı, * ++, Xn for which 
the equality 

(2.2), f(x) = | Xo — «| /Gi 

holds. Then se V (Ems BERG Kap): 

Proor. Assume xo& V(xmı, * * * » &mı). Let xo" be the unique point 
‘of V(%my, "3 Xm) Closest to xo For each integer j let y,=#,x0 
+(1-:i)x*, 0s4,<1, t1, for joo. By Lemma 1.1, |y;— zx] 
<|xo—x| for every point LEV (xm, ‘°°, %m,). Thus, since f(xo) 
Sf), fo) = |, [ti 1Sism, for some xi V (Ems rae nS Xe) 


There are an infinite number of the x,’s corresponding to the points 
y, which are the same and we can assume without loss of generality 
that all of them are the same point my, 1SmiSm. Since f(y,) 
f(x) for j>», f(xo) =lim ly, — Xm] [am = | to — Xmas /Qmyers 


Km EV lm t, Xm). Thus (2.2) holds for =m». This contra- 
dicts the fact that (2.2) holds only for the points £m, * °°, %m, Hence 
oC V (dm 9, Em). 


We now prove the fundamental lemma of the paper. 


Lemma 2.2. Lei M be a metric space, let g()EP(M) and let 


Du © © © , Pm be m distinct points and xı, ++ +, xm be m points in M and 
En respectively for which the inequalities | x,—x,| Sg(bsbs), 
4,j=1,-++-+,m, hold. Then, for any point poC M, there exists a point 


5 We use the term closed sphere to mean the set of points x which satisfy the 
inequality |x—xe| Sr for fixed x, and r>0. 
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xoCE, for which the inequalities |%.—x,| Sg(pop:), t= 1,--+, m, 
hold. 


Proor. If po=p., 1SitSm, let xo=x;. Assume po Pi +++, Pm 


Set a;=g(pop;), += 1, +++, m. Since g(t)EP(M), each a,>0. If xo is 
a point for which f(x) =min f(x) (see (2.1)), we assert that A =f(%0) 
<1. That is to say, |xo—x,| Sg(pop,), #=1, +--+, m. EA=0, then 


AS1. Assume A>0. Set a,=g(Pid;), De = | x,—x,| and b, = |xo— zl, 
i,j=1, +++, m. By renumbering if necessary, let xı, - + * ,% be the 
points for which the equality f(x) =b,/a,=A holds. By Lemma 2.1, 
xo€ V(x, ++ +, Xe). Thus we have non-negative numbers cı, -- * , Ce, 
at +++ +ep=1 such that xo=cixit * * - tener or also) t e 
+cr(xo— x+) =0. By squaring this expression and using the relation 
(x, — ay)? = (x0 — 24)? + (xo — x)? — 2 (40 — 4) (Xo —%xy) we obtain 


k k 
(2.3) X (a0 — a) (2o — xe, = t „(+ — bideei = 0. 
ijol 2 ijel 
Since X> 0, zox% ' * * , x, and hence at least two of the c,’s are dif- 
ferent from zero. Since g()EP(M), the quadratic form I,-ı (a-ta} 
—ai)é,; is positive. Setting £,=Ac,, +=1, < + +, k, and using the fact 
that Ao,=b,, 4=1, - - - , k, we obtain 


Ti qE de, 
(2.4) — > (a, + a; _ aN Gc; =— 5 (b; + by; _ Yan) z0. 
2 ijel 2 ifl 


Subtracting (2.3) from (2.4) gives 


k 
(2.5) = 2 (bia = Nor); 2 0. 

2 trl 
Since a;;=b;;=0 for i=j, the c,’s are non-negative and at least two of 
the c,’s are different from zero, it follows from (2.5) that b}— Nay 20 
for some pair of integers i, j with ixj. For this pair of integers 
1Si, jSk, tx4j, we have g(pipj)?2|xs—x,|* =b} 2May=Me(Pibs)*- 
Hence As1. Thus a point x at which f(x) assumes a minimum 
satisfies the conditions of the lemma. 


LEMMA 2.3. Let M be a metric space, let g(t) EP(M), let x=(p) be 
a transformation from a set E in M into E, and let py be any point in M. 
Then, if o(p) satisfies the condition C(g) on E, o(p) can be extended to 
E+po preserving the condition C(g). 


Proor. If po&E the extension is immediate. Assume po€£. For 
each pEE, let Sp be the set of points xGE, which satisfy the in- 


164 “B,J. MICKLE 


equality |x—¢(p)| Sg(pop). Since g(t) EP(M), each S, is a closed 
sphere in E,. Assume that there is no pointin common to all the 
spheres. By Lemma 1.2 there is a finite number of these spheres 
which have no point incommon. This contradicts Lemma 2.2. Hence, 
there is at least one point x» in all the spheres’S,, PEE. Then 
` B(po) =X, B(p)=d(p), PEE, is an extension of $(p) to E+ po pre- 
serving the condition C(g). 


3. The main result. We now state and prove the main result of 
this paper. 


THEOREM. Let M be a separable metric space, let g(t) EP(M) and let 
x=(p) be a transformation from a set E in M into a Euclidean space 
E,. Then if & satisfies the condition C(g) on E, & can be extended io M 
preserving the condition C(g). 


Proor. Let D be a finite or denumerable set which is dense in M. 
By Lemma 2.3, ¢(~) can be extended to E plus any point of D and by 
induction to E+D preserving the condition C(g). Let x=®(p), 
~pCE-+D be the extended transformation. Since En is complete and 
e)EP(M), a convergent sequence of points ~,GE+D, m=1, 
2,°-°, determines a convergent sequence of points ®(p„) in En. 
Since E-+-D is dense in M, ®(p) can be extended to M preserving the 
condition C(g) in one and only oné way. 


4, Additional remarks. The writer is indebted to the referee for 
pointing out the following facts. Any finite set of points in a unitary 
space is isometrically equivalent to a set of points in some Euclidean 
‚space. Hence Lemma 2.2 is valid in any unitary space. Lemma 1.2 is 
valid in any complete unitary space (see Murray? for the case where 
the space is separable and Alaoglu’ for the general case). Hence 
Lemma 2.3 is valid if E, is replaced by a complete unitary space. 
Then the theorem in §3 with E, replaced by a complete unitary space 

U and with M not assumed to be separable follows from Lemma 2.3 
(with E, replaced by U) by applying Zorn’s lemma or transfinite in- 
duction. 


Tae Onto STATE UNIVERSITY 


°F, J. Murray, Linear transformations in Hilbert space, Princeton University 
Press, 1941. 
7 Alaoglu, Ann. of Math. vol. 41 (1940) pp. 252-267. 


AN INITIAL VALUE PROBLEM FOR A CLASS OF 
EQUATIONS OF MIXED TYPE! 


STEFAN BERGMAN 


1. Introduction. In connection with the consideration of second 
order linear partial differential equations of mixed type (that is, 
equations which are elliptic for some values of the independent vari- 
ables and hyperbolic for others) there arises an initial value problem, 
namely that of expressing a solution of the equation in terms of the 
values of the solution and of its normal derivative on a portion of 
the boundary between the regions of elliptic and of hyperbolic be- 
havior of the equation. Of particular interest are expressions in the 
form of single or multiple integrals representing the solution in terms 
of the prescribed data. These may enable us to deduce relationships 
between the initial data and various properties of the solution.? 

In the present paper such a formula is derived for solutions of the 
following equation of mixed type: 





ay ayy 
(1a) Er +(- 2) at = 0 for x < 0,. 
ö ð 
(1b) Va kai for x > 0, 
ox? ay? 2 


where s is any constant greater than —1. For s=1 our equation coin- 
cides with one which has been studied in an important investigation 
by Tricomi [6], see also [5], and which is met in the theory of two- 
dimensional flows of a compressible fluid when we investigate the 
streamfunction y in the so-called hodograph plane and make a cer- 
tain simplifying assumption concerning the equation of state of the 
fluid. See [1, 2, 4]. We note that the equation is elliptic for «<0, 
hyperbolic for x>0. 

We shall derive here an integral representation for the solution of 
(1a), (1b) in terms of the prescribed values ¥(0, y)=T(y) and 


Received by the editors January 6, 1948, and, in revised form, February 11, 1948. 

1 Paper done under Navy Contract NOrd 8555-Task F, at Harvard University. 
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? As has been found in the study of equations of elliptic type and those of hyper- 
bolic type, it is possible to exploit various integral representations of their solutions 
for the investigation of their properties. For various possibilities in this direction see 
§3 and [3, p. 140 ff.]. Numbers in brackets refer to the bibliography at the end of the 
paper. 
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v2(0, y) = (db (x, y) /Ox) mo =S(y), under the assumption that T(y) and 
S(y) are real analytic functions of y and therefore can be analytically 
continued into a domain B of the complex y-plane (y„=y-+iyı) which 
contains the portion of the real axis (yı=0) along which T(y) and 
S(y) are initially defined. The solution obtained will, for each fixed 
value of y, be analytic in the real variable (—x)*** for x <0 and in the 
real variable x?t for x> 0.? 

I should like to take this opportunity to thank A. Zeichner for his 
valuable assistance in connection with the present paper. 


2. An integral representation for the solutions of equation (1). The 
solution y will be obtained as the sum of two solutions, Y® and y®, 
of (1). These solutions will satisfy along the line x=0 the conditions: 


(2) v0, 9) = Ty), vs 0, 9) =0, 
(3) v0, 9) = 90, ve (0, 3) = SO). 


Since (1) is linear and homogeneous, the desired solution y may be 
obtained by superposition of Y® and y®. 


THEOREM 1. Lei 
vol, y) 
1 «3 1 T 1-X -@4)1[1 — nm — AN 
SAT Wa yaga 
il Y X o (2+s)(1— y) [1+2 y] 
where 
(5) v= RX? gin í, R= R(x) = (1+ s/2— | g |13 
and where C is a simple closed curve in the plane of the complex variable 
n=y-+iyı, which curve encloses the circle In->| =R. If |x| ts so small 


thai the curve C lies in the regularity domain of T(n), then Y® (x, y) 
represents a solution of (1a) which satisfies the initial conditions (2). 


Proor. In order to prove our assertions, let us first write the re- 


quired solution in the form of a series: 


Ya, 9) = TO) + TO) (=a) + TO (=a) - 


= D> TO)(y)(— x)", 
n=—0 


3 An interesting problem which we do not consider here is that of determining 
whether solutions of (1) exist which do not satisfy all the conditions of analyticity 
stated above. We note that here and in the following we write “(1)” instead of “(1a)” 
and “(1b).” 
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Proceeding formally we obtain: 
#1) „an (Ars)te 
(—2) boyy = > Tyy (y)(—#)" ’ 
nal 


a) 


vr = E TDO [+ D@ +] +2 +9) — 1](—ayearors, 


Adding these last two equations and taking account of (1a), we find’ 


that the functions 7, T®, T®, - - » must satisfy 
(2n—2) 
T 


[n(2 + s)][m(2 +s) — 1] 
By repeatedly applying this recursion formula, we can express 
T@™)(y) in terms of d’*T(y)/dy?*, namely: 


TGA) (y) = a Le T(y) = Ty). 


TI [a(2 + 5) ] [42 + s) — 1] 


ben] 


Now let C be a curve satisfying the conditions stated in the theorem. 
Then the Cauchy integral formula enables us to rewrite the above ' 
equation in the following manner: 


T(n)d 
as Pacer 


I [k2 + 91122 +s) - 1] 


: T(n)d: 
(amg (n)dn 


a yet 


nl(2+s)*] 1 [k — (2+ 9] 


2riT™(y) = 
(6) 


= 


Now, by applying the well known identities: T(n-+1) =r!, T(2n+1) 
= (2n)!, and pI(p)=T(p+1), we find that (6) may be rewritten 


ag 2 a Cre) Me tT Ont TUCH) 
(7) (2+8) [T(a+1) PTR+2- (249) 


T(n)dn 
xg (n AB yyri i 
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Now, since 
T an + 1 23n+1 r/2 
) = f sin?” tdt, 
0 


Fat « 
T(n + Yr — (2+) 
T(n +2-(2+9)% 
we obtain finally: 
2i TOM(y) = (—1)"[n + 1 — (2 + SN + yrz 
(8) T a oe ee T(n)dn 
xf sin af x (1 — xt ag. er 


If we multiply both sides of (8) by (—x)"@t® and sum for 
»=0,1,2,---, we obtain: 


x/2 2T 1. (+8) 1 
Zip O(a, y) = fe f. a Gi a 


(9) a 
—0 
co} didXdn. 
(1 — y) 
Let the minimum distance of the point y, considered temporarily 
fixed, from the curve C be 2R-+5 (see (5)), 6 any small positive con- 
stant. Then, since X and sin? t never exceed one in absolute value, 


1 
= f Xr(1 — X)-@to ‘ax, 
0 


ade 


bal = —4X(— x)? sin? #7]* 
Dre | 


will converge absolutely and uniformly since 4( —x)?+/(2 +5)2] n —y| 2 
' s(R/(R+Ö))"s1-e, and the sum of the above series will be 
(u-+1+s)/(2+s)(1—u)? where u = —4X(— x)? sin? i/(2+s)t(n—y)? 
= —vi/(n—y)?. Since we may interchange the order of summation 
and integration, we thus obtain from (9): 
vr, y) 
(10) 1- SS. f, T-I +s- y)] 
X—0 (2+s)(n—y) [1-+0%(n— y] 
COROLLARY 1. The function 
w(x, y) 
À e e 
X=0 (2+5)(q—y) [1—1 y] 


did Xdy. 


didXdn 
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represents, for sufficiently small positive values of x, a solution of (1b) 
which satisfies the initial conditions (2). 


Proor. The derivation of formula (11) is entirely parallel to that 
of (4). We have only to take into account that (—x)* has to be re- 
placed by — x". 


THEOREM 2. The expression 
v(x, y) 
a) a pr PY S S@)A— XA" tt] 
ae) S..$ (2+s)(n—y) +a- y] 
where C and ņ have the meaning explained in Theorem 1, and S(y) is an 


arbitrary real analytic function of one real variable, represents a solu- 
tton of. (1a) which satisfies the initial conditions (3). 


didXdn, 


Proor. The proof proceeds exactly as in Theorem 1. We write: 
(13) W(x, y) = — Do TOD(y) (=at, TO) = S(y), 
nal 


which formally satisfies conditions (3). Proceeding as in the proof of 
Theorem 1, we find that the 7'*tV can be expressed as derivatives of 
T®, namely: 


—1 age 7m d In 
(14) T@+)(y) = (=1) (y)/dy b WARE Re 


nl(2 + "TI (k + (s + 2)1) 


or: 
— rti TOD (y) (— g) Hea) 
Bel t1 (2ta 
(1s) ms 2 +s) 
SS. $, (n oe sint* xl RN “dtd Xan, > 


Summing for n=0, 1, 2, 3, +++, we get, for values of x sufficiently 
close to zero: 


2m D(x, y) 


[Up fg Ram Bsta] 
SSeS Cram) 7A 


(16) 
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which yields the statement of Theorem 2. 


Finally, by repeating the reasoning used in the proof of Corollary 1, 
we obtain: 


COROLLARY 2. The expression 


v(x, y) 


(7) s Pet f SAU- Bsa] 

ae f f $ BL er eg 
il Jo) c (2+s)(n— y) [11-9°(9— y)2]? 

represents, for suffictenily small positive values of x, a solution of (1b) 

which satisfies the initial conditions (3). 


3. Concluding remarks. In $2 we did not indicate explicitly the 
domain of the xy-plane in which the representations (4), (11), (12), 
(17) hold, but an almost obvious consideration shows that representa- 
tions (4) and (11) are valid in the domain‘ Dres [y= Y, R(x) <r(¥)] 
(see (5)), where J denotes the intersection of the (real) y-axis with 
the regularity domain B of T(n), 7 =y+4y1, in the (complex) n-plane 
and r(Y) the distance of Y from the boundary of B. (It should be 
mentioned that using, in addition, certain summation methods, one 
might obtain representations which are valid in larger domains of the 
xy-plane.) j f 

If T(y) and S(y) become, upon continuation into the complex 

n-plane, entire functions, then the above representation can be used 
to define (x, y) for all values of x and y, for in this case the curve C 
can always be chosen in such a way as to provide the determination 
y(x, y) at any preassigned point.’ 
. As has been shown in another place, integral formulas transform- 
ing analytic functions of one complex variable into solutions of a 
linear partial differential equation can be used in order to derive 
various results from theorems in the theory of functions pertaining to 
solutions of these equations. As an example for such a procedure, we 
shall obtain upper bounds for the growth of YW and y® from the 
derivatives, n!a, of T(y) and n!b„ of S(y) respectively, at some fixed 
point, say at the origin. 

In order to obtain this relation, we shall rewrite the formulas (4), 
(11), (12), and (17) in a certain modified form, which form holds in 
the case where T(n) or S(n) are entire functions. 


4 Dres denotes the sum of all points x, y where for every Y, x ranges over the 
interval indicated in the bracket, and Y ranges over J. 

5 In order to apply the method of §2 in the case where T(y) and S(y) are not 
analytic functions of one real variable y, we have to approximate T(y) and S(y) by 
analytic functions, say by polynomials, 
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Lemma 3.1. Under the assumption that T(n) is an entire function of a 
complex variable, the representation (4) can be written in the form 


2 1 1 Ir 
yO(x, y) (u AS | T [Re T(y + iRg)} 





2 2 2 
(18) a s} J qol2 +s 
= = {Im T'(y + ird) | (1 _ ga) dg 
(Re=Real part of - - +, Im=Imaginary part of +--+). 


Proor. The proof of representation (18) follows immediately by 
the use of the es integral formula. We may write (4) in the form. 


r/3 
yO(s, y) = — f 
Xal 


igh ee 
c 2+s)[n-y)?+]? 
Since we assume that x<0, v can vanish only when X=0, or #=0. 


On the other hand, it is easy to show that (19) may also be written 
in the form 


w/2 
PO (x, y) = lim —; fl 
Xu 


0,0 mi 
y {g T(n)(n—9) aaaeaii 
c (2+9) [n- +] 
In order to evaluate the integral in the braces, we now apply the 
Cauchy theorem. 
Since v never becomes 0, the only poles of the integrand are n= y +1. 
In order to determine the value of the integral in the braces, we have 


to determine the residues of the integrand considered as a function of 
n at.the points „=y+iv. A formal computation yields 


Ta — y) [1 +5) — 9)? at] 
(2+ s)[(n — y)? + 0°]? 


an "Ge ee 


=i Tn) Tn) | 
Alm -y+m (a y- ml 


Using (20), (21) and Cauchy’s integral formula, we obtain 


(19) 
} (1—X)- G+) “ded X, 


(20) 





\ (1—X)- 4) “did x, 
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x2 
¥O(x, y) = — “ [Re Tiy +i}. 
(22) le Fr +s 


v 
E {Im T’(y + i) | (1 — X) +D dgx. 


Equation (22) may also be written in the form 
(2 /2)—8 1-1 
Ye, 9) = lim f= 


0,0 F X—0 





Re T(y + iv) 
(23) 
= 2 Im T'(y + i (1 — x)-@to'qax, 


If now we introduce the variables [see (5)] 
X"? cos} 


v 
q = X! sin? = —, = 
R le X sin? [i 


that is, 
K= 7? + gq? — re, i = arctan [qr—(1 — q3)-13] 
and pass to the limit, we obtain the representation 


4 r! r!ıri+s 
(1) — 1 
v(x, y) -=f f [Re Po + iR) 


R 
— SP TO + ia) | = oqa = radne, 





(24) 


Integration of the right-hand side with respect to r yields the desired 
result. 

Exactly the same considerations can be repeated in the case of rep- 
resentations (11), (12), and (17). 


THEOREM 3.1. Let Y™® be an analytic solution of (1a) fung: con- 
dition (2). If TO) = Dino any" is an entire function (when continued 
to the complex values of the argument), then py (x, y) can be extended to 
all values of y and x, x<0. Y® satisfies the inequality 
Ivo 9) | S Mer [i + 21 + ~a) ero], 

r= [y? + 4(2 + atin 


where M ts a sustably chosen constani and p and o are given by 


_ (25) 


n log n 


PaL Oe Ne te asl 


(ope)!!e = lim sup (| a, | )1/*, 
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The proof of this inequality follows immediately from the repre- 
sentation (18) and the fact that by classical results of the theory of 
entire functions of one complex variable, the inequality | T (n) | 
< Med holds. 

The expression (18) can be simplified further when s20 by using 
the fact that —R[Im T’(y+éRq)]=d[Re T(y+iRg)]/dq and then 
integrating by parts. This yields: 


mens 2 »(- =) s 
oe \2 2+s/4+2s 
(27) r + s/4 + 2s 
x f [Re T(y + iRq) ](1 — g)—+)/4429d9 for s > 0, 
q=0 
(28) yO (x, y) = Re [T(y + ix) ] fors = 0. 


By noting the fact that 
f (1 — gf) Gt lating = : = 2 ) 
2 4 . 2s 


2 
2 =) s T 
-[=2(5 + s/44 2s 
1 


[Re T(y + iR] — g) Ceni dg 











we finally obtain the formula 


29) w(x, 9) = 
f (1 Far g) eidg 
qm 


Thus for s=0, we obtain the following result. 


THEOREM 3.2. Let Y™® be an analytic solution of (1a) satisfying con- 
dition (2). If T(n) is entire and s=0, then using the notation of Theorem 
3.1, we obtain 


(30) va 9) | S Mer. 
The proof of this inequality follows immediately from (28) and (29). 
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AN INVERSION FORMULA FOR THE GENERALIZED 
STIELTJES TRANSFORM 


D. B. SUMNER! 


` 1. Introduction. The problem of finding formulae to invert the 
_ Stieltjes transforms 


a Ha) = f date + 8, 
(2) sa) = f sole + 9, 
_and the generalized transforms 
(3) sa) = f dal ie + N 
Do se) = f Baat, 


has been solved by Widder [A, pp. 7-60]? and by Pollard [F, pp. 14- 
- 16]. The function $()EL(0, ©), a(t) is a normalized function of 


Received by the editors January 19, 1948, and, in revised form, February 26, 1948. 

1 The subject matter of this paper forms part of a dissertation presented to the 
University of the Witwatersrand. The author wishes to acknowledge with gratitude 
facilities granted by the Principal and Council of that University, and assistance 
subsequently given by the Council for Scientific and Industrial Research of the Union 
of South Africa. In particular, the author acknowledges his indebtedness to Dr. J. 
P. Dalton, Emeritus Professor in Mathematics of the University ‘of the Witwaters- 
rand, : 
2 Roman letters in brackets refer to the bibliography at the end of the paper. 


1949] INVERSION FORMULA FOR THE STIELTJES TRANSFORM 175 


bounded variation in (0, R) for all positive R, the integrals converge 
for some complex x which is neither zero nor negative, and p is posi- 
tive. Widder showed that if 
(=) 

5 L = ——____ [2F-1 (1) (4) | (2) 

(8) Map Oe 

then for (2), (t) =lim;.„. Lae(f) at all points of the Lebesgue set for 
p(t); and for (1), lime... /oLeu(f)du=a(t)—a(0+). Pollard defined 
the operator 


(=) 22k — 1)1 T(r) 


AG Die D 


(6) Lif) = 


as a generalization of (5); and proved results corresponding to Wid- 
- der’s for (3) and (4). 

In [G] the author discussed the properties of the functions de- 
fined by (3) and (4); and by arguments based on the method of 
steepest descents, obtained independently of Pollard the operator 


(EURE +o DI) E Cot fD 
EFA) m TR +p +r i) 


which has the same effect on (3) and (4) as Pollard’s operator Li, 
This was to be expected, since as can easily be verified, the operators 
(6) and (7) are asymptotically the same for large k, and indeed differ 
only in the outside multipliers. 

We shall show in the present work that by certain formal argu- 
ments an inversion formula involving a complex integral for (3) and 
(4) can be obtained from (7). This operator turns out to be a gen- 
eralization of the one used by Stieltjes [B, pp. 473-476] to invert (2). 


(N Mu(f) = 


2. Definitions and elementary properties. It will be noted that 
when p is not an integer, the nucleus (x+) in (3) and (4) is many- - 
valued. Moreover, even when p is an integer, it may be seen from the 
example 


af) = 0, OsSisSe, 
al = 1, ` i>, 
that possible singularities of (3) and (4) arise when ¢ is zero or nega- 
tive. We avoid both these difficulties by considering f(x) in the region 
D, where D is the x-plane cut from the origin along the negative real 


axis. It is open to us to choose any arbitrarily fixed determination for 
(«+1)” (and indeed for any number 3” which occurs in our argu- 
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ment), when the nucleus (x+) or the function gœ will be one- 
valued and analytic in D. For convenience we shall take that de- 
_- termination of zæ for which arg [2] has its principal value. But it 
can be seen from subsequent arguments that any fixed determination 
could have been chosen, and that our results would then be equally 
valid. 

It is convenient at this stage to give some elementary properties of 
the functions defined by (3) and (4). Proofs have been given by 
Widder [A] for the case p=1. The proof in each case is an easy gen- 
eralization of his methods. We combine them in the following theorem. 


THEOREM 2. If the integral in (3) or (4), with the determination of 
(x+4) given above, converges for any x in D, then tt converges for all 
such x, and converges uniformly in any closed subregion of D. The 
functions defined by (3) and (4) are then analytic in D, and for (3) 
(—)T(k +p) f° def) 

T(p) o (tn 
with a Sidar result for (4). When (3) converges, a(t) =o(#), and when 
(4) converges fid(u)du=o(t), as i~ o. 

3. Some formal arguments. Widder has shown [H, p. 381] that 

the operator (5), with variable #, can be expressed symbolically as 


fo) = 


1 
— —sinsiD = — ler? = ein td] 
T 2ir 


where D=d/dt, and uses this result to obtain the inversion formula 
of Stieltjes [B] for the transform (2). We proceed from (7) and write 


Elek + p — OT 7 
IE G 
Using the usual notation 9=t-d/di, we see that 
eT (2k+p—1)T > —)"(- 0) 
Ml er So Reiser 
_ FFIR UT (o)P(R-1—8) & (—%)(k-1-8), 
T(R+p)(k—-2)I(—@)T(R+p—1) ©  ri(k+p—1) 
z #T(k—1—O)T(k+p+©)T(p) 
T(—@)(e+@O)P(k+p)(k—2)! 


trI bri 


KÀ. 


RO) 


KÒ 


FH), 
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on summing the hypergeometric series by Gauss’ theorem. Then by 
Stirling’s formula 


s tT (p) 
lim Mu = —— ~; 
t>o ‘T(—6)T(p + 8) 
so that we have the formal result 
| TE) 
(8) lim Maf) = TO +e aio 


We express this operation as an integral by the well known formula 
«/3 
f coste? w-cos (p — ghadw = aT(p + g — 1)/2°t-T(p)T(g) 
0 


[C, p. 40], which is true when p+g>1. On setting p+q=1+p,. l 
?-qg=p-1+29, the operator in (8) assumes the form 


(2,129 ft 
=f cos! w cos (p — 1 + 20)wdw 
Os T 
—(2ġ)74D fp” 
= —— f cose! wet D) . etiudu, 
T —ı/3 


Now applying (9) to f()=g(w), where =e", and bearing in mind 
that ¢®g(u) =g(u-+-a) formally, we get 


— (2D prt 
= f cose! wet Dog(y + 2iw)dw 


2r r/2 


(AD pr” 
a ie f cose} we etde. f(te's) de 


2r PvE) 





a (24° T/2 
= f cos! w- efletl) of! (fer) do 


2r x/2 
—1 
= =f (z + f (s)ds, 
2irJo 
on making the substitution g=tet®, C is the circle |z] =t, cut at the 


point —t. 
We now define as our complex inversion operator 


= Hu) =f et or ra, 
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where Cy is the contour which starts at the point —#—#n, proceeds 
along the straight line Im (s) = —7 to the point — in, then along the 
semi-circle le] =n, Re (s)20, to the point #n, and finally along the 
line Im (g)=7 to the point —i+#n. Since the integrand in (10) is 
‘analytic and one-valued in D, the integral along C is equal to the 
limit as n tends to zero of the integral along Cy. 

Before discussing the relation of (10) to (3) and (4), it is of interest 
to observe that on setting p=1, 


lim... Malf) = (1/247) [f(te-*) Fler), 


which is the inversion operator given by Stieltjes [B, pp. 473-476] 
for (2). 

4, Complex inversion formula. In order to show that (10) will in- 
vert (3) and (4) it is desirable to prove three lemmas, which play a 
decisive part in the inversion theorems. It will be noted that the 
third of these lemmas gives the value of a generalized form of 
“Cauchy’s singular integral” [D, p. 133 and E, p. 30]. We state the 
following lemma. 


LEMMA 4a. 
nP R 1 1 du 1 
lim =f |—~ a | Ser 
+ Ziad Lan — iu)? (n+ iu) u 2 


For on setting “=n tan ¢, and then making n tend to zero through 
positive values, the expression on the left becomes 


~f 7/2 cos! cos! osin pode sin ppd 


z= Sing 


and this integral, which a converges, is the Cauchy principal 


value of 
1 p=? ett cose! do 


ind r2 sin & 
On setting 3=e?"*, this integral is seen to be equal to 


1 1 f (z + 1) da 
c 


2ix 21 s—1 


where C is the unit circle indented at z= +1, to allow for the 
pole at s=1 and the possible branch point at s=—1. Since 


\ 
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lim,.—1 (8-+1)°/(s—1) =0, and lim,.ı (e+1)!1=2"1, it follows that 
the integral has the value 1/2. 


Lemma 4b. If g(u)EL (OSuSR) and g(0+-) exists, then 
n? fE glu) 1 1 ] 1 
im — | 2| -— | du = 4), 
0+ Zir [z ar ae 


For consider 


ne fP glu) — g(0+) 1 1 l 
sod, “u E = iu (at rei a 


and let a positive ô be chosen so that | glu) —g(0+)| <e for 0<uS6. 
If the integral in I is taken in two parts, over (0, 6) and (ô, R), then 
aro tan 8/3 cos! si 
oals f e E ee 
T 


sin d 


nla cose! | sin pp | dp 
of = eK, 


sin d 


since p is positive and | sin pp/sin d | is bounded. On the other hand 


Ventas ee 


u rm 
w fE | e(u) — g(0+) | du 
= Ss ur 


Hence lim Suppo | I | =0; and this means the required limit has the 
value 


O+)-n° PE 1 aol d 1- 
im CDY f 5 SF po. 
0+ ‚2ir o L(y — iu) (n+ iu) u 2 

by Lemma 4a. 


Lemma 4c. If g(u)EL (0SuSR), if 0<t<R, and if g(t+) and - 
glt—) exist, then 


ia i pec et = | 


wot indo t— uLln-i(t- u) (nti (t— u) 


1 
BT [e@+) + g(t—)]. 
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This is proved by splitting the integral into two parts correspond- 
ing to the intervals (0, #) and (¢, R), and applying Lemma 4b to each 
part. 

We now state and prove the main inversion theorems: 


THEOREM 4a. If (u) EL (OSuSR) for all positive R, and ts such 
that (4) converges, then lim, My(f)=[¢¢+)+¢¢—)]/2 for any 
positive t at which both o(t+) and o(t—) exist. 


For we have 


Myf) = — Af" (s)d 
Def, (e+ rf" (a)ds 
; b(t) de 
Ze PEA af (+ ut 


+ am ; | 
=, a (udu f ————— dz (by uniform convergence) 
ir c 





at (3 + uP 
een a - a | 
lindo t—ul(n— i (t— u) (nti (t— u) 


Now let R>t, and let the integral be split into two parts correspond- 
ing to the intervals (0, R) and (R, ©). Then by Lemma 3c, 
10, R) > [$¢+) + 8-))/2 


as 7—0-++. 
Since I(R, ©) need not converge absolutely, we define p(#) 
= fih(u)du. Then by Theorem 2, p(t)=o(f) as #0; and 


_ md RR) m 3 [vw 
IR, ©) =u R) el, Pt) =|" |. á 





where Y(t, u)= [ņn—i(t—u)] > — [n+ —u)]-. The first term clearly 
tends to zero with y. If the second be denoted by /’(n), we have 


; Io) [Lv | du u) | du 
rolszf, == (gage 
2 f7 leol 


2r JR u — t 


eo a A = pee RR du 
(ni (=u) (Hi (i= u) 


Since p(u)=o(ur) as u—>œ, there exists a constant M such that for 
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ue2R, | p(u)| < Mw. Then 
urdu 


n roer 





Mon’ f udu 
m Jr E az 
PR + p) 
f. = _ Zr 


But the integral converges, since R># and p>0, so that | I’(n)| 0. 
This completes the proof of our theorem. 


THEOREM 4b. J (3) converges, then for any positive t, 


lim Mali = = [a(é-+) + e(t—) — a(0+)]. 


0+ 
For 
f Mal fd 
= m aG + u) f(z)dz — (p — 1) f (s + 4)?-8f(s)ds 8 
—1 fr! 
=), EDRU + i) = (SiN u — in) Jdu 





pot pt = 
+ 5 f uf tw) F(z) da. 


Writing the last term as I1+J2+Js, where J; is the integral from 
—t—in to —in, Ig the integral around the semi-circle from —in to 
in, and J; the integral along the straight line from #7 to —t+tn, we 
have 


in)? 9f(—E — in)dé 








nat f (4 — £ — in)r2du 
(by uniform convergence) 


1 pt 
= m f-:- in) [@ — & — met (— in) Je, 
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em 
= È KEH ile E+ mt (rld 
2ir 0 
(by a similar argument), 
and 


= ad Cro [(z + 9! — z] f(2)ds. 


On adding we have 
t 1 1 
(11) | f Mu(f)du = =f (z + Hrifle)ds — =f zr-1f(z)de. 
0 ZiT ch 2iT Jon 


Now since a(#) is normalized, f(s) =p/¢ a(u)du/(z-+wu)rt!, and the 
integral converges uniformly for z on C, and Cy. Then the first 
_ term in (11) is equal to 


an E E  e 

[eur Z 1 — 

2ir Cot o (g -+ u) 
str! dz 


ee) are 


ee en] 
ers) 


while the second term in (11) is equal to 








—p o alu)du 
— zelds — 
Rir on o (s + wert 


—p © gr ldz 
= — alu)du f Ga (by uniform convergence) 
Co 


WJ 0 
pp” d 1 1 
ao s2 __- —. 
; dix Jo u (n — i)? (n + iu)’ 
It follows now from Theorem 4a that (12)—>[a(+)+a(t—)]/2 as 
7—>0-+. While if (13) be written as I(0, R)+J(R, ©), R being posi- 
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tive, it follows from Lemma 4b that /(0, R>-a(0+)/2, and by | 
an argument similar to that used in the proof of Theorem 4a, it can 
be seen that I(R, ©)—0 with 7. This completes the proof of the 
second inversion theorem. 
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ON THE MEAN MODULUS OF AN 
ANALYTIC FUNCTION 


E. F. BECKENBACH, W. GUSTIN, AND H. SHNIAD 


Throughout this paper f=f(z) will denote an analytic function of 
the complex variable 3 in the open unit circle |z| <1. The circle 
C(r), on which |z| =r, of radius r20 about the origin 3=0 lies in the 
region of analyticity of f provided r<1. For every positive real 
parameter ? (0<< œ) the mean of order ¢ of the modulus of f on the 
circle C(r) is defined as 


1 ir 1/8 
(1) mdi =|= f ea]. 
2rd o 

For fixed f and r this mean modulus M,(r;f) as a function of ¢ is con- 
tinuous, nonnegative, nondecreasing, and is bounded above by the 
maximum modulus of fon C(r) [1, 2].! Therefore the limit of M:(r; f) 
exists as +0 and i>«, This limit is defined to be the mean modulus 
of f on C(r) of order 0 and of order œ respectively. It may be shown 
that the mean modulus of order O is the geometric mean of the 
modulus of f on C(r), which is simply evaluated by Jensen’s formula, 
and that the mean modulus of order œ is the maximum modulus of 
fon C(r) [1, 2]. Thus M,(r; f) is defined for all parameters ¢ in the 
compact infinite interval 0 SiS œ. 

For fixed f and t (0Sts œ) the mean modulus M,(r; f) as a func- 
tion of r in the interval 0 £r <1 is continuous, nonnegative, nonde- 
creasing, and, except for the limiting parameters 0 and ©, possesses a 
continuous derivative with respect to r[1, 3]. Moreover, its logarithm 
is a nondecreasing convex function of log r (for t= © this is the 
Hadamard three-circle theorem) [1, 3]. 

We shall be concerned here with the convexity of the mean modulus 
M.(r;f) as a function of r. Let T(f) be the set of all parameters ¢ in the 
compact infinite interval 0S#S œ such that M,(r; f) is a convex func- 
tion of r in the interval 0Sr<1. Since M,(r; f) is continuous with re- 
spect to the parameter ¢ and since any function which is the limit of 
convex functions is also convex, the set T(f) is a closed and hence 
compact subset of the parameter interval 0StS œ. The set T(f) need 
not, however, coincide with the entire parameter interval and indeed 
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may be a bounded subset of this interval as shown by the following 


example. Let 
fa)=(@4tO/Ate), |s|<1L0<e<t. 


This linear fractional function maps the open unit circle onto itself - 


and maps the circle C(r) into a circle whose maximal distance from ‘ 
the origin is attained at the image point f(r). Therefore 


M.(7; f) = f(r), 


which is easily seen to be a strictly concave function of r. Thus the . 
set T(f) for this function f does not contain the parameter © and - 
hence, being closed, is bounded. 


THEOREM. The set T(f) contains the values t=2/k (k=1,2,3,°++) ` 
and their limit value t=0. Furthermore, if f has at most k zeros counting 


multiplicities (k=1, 2, 3,---+), then T(f) contains the closed interval x 


OS#S2/k. 


Proor. Evidently the theorem is true for a constant function f, so 
we may assume that f is nonconstant. We shall first investigate the 
convexity of the mean modulus M=M,(r; f) in any open interval | 
a<r<f such that the associated open annulus æ< |s| <8 contains 
no zeros of f. 

Let the integer m20 be the number of zeros, counting multiplic- 
ities, which lie in the closed circular interior, El <a, of the non- 
constant function f(s). If m>0, we denote these m zeros, counting 
multiplicities, by sa (h=1, : : - , m). The function 


o wohl) 


(where we understand any such product to have the value 1 if m =0) 
is then analytic and has no zeros in the open simply-connected circular 
exterior |a] >g including s= 0. A single-valued function a(s), an- 
alytic in this open circular exterior, then exists such that 


(3) A(z) = als)*t, 


Since f(s) has no zeros in the open annulus a< l]a] <ß, the only 
zeros of f(z) in the open circular interior |z] <ß are the zeros 
z, (h=1, +++, m). Consequently the function 


(4). Bs) = fle) / Ike =) 


is analytic and has no zeros in the open simply-connected circular 
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interior |a] <ß. A single-valued function d(z), analytic in this open 
- circular, interior, then exists such that 


(5) B(s) = b(e)*t. 
From (2), (3), (4), and (5) we see that 
(6) f(z) = 2"A(z)B(z) = z”a(z)?!tb(3)?!t = g™c(z)2/¢ 


where the function c(2)=a(2)b(z) is single-valued and analytic in the 
‘open annulus a< |s| <ß and hence admits a Laurent expansion 


(7) ce) = pls? 
in this annulus. In the associated interval a<r<f we define 
1 ir 
(8) '  s(r) = -f | e(re*) |3a0. 
ArJo 


This integral (8) may be evaluated in terms of the coefficients of the 
series (7) according to the well known formula 


(9) - s) = Esl ep |. 


From (1), (6), and (8) we see that 
M =prsilt, 


Differentiating this expression twice with respect to r we obtain the 
formula 
(0) #7 le 

= Pm(m — 1)? + 2imsrs! + (1 — Ir’? + bsr?s”, 


where primes denote differentiation with respect to r. 
Now consider the function 
(11) N = rsh? 


where n is an as yet undetermined integer. Differentiating this ex- 
pression twice with respect to r we obtain the formula 


(12) » = 4r?s?N’/N = Ann — 1)s? + Ansıs’ — rs’? + 2sr?s””. 
Substitution of the power series (9) into (12) gives 


© 
p= Err! Cpla [372ta 
So 
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where the symmetrized coefficient v,,=v., has the value 
vo = (2n +p +g - 1)? + 3(p — -1. 


By examining the two cases p =q and pq it is easy to see, since 
n, p, q are integers, that »,,20. Consequently v20 and N” 20. 

If t=2 and n=m, then N=M, whence M” 20. Therefore M,(r; f) 
is a convex function of r in a<r <$ if t=2. 

We now show that M,(r; f) is a convex function of r in æ <r <£ if 
0<t<2 and if the open interval 


Im): tm—t <2 < tm 
contains no even integer. Evidently the interval 
im —-t<xSm-ti+?2 


contains exactly one even integer 2n. Since 2n does not lie in the 
interval I,(m) we conclude that 


im S 2n S tm —t4+ 2, 

whence 
(13) tn — 2n 30S tm —2n4+2—4. 
Now let this integer n be the » of (11). Consider the following expres- 
sion quadratic in the variables 5 and 
rsh = 2 — t = 2t(tm(m —1) —2n(n—1))s*+4t(m —n) srs’ +(2—-bris’?, 
The discriminant of this quadratic form is 

A = 8i(tm — 2n)(tm — 2n +2 — À. 


Since 0<#<2 the coefficient 2—¢ of r?s’? in $ is positive, and from 
(13) we see that AS0. Therefore ¢ 20 and, as we have already shown, 
v2 0, so we conclude that 


w=ot+hre2 0, 
whence M’’=0 in the interval æ <r <f. 


The open interval J,(m) contains no even integer 2%, if ¢ is of the 
form 2/k (k=2, 3, - +--+); else we would have the inequality 


m—-1< hk <m, 


which is impossible since k, k, m are integers. Moreover, it is evident 
that the open interval J,(m) contains no even integer if 0<#<2 and 
m=0 or if 0<#<2/m and m31. Therefore M;(r; f) is a convex func- 
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tion of r in a<r<ß if t=2/k (k=1, 2, 3,++-) or if 0<1S2/k 
(k=1, 2,3,--+) and mSk. 

It is easy to see how the theorem follows from this result. As we 
have already mentioned, the mean modulus M possesses a continu- 
ous derivative M’ with respect to r in the interval 0<r<1 provided 
0<t< ©. We have shown that under certain conditions M is convex 
in any open subinterval of 0$r<1 which contains no moduli of zeros 
of f; therefore under these conditions M’ is nondecreasing in any sub- 
interval closed in 0Sr<1 which contains no moduli of zeros of fin 
its interior. Since the zeros of the nonconstant analytic function f 
are isolated, the collection of all such closed subintervals covers the 
interval 0Sr<i. Thus M” is a nondecreasing function of r and hence 
M is a convex function of r in this interval. 

The theorem is proved except for inclusion of the value i=0. 
However, since T(f) is closed and contains the values /=2/k 
(k=1, 2, 3,-++) it also contains the limit value ¢=0. That T(f) 
contains the value $=0 may also be seen directly from the Jensen 
formula for the geometric mean. 

The following corollary concerns the length /(r; f) of the map 
under f of the circle C(r). 


COROLLARY. Both the length I(r; f) of the map under f of the circle 
C(r) and the circular expansion ratio I(r; f)/2ar are nondecreasing con- 
vex funchions of r in the interval OSr<1. 


Proor. It suffices merely to exhibit the following formula for the 
length of the map of C(r): 


Krf) = f lre | 749 = Zrr- Mir; f’), 


where f’ is the derivative of f and hence is analytic in the open unit 
circle. 


THEOREM. If f vanishes at the origin, then T(f) contains the entire 
parameter inierval Q SiS œ. 


Proor. The theorem is evidently true if f is of the form cz where c 
is a constant. If f is not of this simple form, then, since f vanishes at 
z=0, there exists a nonconstant function g, analytic in the open unit ` 
circle, such that 


fe) = sg(e). 


For a fixed parameter } in the interval 0<é<o let F=M,(r; f) and 
G=M,(r; g), so that 
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(14) Fer. 


We shall denote successive differentiations of a function with respect 
to r by primes, and successive differentiations of the logarithm of a 
function with respect to log r by asterisks. In any interval a<r<B 
containing no moduli of zeros of the nonconstant analytic function 
g the first and second prime and asterisk derivatives of G exist and 
are connected by the following relations: i 


rG” = G(G** +6? — G*). 


Differentiating (14) twice with respect to r and using these rela- 
tions we obtain the formula 


TE” = 7G" + IG! = GG™ +6" 4 CM. 


As we have already mentioned G*>0 and G** 20, so that F” 20 in 
a<r<ß. The extension of convexity of F to OSr<1 proceeds as 
before. Therefore T(f) contains the interval 0<i< œ and being closed 
also includes the limiting parameters i=0 and i= œ. 

According to Schwarz’s lemma the maximum modulus on the circle 
C(r) of an analytic function f, which maps the origin into itself and 
the open unit circle into itself, is not greater than r. The above 
theorem shows that this maximum modulus ts also a convex func- 
tion of r. 

Although the mean modulus M,(r; f) may not be convex in the ° 
entire interval O<r<1, it may be convex in some subinterval con- 
taining r=0. We define p(t; f) to be the length of the maximal such 
subinterval if one exists and to be 0 if no such subinterval exists. 
Since the limit function of convex functions is convex, it is clear that 


pli; f) = lim sup P; f), 


whence p(t; f) is an upper semicontinuous function of t. 

We now show that p(t; f)>0 if OSt< œ. We have already seen by 
example that p( ©; f) may be 0. Since p(t; f) =1 if t=0, if f is constant, 
or if f vanishes at 3=0, we may suppose that 0<i< œ and that f is a 
nonconstant analytic function which does not vanish at s=0. A 
neighborhood |z| <£ of s=0 then exists in which f does not vanish. 
Thus, in the notation of our first theorem we have m =0 and A(s) =1. 
The expansion (7) is then a Taylor expansion with co0. Moreover, 
since f is nonconstant, not all the coefficients cı, C2, Ca, * - - vanish. 
Let c0 be the first such nonvanishing coefficient. Substitution of 
the power series (9) into (10) gives 
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p = 219(2q — 1) | coca |r + Olata). 


Since g is a positive integer we infer that „>0 and hence M’’>0 in 
some neighborhood of r=0. Consequently p(t; f) >0. 

We conclude with the following question: Is p(t; f) a continuous, 
non-increasing function of t? 
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AN INTEGRATION SCHEME OF MARECHAL 
J. ERNEST WILKINS, JR. 


The French physicist Maréchal [1]! has invented a mechanical | 
integrator for studying the distribution of light in an optical image. 
This integrator approximates a double integral Ss" faf(r, ¢)rdrdp by 
a line integral 2rafaf(r, $)ds extended over that portion of an archi- : 
medean spiral 


C: r = ap 


which lies inside the circle 0 Sr SR, 0s$<2r. The validity of this 
procedure when f(r, @) is continuous (as it always is in the case of the 
integrals determining distribution of light in an optical image) was 
taken for granted by Maréchal when a is small. It is the purpose of 
this note to justify Maréchal’s approximation by proving the follow- 
ing theorem. 


THEOREM. If f(r, $) is continuous on OSrSR, OSp<2r and is 
periodic with period 2x in d, then 


(1) lim 2x f sera + Dinar = f i f “I(r, drdrde, 


Let us define 


T 


1 
Px(r, $) = ined, {f(r, @ + u) 


(2) + f(r, p — u) } sin? (Nw/2) csc? (u/2)du, 
1 îr 
any) = = (1 - I#|/M f flr, deemed. 


Then it is known from the theory of (C, 1) summability of Fourier 
_ series that 


n=N—-1 


(3) Py(r,¢) = % aan(r)et9, 


nu (N—1) 


i Px(r, 6) = f(r, $) 


uniformly on 0 Sr S R, 0 &£¢ <2r. For each positive e we can therefore 


Received by the editors February 19, 1948. 
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. pick an integer N such that 
(4) | P(r, $) = flr, $) | < «/3aR* 
Let M be the maximum of | f(r, ¢)|. Then 


2x f "r, r/a)(a? + rù) ?dr — ae f "kr, r/o)rar| 





R 
<s aM | {(a? + r512 — r}dr < 6/3 
0 
if a is less than a suitably chosen Aı(e). Moreover, since (4) holds 


<e/3. 





an f ft, r/a)rdr — an [Pate r/a)rdr 





By virtue of (3), 


R R 
2r f Py(r, r/a)rdr — 2r f aon(r)rdr 
0 0 








N-1 


S2r > 


Ju l= 


R 
f Gnn(r)eirriedr 
0 








Since N is fixed when e is chosen we infer from the Riemann-Lebesgue 
lemma (which is surely applicable since we see from (2) that aan(r) 
is continuous) that if a is less than a suitably chosen Aa(e), then 


R RB 
2 f Py(r, r/a)rdr — an f aon(r)rdr| < e/3. 
0 0 








Since it follows from (2) that 2r fPaon(r)rdr = J3" JEf(r, H)rdrdp, we 
can now conclude from the above inequalities that when a<Aı(e), 
a<A3(e), 


an fit r/a)(a® + r) Pdr — f? fim é)rarae <e, 





and the theorem is an immediate consequence of this inequality. 
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A METHOD OF ANALYTIC CONTINUATION SUGGESTED 
BY HEURISTIC PRINCIPLES 


H. BRUYNES AND G. RAISBECK! 


Suppose we are given an analytic function f(z) represented by a 
power series (supposed convergent for some s0) 
© In 
(1) J)=% 


amo nl 


where f, is the value of the nth derivative of f(z) at the origin. For 
small values of ô we can approximate f(6) in the following manner: 


(2) FO) = fo + df 


Refinement of this approximation leads to Taylor’s theorem and 
back to the power series (1). It is possible, however, to use the linear 
approximation in a different way: we can use such approximations 
to go from one point to another along a chain of points s=6, 26, . 
35, - ++, nô. Thus we shall say 


SA ~ft òf FO |e = fi + df, 


and so on, and ; 


F28) ~ f(8) + Sf’ (e) [ma fo + 2fı + fa. 
In general 


(3) find) = 3 FRI 


It is easily verified that „m=auım Fanım-ı and hence that 
Gam is the binomial coefficient Cy. If we now define the following: 


(4) on(3) = È Snn Ey 
and if nô=z, then (3) is equivalent to 
(5) f(s) = (8). 


The question now presents itself: for what values of z does the se- ` 
quence of polynomials o,(z) converge to the function f(s)? It is evi- 
dent that if z is inside the circle of convergence of the series (1), then 
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we may say directly 


lim on(2) = lim pao (=) 


© = im $ = _* 
um mi (n — min" 
=> jo. 
mao M! 


However, this is not the complete answer. 
It was shown by Borel* that we can without loss of generality re- 
strict ourselves to the special case f(z) =1/(1—z). Here 


(7) =} a)" 


no (n— m)l\n 
Obviously if [z| <1 
s 1 
(8) lim o,(z) = Do 3" = 


ml 1-3 





and the convergence is uniform if |z] s1-e. It will be deduced later 
that the same is true if | s| <1 except for a neighborhood of the point 
z=1. Hence we shall confine ourselves to values of g such that 
|| >1. From (7) 


on(8) = 2 (n pile). 
Se) = al). 
ea 
©) er en 7 
If 
` (10) Is >1 


2 Borel, Leçons sur les series divergentes, Paris, 1924, pp. 198 ff. 
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then 
= nin? ba 
11 lim — st ———— = — TF= 
( ) LET} 2 (n + r)! ue 1-3 


and the convergence is uniform if | 3| Z1-+e. Using Stirling’s formula, 
we have 


- 


(12) lim ni(=) erl: = lim (2en)'/2(ge-Ht Us) 9, 


no“ n 
This is zero if 
(13) | see] < 1. 
If we let s=pe* then 

| gemt | = pegit(oos Ole 
and (13) is the same as 
petto Nip < 1 

or 


(14) cos 0 < p(1 — log p). 


The curve cos 80 =p(1—log p) and the region S. The region S is bounded 
by the solid part of the curve. 


We shall call the region bounded by the curve cos 0=p(1—log p), 
p21, the region S (see figure). In view of (8)-(12) and (14) we see 
that this is the region in which o,(s)—1/(1—z) uniformly, except 
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possibly for a neighborhood of |z] =1 and a neighborhood of the 
boundary. 

For the purpose of applying Borel’s theorems it is also necessary 
to show that in the region (1-eSpsi-+e, € S@S2r—e’), o,(s) is 
bounded uniformly in s. This follows for ps1 from (7), by an appli- 
cation of Abel’s transformation to the series ) g2" with the coeffi- 
cients (obviously monotonically decreasing) n!/(n—m)!n™. Similarly 
it follows from (9) for p21. > 

Borel? now proceeds as follows: suppose we have a system of 
polynomials o,(2)=c™+cMe+cMst+ <- -and such that o,(2) 
—1/(1-2). Suppose we have also a function f(z) represented by the 
power series 


We may write Cauchy’s Br thus: 
1 
n- f2 ds 


2ri x 1-3/x 








where c is acontour around s not including any singularities of f(s). 


Let 
poa La on(=) ae 


2ri 





Borel showed that 
F,() = >> e Dg 
b=0 k! 


In case o,(s)—1/(1—z) uniformly in a certain star-shaped region in- 
cluding the circle of convergence of Is" Borel deduces by appro- 
priate choice of the contour ¢ a region in which F,(s)—f(s) which we 
describe as follows: 

Construct for each singularity t of f(s) a region R(f) similar to 
that in which o,(z) converges to 1/(1—z), such that the point corre- 
sponding to the origin is at the origin and the point correspond- 

‘ing to z=1 is at the singularity £. Let R= [];R(f) be the region 
common to all the R(f). In any finite region R’ interior to R 


F,(2) > f(z) 
‘and the convergence is uniform if it is uniform in the special case 


? Borel, loc. cit. We have changed the notation to agree with our own, 
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f(z) =1/(1—2), Fx(2) =on(2). 

In our case; ce” =n!/(n—k)!n*, o,(z)1/(1—s) uniformly in any 
subregion of S interior to S except in a region as small as we please 
where | on() —1/(1 —s)| is uniformly bounded. The reader may con- 
vince himself that this restriction does not alter Borel’s results. 

If in the identity (9) we replace z by 1/g we can derive a more 
powerful method of continuation. It is not, however, as powerful as 
those of Borel, Mittag-Leffler, and others, and hence we shall not 
discuss it. 


UNITED AIRCRAFT CORPORATION, 
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ON THE REALITY OF ZEROS OF BESSEL FUNCTIONS 
ABRAHAM HILLMAN 


We shall present some observations on the reality of zeros of 
Bessel functions of real order, that is, functions satisfying the dif- 
ferential equation 


l d 
(1) ete tt y= 


with » real. The two linearly independent solutions J,(z) and Y,(z) 
may be defined by 


_ (2 & (dd 
z , We G 2 ry +r +1) 
and 
Y,(s) = ee for v not an integer, 
sin vr / 
(3) 


Y,(s) = lim Y,(z) for integers n. 
J, and Y, are in general many-valued functions of z. If in (2) we 
replace s by the positive real variable x and use the principal value of 
_(x/2)", a real valued function, J,(x), is obtained. Substituting JV) 
for J,(s) in (3) gives a real function Y,(x). 
All branches of any Bessel function, B(z), can be obtained by 
analytic continuation of a function 


B(x) = (a + ib)J (x) + (h + ik) Ya), 


where a, b, h, and k are real numbers. In particular let B(x, m) stand 
for the result of continuing B(x) through an angle of mr along a 
circle with center at the origin. Restricting m to be an integer, it can 
be shown! that 


B(x, m) = [(aC — bS — 2kS cot vr)J (2) + (AC + BS)Y,(2)] 
+ i[(BC + aS + 245 cot vr) J (x) + (kC — kS)Y,(2)] 
where C=cos myr and S=sin mvr. Each real (positive or negative) 


zero on any branch of the analytic function B(z) is a zero of B(x, m) 
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for proper choice of m. Equating the real and imaginary parts of 
B(x, m) to zero (here we use the hypothesis that » is real), gives 


(aC — bS — 2kS cot vm)J,(x) + (AC + ES)V,(x) = 0, 
(BC + aS + 2hS cot vm)J,(x) + (BC — hS)Y,(2) = 0. 


J, (2). and Y,(x) are never simultaneously zero since they are linearly 
independent solutions of equation (1). Henig: a necessary condition 
for B(x, m) to have zeros is that 


A = (aC — bS — 2kS cot vr)(kC — hS) 
— (bC + aS + 2hS cot vr)(kC + kS) 
vanishes. This can be simplified to 
(4) A = [ok — bh] cos 2m»r — [ah + bk + (h? + k’) cot vr] sin 2mvr. 


If A is equal to zero, B(x, m) is a multiple of a real cylinder function. 
It is well known? that the real cylinder functions have (positive) real 
zeros. This shows that A=0 is also a sufficient condition for B(x, m) 
to have zeros. (It is clear that there are two values of m associated 
with each branch of B(z), an even value for positive zeros and an odd 
one for negative zeros.) 

Before going on to some interesting special cases it should be noted 
that every Bessel function has, on every branch and in both the left 
and the right half-planes, an infinite number of zeros which lie on or 
approach a horizontal straight line. (The line depends on the branch 
and the half-plane.) This is a consequence of the fact? that 


J,(z) cos a — Y,(z) sin æ 


where » and & need not be real, has zeros whose real parts tend to- 
wards plus infinity and which are given by the asymptotic expansion 


u—1 (#—1)(7%— 31) (u — 1)(83u? — 982% + 3779) 


Tg 3-288 15. 21085 
(u — 1)(6949u8 — 1538554? + 15857434 — 6277237) 
105. 2587 


where u=4y? and ß=(s+v/2—-1/4)r —a. 

This implies that the condition for the non-existence of positive or 
negative real zeros on a particular branch (that is, for a particular 
value of m) of a Bessel function is the condition for the existence of 


2 Ibid. p. 481. 
3 Ibid. pp. 505-506. 


200 ABRAHAM HILLMAN 


non-real complex zeros in that half-plane on that branch. However a 
Bessel function can have both real and non-real zeros in the same . 
half-plane on the same branch. For example, if r is zero or a positive 
integer and if » is between —(2r+1) and —(2r+2), J,(z) has 4r+2 
complex‘ zeros as well or an infinite number of positive and negative 
realë zeros on each branch. 

Now let us take up some of the special cases. We assume that a, b, 
h, k are not all zero, that is, that B is not identically zero. 

I. Let B be a multiple of J,. That is, let k=k=0. Then the A of 
(4) is zero for all values of m and v. In other words, J, has positive 
and negative real zeros on every branch for all real values of v. 

JI. Let » be an integer n. Then A becomes ak—bh—2m(h?+k?), 
We see that with the exception of multiples of J, (treated under I), 
Bessel functions of integral order have real zeros if and only if 
(ak—bh)/2(h?+&?) is an integer and then only on the branch for 
which m = (ak —bh)/2(h?+?). 

In particular Y,(s) has positive real zeros only on the branch for 
which m=0 and has no negative real zeros. Thus Y„(z) has non-real 
complex zeros in the left half-plane on all branches and in the right 
half-plane on all but one branch. 

III. Let B be a multiple of Y,, that is, let a=db=0. Then A=0 is 
equivalent to cot vr sin 2mvr=0. This means that Y, always has 
positive real zeros on the branch for which m=0 and has other real 
zeros only if » is rational but not an integer. In the latter case Y, has 
real zeros only on the branches for which 2m» is an integer. In particu- 
lar Vans where n is an integer has positive and negative real zeros 
on all branches. 

IV. Let B be a multiple of a function \J,+yY, with d and u real, 
that is, let ak —bh=0. Then B has positive and negative real zeros on 
all branches if B is a multiple of J, or of J, cos vr — Y, sin vr. Other- 
wise B has real zeros if and only if 2my is an integer but » is not. 

V. If 2my is an integer but v is not then B has real zeros if and only 
if it is a multiple of a function AJ,+aY, with X and p real. 

VI. The condition on a, b, h, and k for A to be zero for all values 
of m and » is that A=k=0. (VI is the converse of I.) 


COMPUTATION LABORATORY, NATIONAL BUREAU OF STANDARDS 


4 Ibid. p. 483. 
t Ibid. p. 478. 


A PROPERTY OF POWER SERIES WITH 
POSITIVE COEFFICIENTS 


P. ERDÖS, W. FELLER, AND H. POLLARD 


The following theorem is suggested by a problem in the theory of 
probability.! j 
` Let py be a sequence of non-negative numbers for which > ope=1, 
and let m= > rkp S ©. Suppose further that 


P(x) = È past 


is not a power series in x' for any inieger t>1. Then 1— P(x) has no 
seros in the circle |x| <1, and the series i 


1 © 
U = — u k 
Var 
has the property 
lim u, = 1/m. 


(If m= œ, we define 1/m to be zero.) 

We shall first give a proof in case m < œ. The method used is not 
elementary, but yields somewhat more information than stated in the 
theorem. Later in this paper an elementary proof is given, valid for 
both m<o and m= œ. 

We suppose that m < œ. Let 


(1) Ta = > pr R(x) = 5 rat, 
Jon+l 0 

Then m= I er, and 

(2) 1 — P(x) = (1 — x)R(a). 


Since m< oo the power series for R(x) converges absolutely and 
uniformly in |x| $1. We claim that R(x)'has no zeros for |x| <1. 
For | «| <1 this is clear from (2), since P(x) has positive coefficients 


Received by the editors March 1, 1948. . 
1 To be published elsewhere. The theorem and method of the present paper 
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and therefore | P(x) | <1, for | «| <1. Then any zeros of R(x) must oc- 
cur on the circle | x| =1. From (1) it follows that R(1) =m+0. Hence 
any zero must be of the form x») =e, 0<<2r. If R(xo)=0, then 
(2) implies P(e) =1. Since p20 this can happen only if cos fok =1 
for all & for which #20. But this is impossible because P(x) would 
be a power series in x‘, for some integer #>1. 
Then the function 
1—-ı 1 
1— P(x) R(x) 


has no singularities in | «| <1 and we can expand it in a power series 








3 = On" 
(a R(x) x i 
where 
1 s 
ün = — dx, r<1. 
2riJ ser R(x) 


Now [R(&)T! is bounded in «| <1; therefore we can apply Lebesgue’s 
convergence theorem to let r—1; we obtain 
1 gol 1 T ete 


(4) a, = — dr==| —— 
2ridJ |ajar R(x) 2rJ_r R(e®) 





, 


for n=0, 1, 
. But we have already seen that 


Re) = > raet” 
nal 


converges absolutely and has no zeros. It follows by a theorem of 
Wiener? that [R(e*)]-! has an absolutely convergent expansion 


3 baer’, 


=H nn 
where )>|6,| < and 
T han 
ba = Ren 9 —-ocAn*c mw, 


A comparison of this and (4) shows that >>| an| <2. From (3) we 





2 A. Zygmund, Trigonometrical series, Warsaw, 1935, p. 140. 
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can conclude that `a, =m. But 
oo © 
D ane” = (1 — x) DS mah. 
n=0 kam) 


It follows from Abel’s theorem that u,—1/m. 

This argument does not work in the case m= since then R(x) 
is not bounded. The following proof is quite elementary and does not 
distinguish between the two cases. 

Clearly 


tn = potin + pitni F +++ + Daithi + Pato, nzi. 
Moreover, since R(x) U(x) = (1 —x)~!, we have 
Ton F Tita- + Lrs F faiti F fatto = 1. 
Let 
A = lim sup m, 


and let {n,} be a sequence such that un, >à. We claim that for any 
fixed 7>0 for which ~,>0 we have u,,,—A. In fact, assume that 
tn> <A. Then for sufficiently large v a 


A— e< ty, : 
< (otee + peat pmt e + pw)A+O+ pr +e 
S(1—p)aAtQ) + oN’ +e <A pA N) + 26 


whence N =i, 
Repeating the same argument, we see that 


(5) lim Un, = A 

for every fixed integer 720, provided only that ua, >à and p; >0. 
Now consider the set of all integers j for which p;>0. By hypothesis, 
their greatest common divisor is 1. We can, therefore, find a finite 


collection a1, as, +++, a, of subscripts such that pa >0, -> , po,>0 
and that their greatest common divisor is 1. Then by (5) 


(6) lim Un yh =r A 
me 


for every fixed integer k of the form 
(7) R= yay + tit fos + tite 


However, every integer k>a1az + - - a. can be put into the form (7) 
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and hence (6) holds for every sufficiently large fixed k. Now put in 
(5) n=N,=n,— aide > - - ar. Then for every fixed M 


12 ron, + riun, a tb + ran: 


As p—>co all terms #y,-2—A and hence 
12 Aro trit: +r) 


or \S1/m (with \=0 if Dor, =~). 
If m<o we can use a similar argument for »=lim inf u, to show 
that „2 1/m. This proves the theorem. 


SYRACUSE UNIVERSITY AND 
CORNELL UNIVERSITY 


A CONSISTENCY THEOREM 
H. D. BRUNK! 


1. Introduction. Of primary importance in a theory of representa- 
tion of functions by series which do not necessarily converge is its 
consistency theorem, which states that if a series which represents a 
function F converges to a function ®, then F=®. Such a theorem for 
asymptotic representation in a strip region of a function by Dirichlet 
series with a certain logarithmic precision, an idea introduced by 
Mandelbrojt [1],? is the subject matter of this note. From it follow 
similar theorems for less general extensions of the idea of asymptotic 
series. The method consists in using the proof of the fundamental 
theorem in [1] to set up a homogeneous linear differential equation 
of infinite order with constant coefficients, which must be satisfied 
by the difference F—®; then applying a method of Ritt to show that 
the only solution is identically zero. 
` The notation used by Mandelbrojt in [1] will be used here also. 
Let {An} be an increasing sequence of positive numbers (0<A, Î ). 
Denote by NA), defined for \>0, the distribution function of {ru}; 
that is, the number of terms in the sequence fra} less than A; and 
by D(A) the density function of {Xa}: DA) =N(A)/. Let D’ represent 
the upper density: D'’=lim sup,..D(A); and D'A) the upper density 
function of Mh: D'A)=1.u.b..eıD(x); clearly D'A) is continuous 
and decreases to D’ (unless D'(A) =D" = œ). 

Presented to the Society, April 17 1948; received by the editors March 15, 1948. 
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The mean density function is DA): DA) = [fo D(x)dx]/A; D’, the 
upper mean density: D’=lim supy..D(d); and D’A)=1.u.b. Do): 
. the upper mean density function. The function D’(A) decreases to D' 
as A becomes infinite. Also D'S D° (cf. [1]); and if either D or D' is 
finite, so is the other [1, p. 353]. . 

DEFINITION. Let A be a region of the s-plane (s=o-+4#) containing 
points with arbitrarily large real part, and F(s) a function holo- 
morphic in A. Let » be a positive integer, {dy} a sequence of complex 
numbers, and p,(x) a function increasing to infinity such that for s 
in A and for x sufficiently large 


(1) g.l.b. Lu.b. |F(s) — dere sem, 
mon TÈT k=l 


The sums X Edse ™ (mÈ n) are then said to represent F(s) in A with 
the logarithmic precision p,(c). If the series I kide ™ converges to 
F(s) for o sufficiently large, the logarithmic precision is identically 
infinite for each » [1, p. 356]. 


THEOREM I. If 

(i) the sequence {Nn} has finite upper mean density D’; 

(ii) the function F(s) is holomorphic in the region A of the s-plane 
(s=0-+#t) given by: a>, jel <mg(o)}, where b is a real constant, and 
g(0) is a continuous function of bounded variation defined for o>b such 
that lim,..g(o)>D'; 

(ili) g.l.b.nzı Ant An) > 0; 

(iv) for infinitely many positive integers n, the sums IT .die 
(mZn) represent F(s) in A with a logarithmic precision p„(o) satisfying 


(2) ro exp (- sf a) = 0; 


then the series > indre ™ converges to F(s) for o sufficiently large; that 
ts, tt has a half-plane of convergence, in which tt converges to F(s). 


Theorem I gives immediately a corresponding result for the theory 
of asymptotic representation with respect to a sequence of functions‘ 


3 The omission of the lower limits on the integrals indicates that the relation is to 
hold provided these limits are chosen sufficiently large. 

4 The following definition of asymptotic representation with respect to an asymp- 
totic sequence, as well as the discussion of its relation to representation with a certain 
logarithmic precision which appears in §3, is based on lectures given at The Rice 
, Institute in 1947 by Professor Mandelbrojt. 
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[.A,(e) }. Consider a sequence of continuous functions [ A,(o) } hav- 
ing the property that 


(3) Anlo) decreases to zero aso —> © (n 2 1); 
(4) Anla) = O(A,(a)) as o > œ (» = 1). 


DEFINITION. The function F(s) is represented asymptotically in a 
region A containing points with arbitrarily large real part by 
>of. die with respect to the asymptotic sequence { A,(o)} if there 
exists a real number so independent of n such that 


(5) FG) & Ge SAD fore Som (n = 1). 


_ Define A(s), the lower envelope of the sequence { A,(a)}, as 
g.l.b.s214.(0), and set p(o) = —log A(s). The following theorem is a 
corollary of Theorem I. 


THEOREM II. If (i), (ii), (iii), and 
(iv’) F(s) is represented asymptotically in A by > die with re- 
spect to an asymptotic sequence [Ar (e) } such that 


(2’) f p(o) exp (- sf aa) = 


then the series converges to F(s) for o sufficiently large. - 


In both theorems the upper mean density D’ may be replaced by 
the upper density D’, the upper mean density function D’(A) being 
replaced by the upper density function D’(A). Moreover (2) and (2') 
may be replaced by hypotheses corresponding to those in forms C, 
D, and E of the statement of the fundamental theorem in [1]. In 
particular (2) may be replaced by: 

(2a) There exist continuous functions h,(c) decreasing to D', and 
increasing functions C,(o) such that 


2vChnle)) — palo) < — Ca(o), 
(n = 1) 


pasal T oer) 


where v»(D) =1.u.b.,59 A(D(A) — D) =1.u.b.150 [8 [D (£) —D ]dx. This is a 
non-negative, nonincreasing continuous function of D for D> D', 

~ called the excess function of the sequence {An}. 
If the {A,(c)} have the special form 4,(¢) = Mae", Theorem II. 
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reduces to a theorem proved by Mandelbrojt by a different method, 
mentioned briefly in §4. 


2. Proof of I. The proof of Theorem I falls naturally into two parts, 
Lemmas 1 and 2 below. 


LEMMA 1. Under the hypotheses of Theorem 1, the series > dye>™ 
converges for o suffictently large. 


This lemma was proved by Mandelbrojt in his lectures at The Rice 
Institute in 1947. . 

One'may assume that p,(c) is a decreasing function of n for each ø. 
For if (1) is satisfied with right-hand member e”, it is also satisfied 
if p(x) is replaced by pa(x) =1.u.b.jzap7 (x), since for each j2m (writ- - ' 
ing dm(x) =l.u.b..z3| FI) - IE peice g-1.b.ngndm (x) <g.1.bmadm (x) 

. Se hence g.l.b.mnzadm(x) Sg.l.b.jgne t =e, Moreover, if the 

pz(o) satisfy (2) (or 2a) so do the p,(c). 

Hence if (2) is satisfied for any integer n, it is satisfied also for any 
smaller integer (D'(A) is a decreasing function of X). Thus (iv) is 
satisfied for all n 21. The hypotheses of Theorem I are then sufficient 
in order that the conclusion of Mandelbrojt’s fundamental theorem ~ 
[1, p. 357] may hold for 21: 


a | d, | s AdndAneet for some oo > b; - 


where A is independent of n, depending on the sequence N} and an 
upper bound on F in A (it is clear from (1) that F is bounded in A), 


and where . 
Ania) = n(: - 5) 


1 
A = 
| Aa(iAn) | kan Ar 


It follows from Mandelbrojt’s inequalities on Až [1, p. 353] that 
if lim inf,.o(Anui—An) =4>0, there exists a number B=B(h, D’) 
such that log Až SB), for n sufficiently large. Hence 


log | da | S log (AA) + Ban + Ando, 
(log | dn] )/An S B+ 00 + (log (AA) /An- 
But since the upper density D’ is finite, a necessary. and sufficient 
condition that 2, de> converge for o sufficiently large is that 
lim sups.»(log |da )/^n be finite (not positively infinite), and indeed 


this number is the abscissa of convergence.’ This completes the proof . 
of Lemma 1. 


(6) 


5 Cf. V. Bernstein, Series de Dirichlet, Paris, Gauthier-Villars, 1933, p. 4. RS 
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Lemma 2. Jf (i), (ii), (iv), and 
(v) Didve™* converges for o sufficiently large, 
then ii converges to F(s). 


Let (s) denote the function to which the series converges under 
(v). Define the coefficients {cf} by 


(n) 1.6) = T(1- 5) Lena". 

krn Ay b=0 

"In the proof of his fundamental theorem, Mandelbrojt proves that 

in a certain closed strip A (not the closure of A) given by {e 2d, p 

- <G(o) } (where d is a certain real number and G(e) a positive func- 

tion, both independent of n), the series Jor o(— 1)? F(s) con- 

verges absolutely and uniformly to the function d,A,(t\,)e7*". Since 

&(s) satisfies the same hypotheses, I,(— 1)" PB» (s) converges ab- 

solutely and uniformly in A to the same function; and if H(s) = F(s) 
—(s), then for sin A and for »21, 


(8) - DAN H (s) = 0. 
From the definition (7) of the cf it is seen that (8) may be written 
_ symbolically as 
[a = DADU = Dm) --- 
(1 - DJ) D/M) - 120 = 0, 
where D indicates differentiation with respect to s. A method due to 


Ritt® may then be used to show that H(s)=0, which is the desired 
result. Define functions N„(z) and constants cr,» by: 











g oo 
(9) nas n(: eS (trace. Eei: 
im Ab bao 
Then for each m, 
Com = 1; and for each $» 
(10) 
Ch,m decreases to zero as m—> œ. 
For 
eee 1 1 1 
Chm = . (kz1,m2 1), 


im+l Ai >i e >i Ai Ms Ma 

® Ritt, J. F., On a general class of linear homogeneous differential equations of in- 
finite order with constant coefficients, Trans. Amer. Math. Soc. vol. 18 (1917) pp. 27- 
49; cf. in particular Theorem XIV. 
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the second sum being bounded by a number, c{® ,, independent of m: 


x 1 1 1 
Cc = i sg) 8 8 ws, s 

kai y>h- >. > eel Ne Ni Ne 
from which it is apparent also that Gmc (m21, k20). Since 
2- 1), PA (s) converges absolutely nad uniformly in A, the 
series I ,(— 1): „7% (s) also converges absolutely and uniformly in 
A to a function f(s) holomorphic in A. For each s in A the conver- 
gence is uniform with respect to m also, so that limw.oAn(s) =H(s) by 
(10). Symbolically 


(11) hals) = [0 - DR) — Dim) JE). 
By (8) and the definition of the hw(s), for each m>1, 


(1 — DDA — DN) «++ (1—D'/rm) hals) = 0, 
(1— D/A — D/M) -+ (1 — DANa) hals) = 0, 


(1 - DIA — DA) o (1 D An) kals) = 0. 


The operator ]]-ym(1-D®/M) is evidently equivalent to 
mi (—1)a®DY, the af being the coefficients in the Taylor’s ex- . 
pansion of |1-10,m(1-2?/A}). Since we have (I71'(-1)’a Ma) 
(Dino (Via mt) = D 2 4(—1)*cs3*, one easily verifies that 
Ci (~ 1af D? Drol- 1) cr mDEH(S))= El 1) “co D*H(s) 
=(, these being equations (12). 

This is a system of m differential equations of finite order with con- 
stant coefficients. In order to satisfy the first of these equations, 
hals) must be a linear combination of powers +Ass, Ass, EMs, » 
Ams of e; to satisfy the second, a linear combination of powers 
EMs, EMs, ++, tas, and so on. It follows that ha(s) =0 (m21). 
Since H(s) =limm.olm(s), also H(s)=0, which completes the proof of 
the lemma; and with Lemma 1, completes the proof of Theorem 1. 


3. Proof of II. In his lectures at The Rice Institute referred to 
above, Mandelbrojt proved the following lemma. 


Lemma 3. Representation with respect to an asymptotic sequence 
[A.(0) } implies representation for each positive integer n with logarith- 
mic precision p(o)— K, for certain positive constants Kn, where p(c) 
= —log A(c), and where A(c) is the lower envelope of {A,(c)}: A(c) 
=g.lb..214.(0). 
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By definition (3)-(5), l.u.b..2.| F(s)-—- Dorde ™| <sAu(x); and 
there exist constants Ba, Ba, : : : such that for «>» the inequalities 
As(x) <B:41(%), As(x) <BsA2(x), > + +, Anl&) <BnAn-1(x) hold simul- 
taneously. Hence A„(x) <BnrAnlx) <BaBasAn ra) <--> <BaBaia 

++ + ByAi(x). Choose R„ greater than 1 so as to be greater than 
maxosjsn—2 | 1-03», also. Then for each fixed n, g..DenzaRnAm(x) 
>g.l.b.imen Am(x), and g-1.bimcen RuAm(xX)>An(x); hence we have 
g.l.bewzi RrAm(X) >g.1.bman Anl). Thus 


g.Lb. lub. |F(s) — >> die?" | < g.l.b. An(2) 
È? 1 man y 


mon Cé 


< gLb. RrAm(x) = R,A(x) = exp (log A(x) + Kn) 


= exp = [p(x) i K,] for x > oo, 


where K,=log R„>0, from which the lemma follows. 

It will be sufficient, then, to show that hypothesis (iv’) of Theorem 
II implies (iv) of Theorem I, with (2a) replacing (2). Mandelbrojt 
shows in [1] that (iv’) implies the existence of a function h(a), con- 
tinuous and decreasing to D’, and an increasing function C(e) such 
that 


2v(h(o)) — p(o) < — Ce), 


[eo exp (- sf mim 7 wo) = 


Put palo) =p(o)—Ka, ha(o) =h(o), and C,(¢) =C(c)—K, for n21. 
Since lim... g(#) > D', the denominator in the integral appearing as a 
power of e is bounded above and below by positive numbers for u 
sufficiently large. Hence f*K,{exp [2-1/¢du/(g(u) —h(u))]}da< œ 
for n21, and 


2v(hn(0)) — Palo) < — Calo), 


el ee 


holds. The hypotheses of Theorem I are then satisfied, and the con- 
- clusion, that J de ™ converges to F(s) for ø sufficiently large, fol- 
lows. 


4. Remarks. Mandelbrojt has given a simpler and more direct 
proof of Lemma 2 for the case in which A„(e) = Me™", under less 
restrictive conditions: those obtained in removing the restriction 
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lim g(c)>D° (still assuming lim g(o)>0) and in replacing g(w) 
— D'(p(u)) in (2’) by g(w). This proof depends on writing 


| 269 | =| F(s) - &(s)| = 





Fls) — >> dye — Do dye 
1 


n+l 





> dye >¥* 
atl 


S Med" + 


’ 








and considering separately the two possibilities: we have either 
lim 'inf„.„(log M,)/An< ©, or lima.so (log Mn)/An= 0. If Bı(e) 
=g.l.beazi[Mne m+ | rd |], and BY(c) =g.l.b.nzr Myre’, it 
may be shown that, in either case, if Bi(e) satisfies the condition 


(13) f — log Bi(c) exp |- Se = 0 


then B,(c) does also. For by Theorem II (Lemma 1) if (13) is satisfied 
the series J.f de ™ converges for ø sufficiently large. One then sees 
that if s=a (a real) is a point of convergence of the series, 

then | Dede] =| ede eee] s Me™- where M 
> = P| d,| e. Then if lim inf,..., (log Mx)/Aa< ©, Bi(o) =0; while if 
lim... (log M,)/A\.= ©, then M,> Mem for n sufficiently large, and 
| Irre] <M,e >", hence Bı(o)<2Bf(o). It follows. that 
H(s)=0, by a theorem of Mandelbrojt and MacLane ([2, Theorem 
I]; cf. also [1, Lemma 1, p. 360], obtainable from [2, Theorem 1], 
by the obvious transformation). 

Similar proofs of Lemma 2 may be given provided the [ A,(e) } 
satisfy any of a number of conditions which may easily be formulated: 
in particular if A*(e) satisfies (13), where A*(c) =lim infan- An(e), 
or, in general, if B(o) satisfies (13), where B(c)=g.l.b.,21 
{ | Dad] +A,(c) }. Professor Mandelbrojt has remarked to the 
author that it follows from (6) that 


>| d,| ee <A oS pee (a-B-) < KD erl a—B—o e) 


for each positive number e, K. being suitably chosen. Thus for 
a>B-+o0,, there exists a positive number K=Kf(e) such that 
> | de] em <K (since De converges for ¢>0), and such that 
Drp de e> = Dryl di| dere < Kette, Thus the conclu- 
sion of Lemma 2 can be shown to hold if B*(e) satisfies (13), where 
B*(0)=g.1.b. z (Ke™ -+A n(e)). 

It may be remarked that a theorem of Mandelbrojt and MacLane | 
([2, Theorem II], a suitable transformation being made if 0 
< lim g (e) »#r/2) constitutes a converse of Lemma 2 for asymptotic se- 
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` quences, g(u)— D'(p(u)) in (2^) being replaced by g(#), as it may be 
under conditions on the A,(c) discussed above. For by their theorem, 


given 
ro exp [-- le <e, 


there exists a function F(s) holomorphic in A, not identically zero, 
such that | F(s) — ee] <e (9, hence | F(s)— 200] <A,(c) 
if {A,(c)} is any asymptotic sequence with g.l.b..21 An(o) =A (0) 
=e?(0), so that F(s) is represented asymptotically in A by the series 
> de with d,=0 (k21) with respect to the asymptotic sequence 
{A,(c)}, without being identically zero. 
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COMBINATORIAL HOMOTOPY. I 
J. H. C. WHITEHEAD 


1. Introduction, This is the first of a series of papers, whose aim is 
to clarify the theory of “nuclei” and “n-groups” and its relation to 
Reidemeister’s! Uberlagerungen. Here we give a new definition of 
“n-groups,” or n-types as we now propose to call them. This is stated 
in terms of (n—1)-homotopy types, which were introduced by R. H. 
Fox.? In a later paper we shall show that this is equivalent to the 
definition in terms of elementary transformations, which was given 
in [1]. The series of n-types (n=1, 2, -+ - ) is a hierarchy of homot- 
opy, and a fortiori of topological invariants. That is to say, if two 
complexes,? K, L, are of the same n-type, then they are of the same 
m-type for ány m <n, where nS œ and the »-type means the homot- 
opy type. If dim K, dim L £n then K, L are of the same homotopy 
type if they are of the same (»+1)-type. Two complexes are of the 
same 2-type if, and only if, their fundamental groups are isomorphic. 
Moreover any (discrete) group is isomorphic to the fundamental 
group of a suitably constructed complex. Therefore the classification 
of complexes according to their 2-types is equivalent to the classifica- 
tion of groups by thé relation of isomorphism. Thus the »-type 
(n>2) is a natural generalization of a geometrical equivalent of an 
abstract group. 

Following up this idea we look for a purely algebraic equivalent of 
an n-type when »>2. An important requirement for such an algebraic 
system is “realizability,” in two senses. In the first instance this means 
that there is a complex which is in the appropriate relation to a given 
one of these algebraic systems, just as there is a complex whose funda- 
mental group is isomorphic to a given group. The second kind, whose 
importance is underlined by theorems in [5; 6| and in this paper, is 
the “realizability” of homomorphisms, chain mappings, etc., by maps 
of the corresponding complexes. Thus realizability means that the 
algebraic representation is not subject to conditions which can only 
be expressed geometrically. 

An address delivered before the Princeton Meeting of the Society on November 
2, 1946, by invitation of the Committee to Select Hour Speakers for Eastern Sec- 
tional Meetings; received by the editors July 19, 1948. 

1See [1], [3] and [8, p. 177]. Numbers in brackets refer to the references cited 
at the end of the paper. 

2 See [9, p. 343] and [10, p. 49]. 

3 I.e., CW-complexes, as defined in §5 below. 

4 Le., the class of groups which are isomorphic to a given group. 
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What has been achieved so far is a purely algebraic description 
of the homotopy type of any 3-dimensional complex (see [3]) and of 
any finite, simply-connected, 4-dimensional complex. An account of- 
the former will be given in Paper II of this series and of the latter in 
[5]. This and Theorem 6 below lead to an algebraic description of the 
3-type of any complex and of the 4-type of any simply-connected, 
finite complex. The theorem on the realizability of chain-mappings, 
which applies to the 3-dimensional complexes, will be generalized to 
what we call J„-complexes, which are defined in $3 below. 

The algebraic apparatus used in [5] and in Paper II is inadequate 
for the classification of homotopy classes of maps of such complexes. 
Each homotopy class of maps induces a unique equivalence class of 
algebraic maps. Moreover each algebraic map, of the appropriate 
algebraic type, has a geometrical realization. But in general the 
homotopy class of the latter is not unique. For example in the case of a 
simply-connected, 3-dimensional complex our algebraic system sim- 
ply consists of the ordinary chain groups and all maps of a 3-sphere 
in a 2-sphere lead to the same equivalence class of chain mappings. 
Thus our results are complementary to much of the recent work on 
the algebraic classification of mappings (e.g. [11]). 

In this presentation we abandon simplicial complexes in favor of 
` cell complexes. This first part consists of geometrical preliminaries, 
including some elementary propositions concerning what we call clo- 
sure finite complexes with weak topology, abbreviated to CW-complexes, 
‘which are defined in §5 below. There are two main reasons why we 
do not confine ourselves to finite complexes. The first is that we want 
to include such simple spaces as open manifolds or, more generally, 
infinite but locally finite complexes., The second is that we have a 
great deal to do with covering complexes. We do not restrict our- 
selves to locally finite complexes because this restriction would be 
troublesome when considering “mapping cylinders” of infinite com- 
plexes. Also we want to allow for such operations as shrinking an 
infinite subcomplex (e.g., a tree containing all the 0-cells) into a 
point. 

We recall from [6] that a space, P, dominates a space, X, if, and 
only if, there are maps, A: X—P, \’:P—X, such that \Acv1. We 
show that the theorems in [6] can be extended to non-compact 
spaces, which are dominated by CW-complexes. To do this we give 
a new and possibly® more restrictive definition of n-homotopy. Ac- 
cording to Fox, maps f, g:X—Y, of any space X in a space Y, are 
n-homotopic, written fœ,g, if, and only if, fé-ved, for every map, 


5 See §7 below. 
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ġ:K"—X, of every finite simplicial complex, K”, of at most n dimen- 
sions. We alter this by defining fg if, and only if, fpœgġ for every _ 
"map, ¢:K*—X, of every CW-complex, K”, of at most n dimensions. ' 
As in [6] we describe a map, f:X— Y, as an n-homotopy equivalence 
if, and only if, it has an n-homotopy inverse, meaning a map, g: YX, 
such that gfœ,1, fg~,1. A homotopy equivalence is similarly defined ' 

in terms of ordinary homotopy. We shall use the symbol 


X =,F 


to'mean that X and Y are of the same n-homotopy type (i.e. there is 
an n-homotopy equivalence f:X—Y) and X=Y will mean that X 
and Y are of the same homotopy type. 

Let œ be the class of all connected spaces, each of which is domi- 
nated by some CW-complex.’ Let «Ca be the subclass consisting of 
spaces which are locally simply-connected in the weak sense. That is 
to say, if X Cap there is a basic set of neighborhoods in X, such that 
any closed curve in one of these neighborhoods is contractible to a 
point in X. The universal covering space, X, of such a space has the 
usual properties. If X is dominated by a CW-complex of finite dimen- 
sionality we shall use AX to denote the minimum dimensionality of 
all CW-complexes which dominate X. If none of the CW-complexes, 
which dominate X, has finite dimensionality we write AX = œ. We 
restate the theorems in [6], which now refer to spaces X, YCa and 
to the new definition of »-homotopy. Let fa:ma(X)—>r,(Y) be the 
homomorphism induced by a map f:X->Y (n=1, 2, : - :) and let 
N=max (AX, AF) s o. f 


THEOREM 1. The map f:X—>Y is a homotopy equivalence if, and only 
tf, fnitn(X)—7.(Y) is an isomorphism onto for every n such that 
1Sn<N+1. 


THEOREM 2. The map f:X—Y ts an (N—1)-homotopy equivalence 
tf, and only if, fa is an isomorphism onto for every n such that L<Sn<N. 


Let X, YCao and let X, 7 be the universal covering spaces of X, 
Y, with base points xo€X and yo=fxo€ Y. As explained in [6], the 
map f:X—Y induces homomorphisms H,(X)—H,(Y), where H, 
indicates the nth homology group, defined in terms of singular cycles. 
The argument given in [6] shows that H,(X) =0, H,(M=0ifn>N. 


6 A space in a must satisfy the usual union and intersection axioms for closed and 
open sets but need not satisfy any separation axioms. For example, a single point 
need not be a closed subset. It follows from (M) in §5 below that any connected 
CW-complex is arcwise connected. Hence it is easily proved that every space in a is 
arcwise connected. 


` 
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THEOREM 3. The map f: X—Y is a homotopy equivalence if, and only ` 


if, each of the induced homomorphisms fımı(X)mı(Y) and H,(£) 
—H,(Y) is an isomorphism onto. 


Let N<o, 


THEOREM 4. The map f:X—Y is an (N—1)-homotopy equivalence if 

(a) each of the induced homomorphisms fi:m(X)m(Y), H£) 
—H,(V) is an isomorphism onto, for n=0,---, N—2, and also 

(b) the induced homomorphism Hy-1(X%)->Hw-A(P) ts onio and 

(c) fw-1taw—1(X)—rw-1(Y) is an isomorphism into. 
Conversely if f:X>Y is an (N—1)-homotopy equivalence,’ so ts the 
lifted map, f: XY, and H,(X)-H,(Y) is an isomorphism onto for 
n=0,°-:,N—1. 


2. n-types. Let K, L be CW-complexes. A map f:K-—L is said to 
be cellular if, and only if, fK"CL* for each »20, where K*, L” are 
the » sections of K, L. A homotopy fı: KL is said to be cellular if, 
` and only if, the maps fo, fı are cellular and f.K*CL**! for each n20. 
According to (L), in §5 below, any map K—L is homotopic to a cel- 
lular map and if foxfi: KL, where fo, fı are cellular, then there is a 
cellular homotopy fi! KL. Let fo, fi!L>X be maps of L in any 
space X and let fo>„fi. Then foo fio for any map, ¢:K*—L, of any 
CW-complex, K*, of at most nm dimensions. In particular fol LZ" 
~ iZ”. But ¢ is homotopic to a cellular map, ġ':K"—>L, and if 
A A we have foœfo'œfhp' œhe. Therefore fo~,fi if, and 
only if, fol L*xfilZ*. If dim L&n then fo>,fı obviously means 
foœfı. If will be convenient to allow to take the value œ on the 
understanding that L*=L and that fo~afi and K= L mean fofi 
and K=L. 

We shall say that CW-complexes, K, L, are of the same n-type 
(isn) if, and only if, K*=,.L*. If dim K, dim LSn, then 
Xrttt=Xr=X(X=KorL) and Krt!=,„L"t! means K=L. 


THEOREM 5. If K and L are of the same n-type (2Sn Sœ) then 
they are of the same m-type for any m<n. 


Let f:K*>L* be an (n—1)-homotopy equivalence and let g:L” 
- +K* be an (n—1)-homotopy inverse of f. We may assume that fand 
g are cellular maps and also that there are cellular homotopies, 
ti KOK, pi L!L", such that fo=gf|K*, &=1, no=fg| L°, 
1 By taking X to be a 2-sphere and Y to be a complex projective plane one sees 
that f:X—Y need not be an (N—1)-homotopy equivalence (N=4) even though the 
induced homomorphisms fı and BAX ) EN) are isomorphisms ontofors=1,- +, 
N—-1. 
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m=1, where 1 stands for both identical maps K*1—3K*, Lr-IoLr. 
` Let fr: K”—>L", g*:L"—>K* be the maps induced by f, g (i.e. frp=fp, 
g”q=gg, where pEK®, qEL™). Since &K"-ICK® it follows that 
erfr| Kr (in K=). Therefore gfw. Similarly rg ıl, _ 
whence K*=„_ıL" and the theorem is proved. 

It follows from Theorem 5 that the n-type is an invariant of the 
homotopy type (i.e. is the same for two complexes of the same homot- 
opy type). It is a fortiori a topological invariant. Since a CW- 
complex is locally contractible, according to (M) in §5 below, each 
component is arcwise connected. Therefore two CW-complexes have 
the same. 1-type if, and only if, they have the same cardinal number of 
components. It also follows from the results in §5 below, and the 
argument used in the finite case,’ that connected CW-complexes, 
K, L, have the same 2-type if, and only if, mı(K) =rı(L). We now as- 
sume, until §4, that any given complex is connected and that n22 
in statements concerning »-homotopy and x-types. 

These ideas provide a generalization of a result due to Hopf,” on 
the relation between the fundamental group and the second homology 
group of a polyhedron. For let X be any space and let G,(X) be the 
residue group 


G,(X) = H,(X) — Sa(X), 


where S,(X)CH,(X) is the sub-group whose elements are repre- 
sented by spherical cycles. Let f, g: X—Y be maps of X in a space Y. 
It may be proved that,” if f~, 42, then f and g induce the same 
homomorphism G,(X)G,(Y). It follows that, if. ¥=,-.Y, then 
G,(X) =G,(Y). In case X, Y are CW-complexes this also follows 
from: 


THEOREM 6. If KiE „K3 then 
KiUzie K;Uz; 


where 2} (î=1, 2) ts a set of (disjoint) n-cells, whose closures are n- 
spheres, attached to K{ at a single point, È} being a finite set of cells if 
Ki, K are finie complexes. 


This is Theorem 13 in"! [1], restated in terms of CW-complexes 


t See [16, pp. 217, 213], and [18, 3.1, 3.2 on p. 29]. 

* See [17] and [18]. See also [1, Theorems 12 and 13, pp. 266, 269]. 

1° This is easily proved on the assumption that any homology class in H,(X) has 
a representative (singular) cycle, which is also a continuous cycle (i.e., the image in a 
map, K*->X, of a cycle carried by a finite, n-dimensional, simplicial complex Kr). 

u [1], p. 269 for finite and p. 324 for infinite complexes, 
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and the new definition of the n-type. We shall give another proof in a 
later paper. 
Another corollary of Theorem 6, and of Theorem 19 in [1] is: 


COROLLARY 1. If Ki=„_ıK3 then"? 


aa(K1) + Mı > wn(Ka) + Ms, 


where + indicates direct summation and M, is a free R.-module, Ri 
being the group ring of mı(K,) with integral coefficients. 


Another obvious corollary of Theorem 6, which is also easy to 
prove directly, is: 


COROLLARY 2. If Kt and K3 are of the same n-type, so are their uni- 


versal covering complexes, KY and Ee. 
Hence, using G,(X) to mean the same as before, with X= K7, we 
have: 


COROLLARY 3. If K?=,_1K3 then Ga (Kt) ~G,(K}). 


3. Ja-complexes. Let K be a (connected) CW-complex and let a 
O-cell, eù, be taken as base point for all the groups 7,(K*, Kr1), 
a(K*) (n2=2,7r21). Let px=an(K*, Kr!) and let j,:7n(K*)—p, be 
the homomorphism induced by the identical map (Kr, e)—(K*, 
K*-1), We shall describe K as a Jn-complex if, and only if, jn is an 
isomorphism into p, for each n=2,--+, m. Obviously K is a Jw- 
complex if, and only if, Kris a J„-complex. We shall prove that the 
property of being a J„-complex is an invariant of the m-type. That 
is to say, if Kr=„_ıL" and if K is a Jm-complex so is L. 

Let BaiPa—7n-1(K*) (n= 2) be the (homotopy) boundary homo- 
morphism and let 


da = jJn—iBn? Pa — Pa~is 


where pı=mı(K!) and jı=1. Then daja =0 and d.d„+1=0 since Bafa =O. 
Let inim (K”!)—>r,(K") be the homomorphism induced by the 
identical map K™!>K". 

We now prove two theorems which are closely related to Theorem 
1 in [25]. 


THEOREM 7. The homomorphism jin:tn(E*) ps ts into du (0) (#22). 


12 In each of Corollaries 1 and 3 the symbol œ means that there is an operator 
isomorphism (onto), which is defined in terms of the isomorphism, m(Kj)—(Kj), 
induced by an (s—1)-homotopy equivalence KK}. Compare Corollary 3 with 
Theorem 28.1 on p. 414 of [13]. 
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It is: 
(a) an isomorphism (into) sf, and only if, sum. (Kr) =0 and is 
(b) onto dy (0) fm (Kr) =0. 


The fact that j,rn(K*) Cd,1(0) follows from the relation d,j,=0. 
The assertion (a) follows at once from the exactness of the homotopy 
sequence 


(3.1) T(K > w(K) > x (Kt, K) b r (K), 


with r=n. Let aGd,'(0) be given (n= 2). Since d,¢=j,18,4=0 it 
follows from the exactness of (3.1) with r=n—1 and 7(K°) =79(K°) 
=0 in case n=2, that §,aCt,19,-1(K"—*). Therefore Baa =0 if 
inma (K"—?)=0 and it follows from the exactness of (3.1), with 
r=n, that a€j,7,(K*). This completes the proof. 

Since m(K!) =0 it follows from Theorem 7 that any complex is a 
J-complex. Also ja is onto d7 (0) =B3;'(0) by the exactness of (3.1) 
with r=2. In general we have: 


COROLLARY. A complex, K, ts a Ju-complex if, and only if, int, (K?) 
=Oforn=2,---,m.In this case j, is onto d;'(0) forr=2,-++,m+1. 


Let m(K)=1. Then the groups p, (n>2) and pı, pa made Abelian 
may be taken as chain-groups.'? The homology group, H,(K), may 
be defined as the residue group 


(3.2) Hal K) = dy'(0) — derer = de (0) — faBnetonss. 

It follows from (L), in §5 below, that we may take 

(3.3) an(K) = au(Krt!) = aa(K") — Paripast- 

Therefore j„ determines a homomorphism j*:7,(K)—H,(K). 
THEOREM 8. If m(K)=1 and tf K ts a Jm-complex, then jt:m,(R) | 

—H,„(K) is an isomorphism onto for n=1, » : : , m and jp: ts onto. 


This is an immediate conerauence of (3.2), (3.3) and Theorem 7 
and its corollary. 

We shall say that a space Y, dbo indies a space X if, and only if, 
there is a map, f:X—>Y, which has a left »-homotopy inverse, mean- 
ing a map g: YX such that gfœ,„1 


THEOREM 9. If a CW-complex, K, ts (m—1)-dominated by a Jm- 
complex, L, then K is a Jm-complex. 


1. Cf. [6], [5]. For the definition of H,.(K) in terms of the relative homology groups 
H,(K*, K"), treated as chain groups, see [14]. 
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Let f: KL and g:L—>K be cellular maps such that gf» 11. Since 
f, g are cellular they induce homomorphisms 


dat inty(K™) > inma (L™)), 
Pai inma (LY mE). 


Let &,:K=-!>K be a cellular homotopy such that £ = gf | Kw, &=1. 
Let 2<n<m. Then &,K*-!CK* and it follows that Wan = an, where 
a, is an automorphism of inr„(K"!). Therefore y, is onto. But 
i,t,(L*-!) =0, by the corollary to Theorem 7. Therefore t,7,(K*~’) 
=0, whence K is a J„-complex and Theorem 9 is proved. 

If K™=,, L" then K” and L” (m—1)-dominate each other. There- 
fore we have the corollary: 


COROLLARY. The property of being a Jm-complex ts an invariant of the 
m-iybe. 


Let K be a CW-complex such that 7,(K) =0 form=1,---,m—t1: 
Then it follows ftom Theorem 2 that the map K*—>L* is an (m—1)- 
homotopy equivalence, where L° is a single point. Since L° is (obvi- 
ously) a J„-complex it follows from Theorem 9 that X" and hence 
K is a J„-complex. Therefore Theorem 8 includes Hurewicz’s re- 
sult’ that wa(K)+He(K) if +.(K)=0 for n=1,-+-, m—1. The 
following example of a simply connected Jı-complex, K, with 73(K) #0, 
shows that Theorem 8 is more general than Hurewicz’s theorem, re- 
stricted to CW-complexes. Let K=e%Ve*UVet, where e? is a 0-cell, 
e? is a 3-cell whose closure is a 3-sphere, S?=e%Ve?, and et is attached! 
to S? by a map, f:0E*S%, of degree (2r+1)(r>0). Then 73(K) is 
cyclic of order 2r +1. If 1S <3 then K! = K", whence 7,(K*~) =0. 
Let g:S'0E‘ be an essential map. Then fg: SS? is essential [4, 
Theorem 9, p. 268] and hence represents the nonzero element of 
a(S"). Therefore [2, Lemma 4, p. 418] tm(K*)=0, whence K is a 
Ji-complex. 

According to (M) and (N) in §5 below, a CW-complex, K, is locally 
contractible and its universal covering complex, K, is also a CW- 
complex. 


THEOREM 10. K is a Jm-complex if, and only if, R is a Im-complex. 
This is an obvious consequence of the corollary to Theorem 7. 


u [15, p. 522]. See also [19, p. 314]. Hurewicz’s theorem applies to a larger class 
of spaces than CW-complexes. 

18 See 88 below. We use E* to denote an n-element (i.e. a homeomorph of an 
n-simplex) and ðE” to denote its boundary. By a simplex we mean a simplex with 
boundary. 


i 
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Let K be the universal covering complex of a CW-complex K. 
Since m( E) =1, 7,(K) ~r,(K) if n>1 and since L is a Ju-complex if 
a,(L)=0forr=1,:-- - ,m-1 it follows from Theorem 10 that K isa 
J-complex if 7,(K)=0 for n=2,-++-+, m—1. In particular K is a 
Jm-complex if its universal covering space is an m-sphere or any 
Euclidean space. 

In Paper II we shall consider “Reidemeister” systems of chain 
groups, C(K), C(L) and chain mappings C(K)—C(L), where K, L, 
are CW-complexes. We shall prove that, if L is a J„-complex and if 
dim KSm-+1, then any chain mapping, C(K)—>C(Z), can be realized 
by some (cellular) map, K—>L. Hence it follows from Theorem 3 that 
K=L if there is a chain equivalence C(K)—C(L). If, in addition 
[5, Lemma 4], K and L are finite, simply-connected complexes, then 
K=L if H,(K) ~d,(L) for all values of n. 


4. Cell complexes." By a cell complex, K, or simply a complex, we 
mean a Hausdorff space, which is the union of disjoint (open) cells, 
to be denoted by e, e", ef, etc., subject to the following condition. The 
closure, 2*, of each n-cell, er ©K, shall be the image of a fixed n-sim- 
plex, o*, in a map, f:o"—8*, such that 

(4.1) (a) f]o*—do" és a homeomorphism onto er, 

(b) de CKrt, where de*=fdo"=e"—e" and K” ds the (n—1)- 
section" of K, consisting of all the cells whose dimenstonalities do not 
exceed n— 1. ; 

Such a map will be called a characteristic map for the cell e”. If 
f:o*”—ë is a characteristic map for e*, so obviously is fh:0"—8*, where 
h:(o”, do")—(c*, ðo”) is any map such that h| o” —ðo" is a homeo- 
morphism of o” —ðøo*” onto itself. No restriction other than der C Kr! 
is placed on f| ðe”. Therefore ö* need not coincide, as a point set, with 
a subcomplex of K. Since K, and hence 2*, is a Hausdorff space and 
since g” is compact it follows that 2* has the identification topology 
determined!! by f. A complex is defined as a topological space with a 
certain cell structure. Therefore we shall not need a separate letter to 
denote a complex and the space on which it lies.!* Notice that, in the 
absence of further restrictions, any (Hausdorff) space may be re- 


The use of these complexes was suggested in [3, p. 1235]. They are now called 
cell complexes, rather than membrane complexes, in conformity with [14]. 

17 K* is defined for every value of z. If there are no m-cells in K for m>n then 
K'=K, 

u I.e., YC æ is closed if, and only if, f!Y is closed. In other words the closed sets 
in & are precisely the sets fX for every closed set, XC o”, which is saturated with 
respect to f, meaning that ffX =X (cf. [23, pp. 61, 95] and [24, p. 52]). 

19 N.B. eC XK will mean that e is a cell of the complex K and eC K, ¿C K, etc., will 
mean that the sets of points e, 2, etc., are subsets of the space K. 
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garded as a complex. For example, we may take it to be the complex 
K=K°, which consists entirely of 0-cells, each point in K being a 
0-cell. 

A subcomplex, LCK, is the union of a subset of the cells of K, 
which are the cells of L, such that, if eCZ then CL. Clearly Lisa 
subcomplex if it is the union of a subset of the cells in K, which is a 
closed set of points in K. However the above example shows that a 
subcomplex need not be a closed set of points. Clearly K* is a sub- 
complex, for each n20, and we admit the empty set as the sub- 
complex K~!: Also the union and intersection of any set of subcom- 
plexes, finite or infinite, are obviously subcomplexes. If X CK is an 
arbitrary set of points we shall use K(X) to stand for the intersection 
of all the subcomplexes of K, which contain X. Obviously K($) 
= K(e) = K(é), where p is any point in K and eCK is the cell which 
contains p. A finite subcomplex, L (i.e. one which contains but a finite 
number of cells) is a closed, and indeed a compact subset of K. For 
it is the union of the finite aggregate of compact sets, 2, for each cell 
eCl. 

The topological product, KıX Ka, of complexes Ki, Kris a complex, 
whose cells are the products, emt =e! Xem, of all pairs of cells 
MEKi, eC Kg. For let fy:0%—8"' (¢=1, 2) be a characteristic map 
for e™, let gio"! Xo™—ërtm be given by g(Pı, De) = (fıpı, fabs) and let 
hio™t™29"1 Xo be a homeomorphism (onto). Then gh:orıtrı 
—grıtnt obviously satisfies the conditions (4.1). Therefore Kix Ka is 
a complex, with this cell structure. In particular K XJ is a complex, 
which consists of the cells eX0, eX1, eX(0, 1), for each cell eEXK, 
where (0, 1) is the open interval 0<t<1. 

Let K bea locally connected complex, let K be a (locally connected) 
covering space of K and let p: >K be the covering map. That is to 
say there is a basis, {U}, for the open sets in K such that, if UE {U} 
then p maps each component of p-!U homeomorphically onto U 
(cf. [20, p. 40]). Let #€K be a given point and let er ©K be the cell 
‚which contains «=p. Then a characteristic map, f:o*—é", can be 
“lifted” into a unique map,” f:o*—>K, such that f= pf and f(f—x) =&. 
Let a =f(o*—d0") and let po=p]| 2". Then f|o*—d0*=po(f| a” — a0") 
‘and since fl o*—0o* is a (1-1) map onto e* it follows that po is (1-1) 
_ and is onto e,. Since p, and hence po, is an open mapping it follows 
that po is a homeomorphism. Since 


n — n 
flo" — a0" = po (J| — 80’) 
* See [21, Theorem 2, p. 40] or [22]. We shall sometimes use the same symbol, 


f or g, to denote two maps, f:A—B, g:A—CCB, such that fa=ga for each point 
aCA, even though BC. 
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it follows that f | o"—0o" is a homeomorphism, which, according to 
the definition of æ, is onto &*. Also fdo*C Kr-1=p-1Kr-1, Therefore f 
satisfies the conditions (4.1). It follows that X is a complex, each of 
whose cells is mapped by p homeomorphically onto a cell of K. 

Let Q be a subcomplex of K and let e be a given cell in Q. Then 
pē is closed, since é is compact, and péCpQ. Therefore pe= péCpQ. 
Therefore pQ is a subcomplex of K, which consists of the cells pe for 
each cell e€Q. 


5. CW-complexes. We shall describe a complex, K, as closure finite 
if, and only if, K(e) is a finite subcomplex, for every cell eG K. Since 
K(p)=K(e) if pe this is equivalent to the condition that K(p) is 
finite for each point pEK. If LCK is a subcomplex and e£L then 
obviously L(e) = K(e). Therefore any subcomplex of a closure finite 
complex is closure finite. 

We shall say that K has the weak topology (cf. [1, pp. 316, 317]) if, 
and only if, a subset X CK is closed (open) provided X(\é is closed 
(relatively open) for each cell eEK. If K is closure finite this is 
equivalent to the condition that X is closed provided XML is closed 
for every finite subcomplex LCK. For XAL is the union of the finite 
number of sets X(\2 (eC L). Therefore XML is closed if each set 

.XNe is closed. Conversely, if XAL is closed for each finite subcom- 
plex, L, and if X(2) is finite, then XMé is closed, since XMé 
=XNK(e)Ne. 

By a CW-complex we mean one which is closure finite and has 
the weak topology. Any finite complex, K, is obviously closure finite 
and it has the weak topology since X CK is the union of the finite 
number of sets X(\é (eC K). Therefore any finite complex is a CW- 
complex. Also a complex, K, is a CW-complex if it is locally finite, 
meaning that each point CX is an inner point of some finite sub- 
complex of K. For let K be locally finite. Then K(f) is finite, for each 
point pC K. Therefore K is closure finite. Let XCK be such that 
XAL is closed for each finite subcomplex LCK. Let L be a finite 
subcomplex of which a given point p&EK ~X is an inner point. Since 
XAL is closed, $ is an inner point of L-X=L-(XNL). Therefore 
& is closed and K has the weak topology. It may be verified that the 
number of cells, and hence the number of finite subcomplexes of a 
connected, locally finite complex, K, is countable. Hence, and from 
(G) below, it may be proved that K is a separable metric space. 

If the cells in a CW-complex, K, have a maximum dimensionality 
we call this the dimensionality, dim K, of K. If there is no such 
maximum we write dim K= œ. 

Examples of complexes which are not CW-complexes are: 
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(1) ðo” (n>1) regarded as a “0-dimensional” complex, K’, whose 
cells are the points of ðe”. This is closure finite but does not have the 
weak topology. 

(2) o” (n>1), regarded as a complex K*=KVe*, where e*= 
—do" and K’=do*, as in (1). This has the weak topology, since 
é*= K”, but is not closure finite. ` 

(3) a simplicial complex, which has a metric topology but which 
is not locally finite (e.g. a complex covering the coordinate axes in 
Hilbert space). The weak topology in such a complex cannot be 
metricized (cf. [1, pp. 316, 317]). 

Let K be a CW-complex. We establish some properties of K. 

(A) A map, f:X—Y, of a closed (open) subset, X CK, in any space, 
Y, is continuous provided f | XNeis continuous for each cell eK. 

Let fe=f | X(\é be continuous, for each cell e&K. Let Yo be any 
closed (open) subset of Y. Obviously Of- Yo =f, Yo and it follows 
from the continuity of f, that 2\f-!Y, is a relatively closed (open) 
subset of XN2. But XMé is a closed (relatively open) subset of ë, 
whence 2Nf-!Y, is closed (relatively open) in é. Therefore f~ Yo is 
closed (open) in K, and a fortiori in X. Therefore f is continuous. 

(B) A subcomplex, LCK, is a closed subspace of K and the topology 
induced by K ts the weak topology in L. 

Let YCL be such that YNL» is closed, and hence compact, for 
each finite subcomplex LoCL. Since YALo is compact it is a closed 
subset of K. Let Ko be any finite subcomplex of K. Then Lo=L\Ko 
is a finite subcomplex of L and 


YANK=Y OLN KR HV ON Ly. 


Therefore YN\K, is closed, whence Y is closed in K, and a fortiori in 
L. Therefore L has the weak topology. Also, taking Y= L, it follows 
that L is closed, which establishes (B). 

(C) If K ts connected so ts K” for each n>0. 

Let n>0 and let K” be the union of disjoint, nonvacuous closed 
sets K*, K3. Since the closure of a cell eG K is connected it follows 
that CK? if eK? #0 (¢=1, 2). Therefore Kj is a subcomplex of K. 
Clearly dert! is connected (e*+! €K), whence it lies either in Kj or in 
Kt. Therefore K*+! is the union of disjoint subcomplexes, K7*’, 
Kat! where KICK?" and erti CK"? if dert! C Kf. A similar (induc- 
tive) argument shows that Kis the union of disjoint subcomplexes, 
Kr, Kẹ, such that KP CKP! (m =n, n+1, +--+). Let K; be the union 
of the K? for m=n, n+1,---. Then KiQVK"=K? and 


K:N Ky = U (iN Rk) OK" =U KIO K3 =0. 
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` Also K, #0, since K? CKi, and K;is a closed subset of K, according to 
(B). Therefore K is not connected, which establishes (C). 

(D) If XCK is compact, then K(X) is a finite complex. 

If X meets but a finite number of cells, e1, + © - , CK, it is con- 
tained in the finite union of the (finite) subcomplexes K(e:),---, 
K(e,). Assume that there is an infinite set of cells, ex} , each of which 
meets X and let p,CX\e,. Then a finite subcomplex, LCK, con- 
tains but a finite set of the cells in {e;} and e NL=0 unless &;EL. 
Therefore L contains but a finite number of points in the set P= {p,}, 
whence P is closed. Similarly any subset of P is closed, whence P is 
discrete. But this is absurd, since P is compact, being a closed subset 
of X. Therefore (D) is established. 

(E) If a complex L, and also L” for each n20, all have the weak 
topology, then L is a CW-complex. 

Certainly L° is closure finite. Assume that L*~ is closure finite, 
and hence a CW-complex, for some n>0. Let e* be a given n-cell in 
L”. Since ðe” is compact it follows from (D) that L(de”) is finite. 
But obviously L(er)=L(de")Ue* and it follows from induction on n 
that L is closure finite, which establishes (E). 

Let f: K>L be a map of K onto a closure finite complex L, which 
has the indentification topology!® determined by f. Further let the 
subcomplex L(fé) be finite for each cell eG K. 

(F) Subject to these conditions L ts a CW-complex. 

Let YCL be such that YL» is closed for each finite subcomplex 
LCL. Let Loé= L(fé) for a given cell eC K. Then éCf—Z, and 


POV Ne = fPV NENEC (FOV N fle) NEC SALA Ly) M2, 


since fIANf3BCf-(ANB) for any sets A, BCL. But f (YL) 
Cf!Y. Therefore _ 


PY Ne =f AL) Ne 


Since YM Lo is closed it follows that f- Yë is closed. Therefore f~! Y 
is closed, since K has the weak topology. Since L has the identifica- 
tion topology determined by f it follows that Y is closed. Therefore 
L has the weak topology. Since L is closure finite by hypothesis this 
proves (F). 

(G) K is a normal space. 

Let X, X:CK be disjoint, closed subsets and let X; =X, OK" 
(i=1, 2; r20). Clearly K° is a discrete set, and hence normal. Let 
n>0O and assume that there are disjoint, relatively open subsets, 
Ut, UF CK, such that XT'CUP'. Then X,AU;77'=0 
(i, j=1, 2; i#j). If K"r=Krl we define U? =U’. Otherwise let 


226 J. H. C. WHITEHEAD [March 


f:o”—ë" be a characteristic map for a given n-cell er £K and let 


=f U ca, YafXKıce. 


Since ANK=0, X; NTy'=0 we have Yin Y= 0, ViNV;=0. Let Po 
be the centroid of o” and let r, p be polar coordinates for o* (rE£I, 
p€do*) such that (r, p) is the point which divides the rectilinear 
segment pop in the ratio r:1—r. Let V! Co" be the (open) subset, 
which consists of all points (r, p) with pC V; and 1—e <rS1, where 
0<e<1. Since Y,NV;=0 it follows that, if e is sufficiently small, then 
Y,NV/; =0, which we assume to be the case. Since fY;C Xi, foo" 
CK" and X NKHICUF! it follows that Y,Nde7CV,. Let Vi! 
be an n-neighborhood of Y;, defined in terms of a metric for o*, 
where 7 is so small that Vi’ Vz’ =0, Vi’ OV} =0 and Vj’ 
N(or— V;)=0. Then Vi’ Nde*C V; Let 

W: = Vi UV}. 
Then Y,CW, and WiNW2=0. Obviously V? ðe” = V;, whence 

~l __n—l 


(5.1) W:O do" =V;= f U: 


Since f!o*—do” is a (1-1) map onto e* and foo*(\e =0 it follows that 
W; is saturated'® with respect to f. Therefore {W; is a relatively open 
subset of ë". From (5.1) we have 


(5.2) MINE" = UT Na 


and it follows that fWı \fW= 
Let us write W, = W;(e*) and let 


U= UOU U Wie). 
"EK 
Then it follows from (5.2) that UOK”! = Uf’ and that 
UTA ae = UT Nae = WANO R 
Also fW.(e") CK*"Ue* and UfNe*=fW,(e")Oe*. Therefore 
UNË = (U;Nae)UU Ne) 
= [WEN (KT Ue’) 
= fW e). 


Therefore U? is a relatively open subset of K*. Obviously CU; 
and UFO Ui =0. Therefore such sets, U}, may be defined inductively 
for every value of n. Let them be so defined and let 
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U; = U U}. 


Since Uf? K*= U} it follows by induction on m>n that 
| PAR Sune Ae a AKU 


and hence that UNK*=TU?. Therefore it follows, first that U; is 
an open subset of K and second that U,/\U;=0. Obviously X;:C Us, 
which completes the proof of (G). 

(H) If L ts a locally finite?! complex then KXL ts a CW-complex. 

If eK, e’EL are cells in K and L respectively, then the cell 
exe'ERXL is contained in the finite subcomplex K(e) XL(e’) 
CK XL. Therefore K XZ is closure finite. 

Let the cells in K be indexed and with each m-cell, e&f EK, 
(m=0,1,---) let us associate an m-element, Er, as follows. The - 
points in Ey shall be the pairs (x, ei”), for every point xCo™, and EF 
shall have the topology which makes the map x—(x, ef) a homeo- 
morphism. No two of these elements have a point in common and 
we unite them into a topological space, 


P=UE, 
mt 
in which each Ef, with its own topology, is both open and closed. 
Let ff':o0"—@" be a characteristic map for ef’ and let ¢: P—K be the 
map which is given by $(x, &)=fi x, for each point (x, ef) CP. Since 
& has the identification topology determined by fi it follows that 
the weak topology in K is the identification topology determined by ¢. 
Let a space, 
Q = U Eh 
af 

and a map, Ņ:Q—>L, be similarly associated with L. Then XXL 
’ =6(PXQ), where 6:PXQ—-KXL is given by O(t, g)=(¢0, Ya) 

(LEP, gEQ). Also P XQ is the union of the (m-+n)-elements Ef XE}, 

and 6(Ef XEF) = &"", where egt" =e? Xe. Therefore the weak topol- 

ogy in KXL is obviously the same as the identification topology 

determined by @. 

Let VCL be an open subset and y€ V an arbitrary point in V. 
Since y is an inner point of a finite subcomplex, LoCL, it is contained 
in a subset, VoC VALo, which is open in L. Since L is normal there is 
a neighborhood, W, of y such that WC Vo. Since WC VoCLy and 


3! I do not know if this restriction on L is necessary. 
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' since Vo is open in L, it follows that WNe=0 for any cell eG@L—Ly. 
Therefore there are only a finite number of cells in L, whose closures 
meet W. Therefore ¥—!W is contained in the union of a finite subset of 
the components ECO. Therefore ¥~-'W is compact and (H) fol- 
lows from Lemma 4 in [7]. 

(I) A homotopy, fı:X—Y, of a closed (open) subset, XCK, in an 
arbitrary space, Y, is continuous provided fil X NE is continuous for 
each cell eK. ; 

This follows from (H), with L=TJ, and (A), applied to the subset 
XXICKXI and the map f:XXIY, which is given by f(x, ) =f. 

` (J) (Homotopy extension.) Let fo: K—X be a given map of K in an 

arbsirary space X. Let g: L—>X be a homotopy of go =f] L, where L is 
a of K. Then there is a homotopy, fi: K>X, such that 
fil L=ge. 

Let K,=LUK" (r2=—1; K_ı=L) and assume that g; has been 
extended to a homotopy, fi ":Knı>X, such that 5 '=fıl Ka- 
f|L=g (n20). The homotopy f7! can be extended throughout 
K,.1Ve", for each n-cell? eG K,—L, and hence, by (I), to a (con- 
tinuous) homotopy f?:K,—X. Starting with fr'=g: it follows by 
induction on # that there is a sequence of homotopies, f7:K,7X 
(n=0, 1,-+-), such that f?=fo| Kn, FIE mfi It follows from 

- (I) that a homotopy, fı:K—X, which satisfies the requirements of 

(J), is given by fı| K.=/t. 

~ Let XıCX,C - » + be a sequence of subspaces of a given space, X, 

such that any map, (0*, do*)—(X, X,-1), is homotopic, rel. ðe”, to 

a map” o*>X, (n=0, 1,---). Let LCK be a given subcomplex, 

which may be empty, and let fo: K>X be a map such that ıL*CX,, 

for each n=0, 1,- 

(K) There is a homotopy, f: K—>X, rel. L, such that fıK"CX, for 
each n=0, 1, +». 

Since each point in X is joined by an arc to some point in X, there 
is a homotopy, f1: K°—>X, rel. L°, such that f$ =fo| K? and IK'CX.. 
Let n>0 and assume that there is a homotopy f} t: K"!—>X, rel. 
L", such that fo '=fo| E=, SKC X, It follows from (J) 
that ff" can be extended, first throughout L* by writing fr Le 
=fo|L", and then to a homotopy, &:Kr—>X, rel. L» (fo=fo| Kr). 
Since £:K*~!CX,—1 it follows from a standard argument (see [6, $8]), 
and the condition on Xo, Xi, : : : ‚that there is a homotopy, n: K" 
>X, rel. (K UL"), such that p=&, m1K*CX,. If dim K <œ we 


22 See [5, Lemma 10 in $16]. ` 
= If #=0 this simply means that each point in X is joined by an arc to some point 
in Xp 
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define fr: K">X as the resultant of £; followed by n.. Then ff may be 


defined inductively for every n Z0 and we take f,=fi", where m=dim 
K. But if dim K= œ this method fails and we shall define ff as an 
extension of fr ', not as the resultant of £, followed by ne 

If K"=K*—! we define 7 =ff~'. Otherwise let g:0"—@" be a char- 
acteristic map for a given n-celle©K. Let r, p be polar coordinates 
for o”, defined as in (G), and let p,:2°—X be defined by 


plr, D) = Extsainglr, P) (if0S 2#S 147) 


(5.3) 
= narinsang(rs p) (if1 +r < 2#S 2), 


Since qo =ë; and go e” is a homeomorphism onto o*—do* it follows ` 


that pl e” is single-valued and continuous. Since px =&ıx for any point 


x=g(1, p) Eder it follows that p; is single-valued. Also p: is continu- ` 


ous at {g(r, p), £} if r<1 and, obviously, if #<1. I say that it is con- 
tinuous at {g(1, p), 1} = (gp, 1). For gp EK"! and n:l Kr!=n| Ke 
=&| Kr-, Therefore, given a neighborhood, UCX, of Eigp =nq:gp, it 


follows from the compactness of J that there is a neighborhood, ` 


VCe*, of gp such that nx € U for every tC I, provided x€ V. There is 
also a neighborhood, V’Ca*, of gp, and a 6>0 such that ECU if 
xEV’, 1-26<tS1. Since (2—26)/(1+r)>1—26 it follows that 
px EU if xC VOV’, 1-6<tS1. Therefore p; is continuous. Also 


ogl, #) = Egli, $) = fi (A, 2), 

pog(r, H) = Eoglr, p) = foglrs D), 

pig(r, $) = g(r, p) E Xu 
Therefore a homotopy, ff: K”—>X, rel. L*, such that 


EIET = FE, f= fol) E, AK’ C Xm 


is defined by ft| Ke =f, fl é*=p,, for each n-cell er K”. It fol- 
lows from induction on » that such a homotopy is defined for each 


nz=0 and a homotopy, f::K—X, which satisfies the requirements of 
(K), is defined by f,| K" =f". 


Let fo: K—P be a map of K into a CW-complex, P, such that - 


fol L is cellular, where LCK is a subcomplex. Also let g:K>P be a 
homotopy such that the maps go, gı and the homotopy gel L are cellu- 
lar. 

(L) There is a homotopy, f.| KP, rel. L, of fo into a cellular map 
fi. There is a cellular homotopy, gf: K—P, such that gd =go, gf =g, 
gi'|L=g,|L. 

Since any continuous image of o* in P is compact it is contained in 
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a finite subcomplex QCP, according to (D). Any map (o*, ðe”) 
—(Q, Q*-) is homotopic,™ rel. da, in Q to a map o*—Q*. Therefore 
the first part follows from (K). The second part follows from the first 
part with K, L, fo replaced by KxXI, (KX0)U(LXNU(KX1), 
g:K XI-P, where g(p, t) = gip. 

(M) K is locally contractible. 

Let ao€&K be a given point, let UCK be a given neighborhood of 
a, and let er@K be the cell which contains ao. Let ETC UNer be an 
r-element, which contains a, in its interior, V’r=E"r—-dE”, and let 
- fi: Vt V* be a homotopy such that fo=1, fiV" =a. Using induction 
on » we shall define sequences of relatively open subsets, V" CK” 
(n=r, r+1, +++), such that Vrt!NK*= V”, V*CU, and of homot- 
opies f7: V"V*, such that ff*'| V*=f?, fo=1, fiV*=a0. Assuming 
that this has been done, let 


and let f:: VV be defined by fı| V*=f?. Then it follows from the 
definition of the weak topology and from (I) that V is open in K 
and fs continuous. Obviously VC U, fo=1, fiV =a and (M) follows. 

Assume that Vr-! and ff" satisfy the above conditions for some 
n>r. Let g:0*—2* be a characteristic map for a given n-cell, e CK, 
and let polar coordinates, r, p, for o* be defined as in (G). If gdo* 
(\V*-1=0, let WCo” be the empty set. Otherwise let WCo* be the 
(open) subset, which consists of all points, (r, £), such that 


l-e<rs|l, peg 


‘where 0<e<1. Since V*-!CU, whence g?V*"!Cg"1U, it follows 
' that WCg"U if e is sufficiently small, which we assume to be the 
case. Let £:: WW be the “radial projection,” which is defined by 


E(r, ?) = (r +i — ft, $), 
and let 6.gW—V*"UgW be given by 


dıglr, D) = ginam (tr, P) (dosa<i-n) 
= Serunramglı p) (if 1-—r < 2¢ S 2). 


Since &(1, p) = (1, p) and g(r, p) =8(1, £) =fo”’g(1, p) it follows from 
‘ an argument similar to the one which comes after (5.3) that 4 is 
single-valued and continuous. Also 


a [5, §16, Theorem 6]. It follows from Theorem 6 in [5] that the condition 
fxE&P(fox) («EK) may be-imposed on the homotopy fi in (L). 
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ogli, P) = ft g(t, P), 
(5.4) bog(r, p) = gko(r, b) = g(r, P), 
Bl, D) = fi el, P) = to 


Let V” be the union of V*—! and the sets gW, which are thus de- ' 
fined for all the n-cells in K. Arguments used in (G) show that V” 
is a relatively open subset of K* and that VrN\Kr-1= Vr-1, Also it 
follows from the definition of W that de \WCg"!V"!, whence ` 


KNO WC. 


Hence it follows from the definition of the weak topology that V” 
is the union of V*-! and the sets gW, which are closed since W is 
compact. Since V-C U, WCg"U it follows that V"CU. Finally 
define ff: VV" by ff| Ve =ft"', ft| gW=6,. It follows from (5.4) 
and from (I) that ff is single-valued and continuous and that fo =1, 
fi V"=4a . Therefore (M) follows by induction on n. 

(N) Any covering complex, R, of K is a CW-complex. 

Since K is locally connected, by the definition of a covering space, 
each of its components is both open and closed and is a covering com- 
plex of a component of K. A locally connected complex is obviously a 
CW-complex if, and only if, each of its components is a CW-complex. 
Therefore (N) will follow when we have proved it in case K and K are 
connected. We assume that this is so and also, to begin with, that £ 
is a regular covering complex of K. That is to say the group, G, of 
covering transformations* in K operates transitively on the set pq, 
for any point gEK, where p: >K is the covering map. We shall 
describe an open set, UCK, as an elementary neighborhood if, and 
only if, each component of p-!U is mapped by p topologically onto 
U. We shall describe an elementary neighborhood in K as a bastc 
neighborhood if, and only if, its closure is contained in an elementary 
neighborhood. We shall describe a subset of K as a basic neighbor- 
hood if and only if it is a component of p—!U, where U is a basic 
neighborhood in K. If ÜCK is a basic neighborhood the com- 
ponent of p-!(pÜ) are the sets TU for every TEG. It follows from 
the definition of K and the normality of K that the basic neigh- 
borhoods constitute a basis for the open sets, both in K and in K. 

Let UCK be a basic neighborhood and let V be an elementary 
neighborhood such that UC V. Then the components of p-!V are 
disjoint open sets in K, each of which contains exactly one com- 
ponent of p'U. Let QCp~U be a set of points, of which at most 


z Ie, the group of homeomorphisms, T:X—K, such that pT =p. 
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one lies in each component of p~!U. Then Q is a closed discrete set. 
For if Q has a limit point, g, then p€ UC V, whence @ lies in one of 
the components, V, of p-!V. But this is absurd, since V contains at 
most one point of Q. Therefore Q is closed and discrete. 

Let ÜCK be a basic neighborhood, let U* be its closure% and let 
CCK becompact. I say that only a finite number of the sets TC meet 
U*, where TEG. For if TC meets U* then C meets T-!U*. Let 
qrECOATU*. Since T'U*OT" U*=0 if T’¥T” it follows from 
. the preceding paragraph that the aggregate of points gr, for every T 
such that U*(\TC0, is a discrete, closed subset of C. Since C is 
compact the set {ar} is finite, which proves our assertion. 

We now prove that K has the weak topology. Let XC be a sub- 
set such that XNe* is closed, for every cell Z€ RK. In order to prove 
that X is closed it is enough to prove that ZA U* is closed, where U* 
is the closure of an arbitrary basic neighborhood UCK. For this 
implies that Ü-X=Ü-(XNU*) is open, whence it follows that 
K-X is open. Therefore, to simplify the notation, we assume that 
XCU*, where U is a basic neighborhood in KR. Let X=pX and let 
e be a given cell in X. Then?’ 


XNé€= p(X pd. 


. Let Z€ Š be a cell which covers e. Then p-!2 consists of the sets Te* 
for every TEG, and Te* is the closure of the cell TEER. Since e* is 
compact it follows from the preceding paragraph that only a finite 
“ number of the sets Te*, say Tie*, «++, Tye*, meet U*. Let P,=X 
(\T e* (¢=1,---,%). Then 


XO8 = p(X Np’) = p(PiU---U Py). 


But P, is closed, by the hypothesis concerning X, and hence compact, 
since T,e* is compact. Therefore, PU - - - UP, and hence Xë are 
compact. Since the cell eC XK is arbitrary it follows that X is closed. 
Therefore p—!X is closed. Since U*(\T U* =0 if T1 it follows that 


X=UROUTR =U*N p xX. 
T 


Therefore X is closed and it follows that K has the weak topology. 

Since K? is discrete it follows that K°=p-1K° is a discrete set of 

. points. That is to say, K° has the weak topology. If n>0 then K” is 
connected, according to (C), and K* is obviously a covering complex 

of Kr. It follows from (L) that the injection homomorphism, m1(K*) 


% We shall denote the closure of a set PCE by P*. ; 
11 If f:P—Q is any map and ACP, BCQ, then f(A \f1B) = (fA)NB. 


\ 
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—r,(K),.is onto, whence K* is connected. Obviously TR” = Kr for 
any TEG and it follows that Kr is a regular covering complex of 
K". Therefore Kr has the weak topology, according to what we have 
just proved. It follows from (E) that K is a CW-complex. 

Now let K be a (connected) covering complex of K, which is not 
regular. Then a universal covering complex, K of K is a universal 
covering complex of K. Therefore Ẹ is a CW-complex. Let p:K>K& 
be the covering map. Since p is an open map it follows that K has 
the identification topology determined by p. It follows from the final 
paragraph in §4 that K is closure finite and that the remaining condi- 
tion of (F) is satisfied. Therefore it follows from (F) that K is a 
CW-complex, which completes the proof of (N). 


6. Proof of Theorems 1—4. Let X, Y be spaces in the class a and 
let f: XY be a map such that the induced homomorphism, fa: m, (X) 
—>m,(Y), is an isomorphism onto if 1Sn<N+1, where N 
=max (AX, AY). Let P and Q be CW-complexes, of dimensionalities 
AX and AY, which dominate X and Y respectively. Let \:X—P, 
PX and u: YQ, u':Q—>Y be maps such that AA1, p’u~1. 
Let Z be the mapping cylinder?! of fand R the mapping cyclinder of 
the map pf’: PQ, assuming that no two of the spaces X, Y, 
XXI, etc., have a point in common. 

Assume that there is a homotopy, hke: (Z, X)—(Z, X), such that 
ho=1, MZCX. Let hi: ZX be given by kz=hz (EZ) and let 
i#:X—Z be the identical map. Then th=hi:Z—Z, whence ih. 
Also hi~1, since k: XX, given by kw = hx (x CX), is a deformation 
of ko=1 into kı=hi. Therefore ¢ is a homotopy equivalence. As in [6] 
it follows that f:X—Y is a homotopy equivalence. i 

We now prove the existence of the homotopy hi: (Z, X)—>(Z, X). 
The argument in [6], which refers to the homotopy sequence 


(6. 1) Tn X) > a2) —> an(Z, X) - Bn—1(X) => Tall), 


shows that ma(Z, X) =0 if 1Sn<N+1. Since dim Q <N it follows 
from (K), in $5 above, that there is a homotopy, p::Q—Z, such that 
po=ju’, pi1QCX, where j is the identical map j: Y—Z. Therefore 
jœju'uœpu. Since pa ¥CpiQ0CX, the argument used in [6] shows 
that ryai(Z, X) =0, in case N< œ, 

Let K=(PXJ)UQ and let R be formed from the CW-complex K 
by identifying? (p, 0) with p and (p, 1) with aMA’pEO for each 
point pEP. Let ¢:K—R be given by d(d, 0) =p, (b, 1) =ufr’P, 
o(p, t) = (p, ) ifO<#<1, | Q=1. The arguments in [6, $2] show that 


% See §7 below. 
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there are maps 
r: (Z, X) (R, P), v: (R, P) > (Z, X), 


with v'| Q=ju', and a homotopy, fı:(Z, X)—>(Z, X), such that 
Ger’, G=1. Let L=(PX0)U(PX1)UVOCK, let p:Q0>Z mean 
the same as before and let pr: LZ be given by 
pt (p, 0) = v'b(p, 0), 
pi (2, 1) =z pid, 1), 
pig = pibg (PEP, ¢ EQ). 
Then p? =r'6| L, since po =ju'=y’| Q,andp{ DCX. Letpo=v'o: KZ. 
Then it follows from (J) that p/ has an extension ¥,:K—Z. Since 
YWılL=piLCX and since dim KSN-+1 and m(Z, X)=0 if 1S 
<N-+2 it follows from (K) that there is a homotopy, Wi :K—>Z, 
rel. L, such that Yé =yı, pi KCX. Let 0.:K—Z be the resultant of 
Y: followed by Y/. Then it is easily verified that x:= 0.81: RZ is 
single-valued, and hence continuous [7, §5]. Moreover xo=Wop™ 
=p'ġġ =p’ and xı R= $ "RCX. Therefore the required homo- 
topy, ki: (Z, X)—(Z, X), may be defined as the resultant of {ı-.: fol- 
lowed by xw. This proves Theorem 1. 
The proofs of Theorems 2, 3, 4 are the same as those of the cor- 
responding theorems in [6]. 


7. Note on n-homotopy. Let us return to Fox’s original definition 
of n-homotopy, in terms of finite polyhedra. It is not certain, for 
reasons indicated in [6], that an »-homotopy equivalence, f:X—Y, 
induces an isomorphism of r,(X) onto 7,(Y) (r&n), where X, Y are 
arbitrary, arcwise connected spaces. This question reduces to the 
following. Let h,:1,(X)—271,(X) be the endomorphism induced by a 
map, k: X—X, such that hœ,1. Is h, an automorphism if 1SrSn? 
Consider the case r=1. It is easily proved that, given any finite set 
of elements, a,,++-,@:C71(X), there is an element, nEri (X), 
such that kia; =nņna m! (i=1, +, k). It follows that hı is an iso- 
morphism into. Also it is an inner automorphism if rı(X) has a finite 
set of generators. Is kı an automorphism if 7,(X) is arbitrary? ‘ 

Meanwhile we show that these questions can be answered with 
our definition. Let X be an arbitrary arcwise connected space and let 
a point xo&X be chosen as base point for all the groups 7,(X). We 
. construct a CW-complex, K=K(X, xo), which is somewhat anal- 
ogous to the singular complex of homology theory. Let K? consist of 
a single 0-cell e°. With each map, 0: (07, da)—(X, xo) (r=1,2, °°), 
we associate a cell, SEK, such that 0es=e% The points of e; are the 


` 
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pairs (p, 0), for each point pCo"—do", and g:o"—>&, given by 
gp =(p, 0)(p€a'—Oa"), gdo* =e", is a characteristic map for &. The 
complex thus defined is obviously closure finite and we give it the 
weak topology. 

Let f, f':X—Y be maps of X in any arcwise connected space Y, 
and let fr, fy :m,(X)—>r,(Y) be the homomorphisms induced by f, f’, 
when the base-point yoG Y is joined to fxo, f’xo by paths (see [12] 
and [1, p. 279]) A,X’: (T, 0)(Y, yo). If »Em(¥), bEer,(Y, yo) (r2 1) 
we shall use 7-b to denote the image of b in the automorphism of 
a,(Y, yo), which is determined by y. Thus y-b=nby! if r=1. Using 
our definition of »-homotopy we have: 


THEOREM 11. If fœ,f' there is a fixed element, nCm(Y), such thai 
fia=n-f.a for every aEr,(X) and everyr=1,-++,n. 


Let K=K(X, x) mean the same as before and let ¢:K—>X be 
given by de°=xo, O(p, 0) =0p, for each point (p, ER —e®, It fol- 
lows from (A) in §5 that & is continuous. The homomorphism, 
¢,:4,(K)—71,(X), induced by & is obviously onto. Since fœ,f’ there 
is a homotopy, §:K*—Y, such that to=fo| K", £ = f'g| Kr. Let 
piI—Y be given by u(t) =$". Then w(0)=A(1), w(1) =A/(1). Let 
nErm(Y) be the element represented by the circuit, which consists 
of X’, followed by u, given by p14) =u(1—2), followed by At. 
Then it is easily verified that f/¢,a=7-f.6,4, where aCa,(K) and 
1Srsn. Since ¢, is onto this proves the theorem. 


8. A process of identification. We shall prove a theorem, which is 
analogous to Theorem 2 in [7]. For this we shall need a lemma con- 
cerning a process of identification, which is often used (e.g., in con- 
structing mapping cylinders, attaching cells k to complexes, etc.) but 
which, as far as I know, has never been described in full generality 
and detail. 

Let X and Yvo be given topological spaces and let fo: Xo— Yo be a 
map of a closed subset, XoCX, into Yo. We allow X and Y) to have 
common points, but only if XO YoCXo, XA Yo being a closed subset, 
both of X, and of Yo, and Fol Xo Yo=1. Let Y be the space which 
consists of the points in X—X, and in Yo, with the identification 
topology determined by the map? ġ: XU Yo>Y, where | X-Xo=l, 
el] Yo=1, ol Xo=fo. Notice that a set BoC Yo is closed in Y if, and 


2 XU Y, denotes the space, which consists of the points in X and in Yo and in 
which a subset, A, is closed if, and only if, AAA\X and Af \ Yo are closed subsets of the 
spaces X and Yo. Since X/\Y, is closed in both X and Y% it follows that X and Yo 
keep their own topologies in XU Yo. 
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only if, Yo \¢-!Bo (= Bo) and X\¢—Bo (=fo Bo) are both closed in 

XUY. Since Xo is closed it follows from the continuity of fo that 

fo Bo is closed in X if Bo is closed in Yo. Therefore Yo keeps its own 

topology and is a closed subset of Y. Similarly X — X, keeps its own 

topology. We shall say that Y is formed by attaching X, or X—Xo to 

Yo by means of the map fo. We shall also say that Y is formed by 
identifying each point xEXo with fox E Vo. 

In some cases we may be given the spaces X, Y and a map, 
f:(X, Xo)—-(Y, Yo), where XoCX and YoCY are closed subsets, 
subject to the conditions: : 

_ (8.1) (a) f|X—Xo is a homeomorphism onto Y— Yo; 

(b) a subset BCY is closed (open) if, and only if, BO Yo ts closed 
(relatively open) and tf fB is closed (open). 

In this case we may always regard Y as formed by attaching a homeo- 
morph of X to Yo. For let 4o:Xo—>X¢d be a homeomorphism of Xo 
onto a new space, Xd, which does not meet Y. Let X’ be the space 
consisting of the points in Xf and in Y— Y, with the topology 

-which makes k:(X, X0)—>(X’, Xd) a homeomorphism, where h| Xo 
= ho, hj X—Xo =f| X- Xa. The conditions (8.1) are satisfied by X”, 
Y and the map fh-!: (X’, Xd)(Y, Yo). Since X’-X¢ =Y—Yoand 
fh X'—X{ =1 it follows that Y is the result of attaching X’ to Yo 
by means of the map fh-| XJ. 

‘A particularly important application of this construction is that 
of the mapping cylinder of a map, g:A—B, where A, B are disjoint 
spaces. After replacing A XJ by a homeomorph, if necessary, we 
assume that it has no point in common with A or B. Then the map- 
ping cylinder is defined as above, with Yo=AVUB, X=AXI, 
Xo=(AX0)U(A X1) and fola, 0) =a, fo(a, 1) =ga. 
© Let X, Y and f:(X, Xu)-(Y, Yo) satisfy (8.1) and let X— Xo 
=Y-Y,, SlxX-X=1. Let X be a normal, Hausdorff space and let 

- Yq satisfy the following “weak regularity” condition: distinct points 
Yı, ¥eC Yo have neighborhoods Vi, VaC Yo such that VWiv2=0. 


Lemma 1. Under these conditions Y is a Hausdorff space. 


Let yı yı be distinct points in Y. First assume that at least one of 
them, say yın is in Y-Yyo=X—Xo. Since Yo and X are Hausdorff 
spaces, the sets yı, ya and f~1y, are closed. Since X is normal there is 
therefore a neighborhood, UCX, of yı, such that 

U CX (Xo U Fiya). 


Then fU =UCY-— Yo and EU, yE Y-T. Also U is open and U 
closed in Y. Therefore U, Y—U are disjoint, open subsets of Y, 


` 
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which contain yı, ys respectively. 

Let 91, vaC Vo and let V?, VIC Yo be neighborhoods of 41, ys 
such that VINN=0. Let U? =f VPC Xo (i=1, 2). Then HCV}, 
whence UO U3=0. Since X is normal there are disjoint open sets, 
Ui, Ud CX, such that T7CU/. Let 


U, = U! — (Xo — U). 


Then U;is open, since Xo— U?}is closed, and UVLO U:=0, U,OX o= U}. 
Let 


V:= (U, — UJUV CY. 


Since U,— USC Y — Y, it follows that Ya V, = V?, which is open in 
Fo. Also 


n=- U: — U) USV = (U: — UDU Ui = U 


Therefore V; is open in Y. Also „EV; and, obviously, VıNP3=0. 
This completes the proof. 

Now let X and Y, be disjoint CW-complexes and let X, be a sub- 
complex of X. Since X, Yo are normal, Hausdorff spaces it follows 
from Lemma 1 that Y is a Hausdorff space. Let g:o”—8* be a char- 
acteristic map for a given cell reX-X,. Then fel o*—do" is a 
homeomorphism onto fe”, where f:X—Y means the same as before. 
It follows that Y is a complex, consisting of the cellsin Yoand the cells 
fe(eCX — X), provided® f(Xo/\de") C Yo" for each n-cell ew EX — Xp 
(n=0, 1, - - -). This being so, I say that Y is closure finite. For any 
cell e€ Vy is contained in the finite subcomplex Yo(e). Let e be a 
given cell in X —Xo, let K=X(e) and let Ko= KM Xo. Then Ko, and 
hence fKo, is compact, and it follows from (D) in §5 that Lo= Yo(fKo) 
is finite. The subset ZuU/fK is compact and is the union of the cells 
in Lo and in f(K —K,). It is therefore a subcomplex. Moreover it is 
finite and contains fe. Therefore Y is closure finite. Also Y has the 
identification topology, which is determined by the map¢: XU Yo>Y, 
where o|X=f, $| Yo=1. Obviously XU Ye is a CW-complex, con- 
sisting of the cells in X and in Yo, and the cells in Y are the cells ġe 
for each cell e€ (X—X)U Yo. Since Y is closure finite it follows 
from this and from (D) in §5 that Y(¢é@) is finite for any eC XU Yo. 
Therefore Y is a CW-complex, according to (F) in §5. Under these 
conditions?! we say that Y— Yo is tsomorphic to X— X, and that 
f|X—Xo is an isomorphism of X— X, onto Y—Yı. 

» E.g., if fot Xo Yo is cellular or if XC Xo, fXoC Y7”. 

M In this definition we allow Xo and Yo to be empty. 
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We mention two applications of the preceding paragraph. The first 
is that the mapping cylinder of a cellular map, f: KL, where K, L 
are CW-complexes, is itself a CW-complex. Secondly, let X be the 
union of a set of n-elements, {Ef}, which are disjoint from each other 
and from Yo, each Ef being a subcomplex, E} =e Ue. Let 
Xo be the union of the boundaries, 0E? =e? et, and let fo be any 
map of the form fo: Xo—> Y3! Then we say that Y is formed by 
attaching the set of cells {ef} to Yo by means of the maps fo| OF}. 

Let X, Y and f:(X, Xo)—(Y, Yo) satisfy (8.1), where X, Y are 
CW-complexes, Xo, Yo are subcomplexes and the map f is cellular. 
Let fo: Xo—> Yo be the map given by fox =fx (x GX). Then we have: 


THEOREM 12. If fo: Xo— Yo ts a homotopy equivalence, so ts fF: X—>Y. 


The proof is the same* as that of Theorem 2 in [7]. 

If Yo is a single point we describe the above process of identifica- 
tion as shrinking X, into the point Yo. It follows from Theorems 1 | 
and 12 that a simply connected, aspherical subcomplex, X, CX, may 
be shrunk into a point without altering the homotopy type of X. 

Let Xo=X* and let Yo= Yj. Then Y*= Y and we have: 


COROLLARY 1. Given a CW-complex, Yo=X", there is a CW-com- 
plex, Y, such that Y” = Y$, X=Y and Y—Y* ts isomorphic to X —X*. 


Let X and FY, be connected, let Yo= Y$ and let P=.-1X* (n22). 

Then 
XU =Y, U I; 

where 27, 23 mean the same as in Theorem 6. Let us “fill up” the 
closure, S*, of each cell er €27 with an (n+1)-cell, e**!, in such a way 
that "+ is an (»+1)-element bounded by S*. The result is a CW- 
complex,” K=XURU fem}, There is obviously a retracting de- 
formation of K into X in which each (n-+1)-element, 2"+1, is retracted 
into the point XNNert!, Therefore K=X. Also K*=X*UXi, Kl 
=X"1, Let L”= YUE}. Then L”—!= Y3—', Therefore, replacin 
X, X*, Yð in Corollary 1 by K, K*, L*, we have: i 


COROLLARY 2. If Yo=n-ıX" there is a CW-complex, Y, such that 
X=Y and Y"! = YJ! 
For example, if r,(X)=0 for r=1,...:,n—1, we may take Y 


a Notice that CW-complexes and subcomplexes have all the homotopy extension 
properties required by [10]. 

3 We assume that the cells in Z? and the new (n-+1)-cells, fen}, are disjoint 
from each other and from X, 
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to be a single point, as observed in §3. Then X=Y, where Y*"!1= Yọ 
and Y” consists of the n-spheres, which are the closures of the n-cells 
in 22. 

9. Countable complexes. We describe a complex as countable if, 
and only if, the number of its cells is countable. By a locally finite 
(finite) polyhedron we mean a space which is covered by a locally 
finite (finite) simplicial complex. The purpose of this section is to 
prove: i 


THEOREM 13. Any countable (finite), p-dimensional CW-complex 
(pS) is of the same homotopy type as a locally finite (finite), p- 
dimensional polyhedron. 


We shall need three lemmas for the proof of this. A CW-complex, 
K’, will be described as a subdivision of a CW-complex K if, and 
only if, both complexes cover the same space and if each cell of K’ 
is contained in a cell of K. If K’ is a simplicial complex we shall de- 
scribe it as a simplicial subdivision of K. Let K’ be a simplicial sub- 
division of K and let a set of disjoint n-cells, {e} }, be attached to K by 
maps, g::0 E7 >K™! (KAE? =0), each of which is simplicial with re- 
spect to K’ and some triangulation of OF}. Then we have: 

LEMMA 2. The complex KU {e?} has a simplicial subdivision, of 
which K’ is a subcomplex. 

This will be proved in $10 below. 

Let K and {e} } mean the same as in Lemma 2, except that K need 


not have a simplicial subdivision. Let f:K—L be a homotopy 
equivalence of K into a CW-complex L. Let 


h, œ fg: ðE > L, 


where h,OE{CL*-! but œ indicates homotopy in L. Let the cells 
{ef} be attached to L by the maps A,, thus forming a complex 
LU {ef} COE =0). 


LEMMA 3. The map f: KL can be extended tp a homotopy equivalence 
A:KU {g} >LU {er}. 
_ If hi=fg, this follows from Theorem 12, taking k| ef =1. In general 
it follows from Theorem 12 and the proof of Lemma 5 in [5]. 

Let a connected, CW-complex, K, be the union of an “expanding” 


set of subcomplexes, KoCKıC - » -such that if n>0 then K, is 
connected and the injection homomorphism 


intan (Kr) > Ta( K) 
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is an isomorphism onto (e.g., Ka =K"). Let L and 2LoCiC +. CL 
satisfy the same conditions and let {Kn}, {Za} be related by a se- 
quence of homotopy equivalences, 


, r: (Ka, Kn) —> (Ln La), 
such that PE =f, 


Lexma 4. The map, f:K—>L, which is given by f| K.=f", is a 
homotopy equivalence. 


Let i, mean the same in L as in K and let 


faitn(K) > anlL), fai ita) > an(Le+ı) 


be the homomorphisms induced by f, f**!. Then fg‘? is an isomorphism 
onto since f*+! is a homotopy equivalence. Also 


inian(Krrı) > T(K), in: alLa) > Tall) 


are isomorphisms onto and obviously faîn=tafa"". Therefore fa is 
an isomorphism onto, for each n=1, 2, - + - , and the lemma follows 
from Theorem 1. 

We are now ready to prove Theorem 13. This will obviously follow 
when we have proved it for a countable CW-complex, K, which is 
connected if p=dim K>0. We first assume K to be finite and use 
-induction on the number of cells in K, starting with the trivial case 
K=K°. Let p>0 and let Ko=K—e, where e? is any p-cell in K. 
Assume that there is a finite complex, Lo, with a simplicial sub- 
division Ldi which is related to Ko by a homotopy equivalence 
fo: Ko—Lo. Let e? be attached to Ko by a map g:0E?—Ko, where 
e? = E?—QE?, Assuming that LiNE?” =0 let e? be attached to Ly by 
a map 

ho ~ fig: 9EP — Lo, 


which is simplicial with respect to Lf and some triangulation of dE». 
The resultis a complex, L, which has a simplicial subdivision, accord- 
ing to Lemma 2. The theorem, for K finite, now follows from the 
induction and Lemma 3. 

Now let K be infinite. In order to repeat the above construction an 
infinite number of times we shall, so to speak, “spread Lo out” so 
that L may be locally finite. Assume that there is a sequence of 
locally finite’ complexes, LoCLiC -> » » , such that L, is connected if 
n>0, and a sequence of subcomplexes, P,CL,, such that: 

(9.1) (a) In Pa U,-1 is open in L, and LeaC U, (Lia=P4 
=0), 
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(b) P, is a deformation retract of Ln, . 

(c) if n>m>1 the injection homomorphism ra_ı(Lm)—n-ı(Ln) is 
an isomorphism onto, 

(d) there is a sequence of homotopy equivalences, f*:(K*, Kr-!) 
(Ln, La), such that fr| K" = f", 

(e) La has a simplicial subdivision, L,’, of which L/_, is a sub- 
complex. 

(£) dim L,=dim Kr<n. 

Then we define the topological space 


eat ore ($ = dim K < oe), 
nO 


in which a subset X CL is closed (open) if, and only if, XOL, is a 
closed (relatively open) subset of L,, for each n=0. Clearly L, keeps 
its own topology in L and since each L, is a locally finite complex it 
follows that L is a CW-complex, which consists of the cells in 
Lo, In, +++. I say that L is locally finite. For U, CL, CU, and 
U,-1 is open in L, and hence in U,. Therefore, given m20, it follows 
by induction on that Um is open in U, and hence in L, for every 
n>m. Therefore U„ is open in L. Since L,1C U, it follows that any 
point gEL is in U, for some n. Let gE U, and let OCL, be a finite 
subcomplex, of which g is an inner point, according to the topology 
of La. Since U, is open in L it follows that g is an inner point of Q, 
according to the topology of L. Therefore L is locally finite. 

Since L is locally finite it follows from (D), in §5 above, that any 
compact subset is contained in a finite subcomplex of L. It is there- 
fore contained in L,, for some 330, and it follows without difficulty 
from (9.1c) that the injection homomorphism am_1(Lm) ni (L) 
(m>1) is an isomorphism onto. Therefore it follows from (9.1d) and 
Lemma 4 that K=L. Clearly 


= Ub 


is a (locally finite) simplicial subdivision of L. Finally dim L 
=p=dim K and the theorem follows. 

Now assume that L,, Pa have been constructed forn=1,---,r20 
so as to satisfy (9.1) with nsr. If Krt!=Kr we define L,4i=L,, 
P= P, Let KK" and let X, be the complex covering the half 
line (a, ©), which has 0-cells at the points a+4 (¢=0, 1, -- >). 
Assuming that the topological product P,X Xo has no point in com- 
mon with L, we identify each point EP, with (x, O)EP,X0 so as 
to form a locally finite complex 


M, = LU (P, X Xo). 
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This has the simplicial subdivision L} U(P,X Xo)’, where (P,X Xo)’ 
is formed by starring the prisms eX (i, ++ 1) (¢=0, 1, -+ ), for each 
simplex, ø, in the subcomplex of L; which covers P,. Clearly L, is 
a deformation retract of M,, whence g':K'—>M,, given by g’x=f'x 
(xE Kr), is a homotopy equivalence. It obviously follows from (9.1b) 
that P,XXo is a deformation retract of M, and nna that P,Xk 
is a deformation retract of M,, for each k=1, 2, . Therefore any 
map ðE*!—M, is homotopic to a map in P, Xk. We now repeat the 
construction used in the finite case, attaching an (r+1)-cell, e}"*, to 
M, by a suitable map dEy‘!—P, Xk (k>0), where eit', ea’, - + + are 
the (r+1)-cells in K. The result is a locally finite complex, Lr+41, 
which satisfies (9.1d, e, f) with n&r +1. We define 


Pr = (Pe X Xi) U fee}. 

Clearly P,XX is a deformation retract of P,XXo, and hence of 
M,. Therefore P,,ı is a deformation retract of L,41. Therefore (9.1b), 
and obviously (9.1a), is satisfied with »Sr+1. Since L, is a deforma- 
tion retract of M, and L, is formed by attaching (r+1)-cells to M, 
it follows that (9.1c), and hence all the conditions (9.1), is satisfied 
with nSr+1. Starting with Lo=P =K? the theorem now follows 
by induction onr. 


10. Proof of Lemma 2. An n-element, F”, in an n-sphere, S*, will 
be called a hemisphere if, and only if, the closure of S*— Er is also an 
n-element. Let f:o"—o* be a barycentric map of an n-simplex, o*, 
onto a k-simplex o* (k Sn). Assuming that o* does not meet’ o* let T 
be the mapping cylinder of f. We shall prove: 


Lemma 5. T is an (n-+1)-element and a” is a hemisphere in OT. 


Before proving this we deduce a corollary and show that it implies 
Lemma 2. Let o? be a face of an (n-t1)-simplex, o**+1, Let fi:oi—a* 
be a barycentric map of of onto o* and, assuming that o* does not 
meet o**!, let E**! be the space formed by identifying each point 
pEot with fip. Obviously E**! is homeomorphic to oft ‘UT, where T 
means the same as in Lemma 5 and of"? is an (n+1)-simplex, of 
which o*=o*’!NT is a face. Since ø” is a hemisphere both of day" 
and of ôI we obviously have the corollary: 


COROLLARY. E*t! is an (n+1)-element. 


Let an »-cell, e”, be attached to a complex, K, by means of a map, 
0E*—K, which is simplicial with respect toa simplicial subdivision, 
K’, of K and some triangulation, S, of ôE”. Let po be an interior 
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point of E”. When e* is attached to K each simplex ott! = pog", where 
co’ is a simplex of S, is transformed into an (r+1)-element Et, ac- 
cording to the above corollary. We triangulate K’Ue* by starring all 
these (r+1)-elements, in order of increasing dimensionality. The re- 
sult is a simplicial subdivision of KUer, which contains K’ as a sub- 
complex. Lemma 2 follows from this construction, carried out in each 
of the cells ef. 

We now prove Lemma 5, using a method suggested by M. H. A. 
Newman. Let o* be a rectilinear simplex in Euclidean space R*. Let 
bo, + + +, ba be the vertices of o* and let ø, be the face of o”, whose 
vertices are those which are mapped by f on b,. Let a; be the centroid 
of c, let of be the k-simplex ao - - - ay and let g:a"—»05 be the bary- 
centric map, which is determined by go;=a;. Then ga;=a;, whence 
gex = gx for each xGo", or g?=g. Also cEot, where c is the centroid of 
o”, since a; is the centroid of o,, and it follows from the definition of 
a barycentric map that gc=c. 

We treat R* as a vector space, taking c to be the origin or null 
vector, which we also denote by 0. We shall use small Roman letters 
to denote vectors in R* and small Greek letters, as in Ax+py, to de- 
note (real) scalar multipliers. Let 6,:0"—0* be the map which is given 
by 
(10.1) Ox = (1 — Ax + Aga /2 (OSA <1; rEg”). 


I say that if A<1 the map 4, is nonsingular. For # is a linear map, 
such that 6,0=0, and if it is singular, then fax =0 for some nonzero 
vector xo". Since g?=g it follows from the linearity of g that 


(10.2) ghar = (1 — Mgx + Agax/2 = (1 — A/2)gx. 


Therefore $x=0 implies, first, gx =0, and then (1—A)x=0, or x=0 
if \<1, which proves the assertion. 

I say that, if OSX<pyS1, then 8,0” is in the interior of be”. For 
x is the point which divides the segment joining x to gx/2 in the 
ratio A:(1—A). When we have shown that the simplex 6,0% is in the 
interior of #0*(A <1) it will follow that the vertices of 6,07(u>X) lie 
on rectilinear segments, which join the vertices of 6,0" to interior 
points of 6.0%. Hence, and since u>), they are interior points of 
6,0". Since 0, is a linear map the assertion will follow. Thus we have 
to prove that 6,0} is inside 6,0*, or that any point ga/2 (aEo*) is of 
the form x, for some interior point xEo". Let p=1/(2—d). Then 


pga = (1 — Aoga + Apg?a/2 
= p(1 — A/2)ga = ga/2. 


Pa 
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But p<1 since A<1. Therefore pga is an interior point of o* and the 
assertion is proved. - 7 

The set of values AEI, such that a given point, xGo", does not 
lie in fg”, is obviously open. Therefore there is a maximum, ¢(z), 
of the values of \ such that xG@@,o*. It follows without difficulty from 
the preceeding paragraph that ¢ is a continuous, real-valued function 
of x, such that 


(a) (x) > 0 if x E’o® — der, 
(10.3) (b) en) = 0 if x E dor, 
(c) x E Ao" if, and only if, X S (x). 


We now imbed o* in o* XJ, in such a way that x= (x, 0) if eGo", 
and take o* to be the simplex 6,04 X1 and f:o”—o* to be the map given 
by 


fx = (01x, 1) = (gx/2, 1). 


If x is fixed and X varies from 0 to 1 we may regard the locus of the 
point (Ax, A) as the linear segment in o*XJ, which joins xCo” to 
fx€o. If x = Ay it follows from (10.2) that gx=gy and from (10.1) 
that x=y if\<1. Therefore no two of these linear segments have an 
inner point in common and we may take T to be the union of the 
sets ho” XA for each NEI. It follows from (10.3c) that T is the set 
of all points (x, A) such that OSA S¢(~). 

Let W:o"—I be the real-valued function which is defined by 
¥(pv) =1—p for each vector vEdo* and each pC. Then the subset 
of a*XI, which consists of all points (x, A) such that OSASy(~), is 
the join, e*t!, of ø” and the point (0, 1). A homeomorphism (onto), 
h:T—ort!, is defined by 


h(x, N) = {2 (aA), 


where 0SAS¢(x) and p(x)=(x)/b(x) if xEar—dor, p(x) =0 if 
xCdo*. Clearly ho” =a" and o” is a hemisphere of do**!. Therefore 
Lemma 5 is established. : 

Let K, L be simplicial complexes and let [:K>L be a simplicial 
map. Let C be the “combinatorial” mapping cylinder of f, defined as 
in [1], and T the “topological” mapping cylinder defined as in §8 
above. Let ø be any simplex in K and let C,CC,T,CT be the map- 
ping cylinders of the map, of, which is determined by f. It follows 
from Lemma 5 that I is a polyhedral complex, whose (closed) cells 
are the simplexes in K and in L and the elements Ta, for each simplex, 
c, in K. Since I, is an element it may be starred from an internal 
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point. Since C, is also a star an easy induction shows that C is com- 
binatorially isomorphic to the triangulation of T, which is obtained ` 
by starring the elements I’, in order of increasing dimensionality. 
Hence the conjecture in the footnote on p. 1235 of [3] is easily 
verified. 
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MAGDALEN COLLEGE, OXFORD UNIVERSITY 


RECENT PROGRESS IN THE GOLDBACH PROBLEM 
R. D. JAMES 


1. Introduction. The problem under consideration had its origin in 
a letter written by Goldbach to Euler in 1742 [4].! In the letter, 
Goldbach made two conjectures concerning the representation of 
integers as a sum of primes. They are equivalent to 


(A) every even integer greater than 2 ts a sum of two primes, 
and 
(B) every integer greater than 5 is a sum of three primes. 


- The two conjectures are, of course, equivalent. If 2n-2=p1+ ha, 
then 2n=fitf.+2 and 2n+1=:+62+3. Conversely, if 2n=p1 
+p2+ p; one of the primes must be 2 and 2n—2 =pı+ p2. 

An impressive collection of numerical evidence indicating the truth 

.of the conjectures has accumulated in the years since Goldbach’s 
letter was written, but is it not known to this day whether the con- 
jectures are true or false. What progress has been made towards the 
solution of the problem has been through two principal methods of 
attack. f 

The first of these is the sieve method (see $$2 and 3) due originally 
to Brun [1], and improved by Rademacher [16], Esterman [5], Ricci 

- [17], [18], and Buchstab [2], [3]. The best result by this method, 
¿due to Buchstab in 1940, is 


every suffictently large even integer ts a sum of two integers, each having 
at most four prime factors. 


The sieve method has also been used in combination with results on 
the density of sequences of integers. (See $4.) Contributions have been 
made by Schnirelmann [20], Landau [12], [13], Heilbronn, Landau, 
Scherk [7], and Ricci [19]. Schnirelmann proved that 


every integer >1 is a sum of a finite number of primes. 


The best result, due to Ricci in 1937, a minor improvement on the 
Landau, Heilbronn, Scherk result of 1936, is i 


every sufficiently large integer is a sum of at most 67 primes. 


An address delivered before the Vancouver meeting of the Society on June 19, 
1948, by invitation of the Committee to Select Hour Speakers for Far Western Sec- 
tional Meetings; received by the editors June 14, 1948. 

1 Numbers in brackets refer to the references cited at the end of the paper. 
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This result did not stand for long. It was superseded almost im- 
mediately by the Vinogradov result described in the next paragraph. 

The second principal method is the analytic method developed by 
Hardy and Littlewood [6] in their series of papers on Partitio Nume- 
rorum. In 1937, Vinogradov [23] established an asymptotic formula 
for the number of representations of an odd integer as a sum of three 
primes. From this it follows that 


every sufficiently large odd integer 4s a sum of three primes. 


The work of Page [15] and Siegel [21] is an important part of the 
Vinogradov method. Vinogradov’s result is close to Conjecture B 
and is now known in the literature as the Goldbach-Vinogradov 
Theorem. The same method also leads to a proof of the regult 


almost all even integers are sums of two primes. 


The precise meaning of “almost all” is explained in §5. 

Linnik [14] and Tchudakoff [22] have given different proofs of . 
Vinogradov’s result, but the Goldbach-Vinogradov Theorem still 
stands as the nearest approach of modern mathematics to the Gold- 
bach conjecture of 1742. 


2. The sieve method. Brun’s contribution. The method of Brun is 
an adaptation of the ancient Sieve of Eratosthenes, in which the 
mechanical process of striking out the multiples of primes is replaced 
by an algebraic recursion formula. Brun’s significant contribution is 
the way in which the formula is suitably modified. This important 
point will be explained later at the appropriate time. 

Let d be a given positive integer, and let pi, pa, - ++, ba be the 
primes in order, which do not divide d and do not exceed y, where y 


with 0Sa;<p., 0Sb,<p,, aibi i=1,2,:--,k. Letabe any posi- 
tive integer and x any positive number. Then, following Rademacher, 
Buchstab, and Landau, let F(x; d, y)=F(x; d, y; as bı; Di) denote 
the number of integers n which satisfy the conditions 


(2.1) ns x, n = a (mod d), 
' (n — a;)(n — bi) 4 0 (mod 2%), i=1,-::,$ 


The arguments a, a,, bi, ps, need not be written in the function since 
the results will hold for every a and every set a;, b; of the type de- 
scribed. F(x; d, 1) is nothing but the number of integers n Sx, 
n=a (mod d) and will be abbreviated F(x; d). 

The connection between F(x; d, y) and the Goldbach problem is 
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indicated by the following considerations. Let d=2, a=1, y=x!®, 
where x is even integer and y is an integer not less than 2. Let a;=0, 
b,=x& (mod p,) if pılx; bex (mod p) if p,|x. Then the function 
F(x; 2, x") is the number of odd integers n Sx such that neither n nor 
x—n is divisible by any prime not exceeding x". Hence all the prime 
factors of n and x—n are greater than x"! and there cannot be more 
than #—1 of them. If u=2 each of n and x—n is either a prime 
or equal to 1. Thus, if it could be shown that F(x; 2, x1/#) 22, it would 
follow that there is at least one representation x=n-+(x—m) in 
which each of n and x—n is a prime. Buchstab’s result, quoted in the 
introduction, comes from establishing a similar inequality for 
F(x; 2, xU®). 

The fundamental recursion formula is not difficult to prove. . 
Clearly, the number of integers satisfying (2.1) is equal to the num- 
ber of integers satisfying 


nS 4, n = a (mod d), 


(2.2) : 
(n — a) (n — b.) # 0 (mod #,), #=1,2,-+-,k-41, 
diminished by the number of integers satisfying 
(2.3) nsx, n = a (mod d), 
(2.4) (n — a) (n — bi) = 0 (mod fx), 
(n — a;)(n — b:) A 0 (mod #;) #=1,2,---,2—1. 


Since asb, Drld, the conditions (2.3), (2.4) are equivalent to 
nsx, n= d (mod dpa); n< ax, n= a" (mod dp). 
It follows that 
(2.5) F(x; d, pa; 0) = F(x; d, pai; 0) 
— F(x; dps, pra; a’) — F(x; dpe, pii; a”), 


where the arguments a, a’, a’’ are temporarily indicated in the func- 
tion. Since the results are to hold for every a, a’, a’’ it is usual to write 
(2.5) symbolically in the form 

(2.6) F(x; d, ps) = F(x; d, pos) — 2F(x; dps, per), 


where, of course, if k=1, F(x; d, pi) = F(x; d)—2F(x; dpi). Equation 
(2.6) is the fundamental recursion formula. 
From (2.6) it is but a short step to 


h 
F(x; d, Ps) = F(x; d) eZ 2 F(a; ddr, Prt) 
rol 
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and 


F(x; d, pa) = F(x; d) — 2 Fa; d pr) 


2.7 k rl 
N +420 M(H dpp) — ++ 
tal #1 


+ (—2)*F (x; dpspe1+ ++ papi). 


Since F(x; d) is the number of integers n Sx, n=a (mod d), F(x; d) 
=x/d+0, where |0| <1. Hence, from (2.7), 


F(x; d, Pr) = (x/d) {1 = 2%, (1/2) 
+450 >) (1/Prbs) Zu 
+ (—2)*(1/pe-++ py} +R, 


or 
(2.8) F(x; d, pr) = (2/4) IT (1 — 2/p,) + R, 


where |R| does not exceed the number of terms in the brackets, 
that is, | R| s2#t1—1. 

Unfortunately, formula (2.8) is of no help as it stands. The diffi- 
culty is that, if ?u Pu", ps are the primes up to x! then 
[]G —2/b-) ~eu?/log? x, and k=7(x/*) ~ux*/log x, so that R is of 
higher order than the principal term in (2.8). This is where Brun’s 
contribution comes in. He replaces the equation (2.8) by an inequality 
in which the number of terms is sufficiently reduced to make R of 
lower order than the principal term. 

It would take too long to reproduce the details here. The interested 
reader may find them in Brun’s original memoir or in Rademacher’s 


paper. The final result is that, if ki, ka, ++ - , kı are integers satisfying 
1Sk:S +++ SkSk, then 
(2.9) : F(x; d, px) = (x/d)E — R 
where E=1—2 (1/9) +4 >. D (1/brnbn)— +++, the summation 
indices satisfy ` 
1 s ry s k, 
1sr Ry, 
mm g=il,2,+++,4 
1S mpi S kn 


1S raya < tae Sin <r, 
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and R does not exceed the number of terms in the product 
a= 2D WVEMA-2L WEM); 
that is, RS(2k+1)(2ki+1)? + + + (2kit+ 1)’. 


By suitably choosing the integers kı, ka, - ++, ki it can be shown, 
for example, that 
3 b 
(2.10) E> MO- 2/2) R= od). 
Tel 


This is Rademacher’s result, and illustrates the point that reducing 
the number of terms only changes the principal term to a numerical 
constant times its former value, but reduces the remainder term by a 
considerable amount. 

It follows from (2.9) and (2.10) that, if Pi, pa, +++, pa are the 
primes up to x!/®, then F(x; 2, x8) >cax/log? x — cxl, Hence every 
sufficiently large even integer x is a sum x=n-+(x—m) of two odd 
integers, each with at most seven prime factors. The reduction from 
seven to four prime factors is accomplished by the method of Buch- 
stab, which is discussed in the next section. 

It should be noted in passing that the Brun method will yield upper 
bounds for F(x; d, pz) as well. It is only necessary to stop the series 
for E with rz instead of rats. Such upper bounds are needed in 
Buchstab’s work (§3) and in the density-sieve method (§4). 


3. The sieve method. Buchstab’s contribution. Buchstab’s results 
are based on a modification of the fundamental recursion formula 
(2.6), and uses a different estimate for the number of integers satis- 
fying (2.3), (2.4). (See also James [8].) 

The number of integers n such that 

nx, n= a (modd), 
n = a, (mod f»), (n — a) (n — bi) #0 (mod ġ;) 
is equal to the number of integers m such that 

a, + mpr S &, a, + mp, = a (mod d), 

(an + mpr — 0,)(0x + mpr — bi) % 0 (mod py), 


(3.1) 


or 
ms (x—a,)/p, m= g (mod d), 


(m — al)(m — bi) # 0 (mod #,). 


The number of integers satisfying (3.2) and hence (3.1) is 
F((x—ax)/ps; d, Pr). Similarly the number of integers satisfying 


(3.2) 
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(3.1) with a; replaced by by is F((x—b+)/pr; d, pes), and therefore 
F(x; d, Px) = F(x; d, Pr-ı) 
— E((x — a)/du d, pr) — F((x — bu) /du; d, pri). 


Since 0 Sa, <br, 0 Sbr < Pr, the difference between the last two terms 
on the right of (3.3) and 2F(x/ps; d, pz) is at most 2. Therefore 


(3.4) F(a; d, pa) = F(x; d, pas) — 2F(%/pr; d, pri) + On, 


where 056,52. This is the recursion formula in the Buchstab 
method. 


Let u and v be integers such that 2 Su <v, and let pn pus, °°, 
pri, Dy be the primes in order for which 


Pr Sel? < pur Lete < pe S a" pren 
By repeated application of (3.4) it follows that 
F(x; d, x“) = F(x; d, %1”) 


(3.3) 


3.5 s ; 
„2% Flalbad, Pa) + È Oa 


If a lower bound for F(x; d, x”) and upper bounds for each term in 
the sum are known, formula (3.5) provides a lower bound for 
F(x; d, x1”). 3 

Formula (3.5) is one of the important parts of Buchstab’s contribu- 
tion. The larger v is the easier it is to get a good lower bound for 
F(x; d, x") and reasonably good upper bounds for the terms in the 
sum, using the Brun methods. This leads to a better lower bound for 
F(x; d, x“) than can be obtained with the sieve method by direct 
calculation. 

Another important part of the method is the way in which (3.5) is 
used. It can be shown by the Brun method that there exists a pair of 
non-negative step functions go(#), Go(u) defined for u22 such that 


(3.6) go(u)ex/log? x S F(x; d, xU) < Gi(u)cx/log? x 


for all sufficiently large x, where c is an absolute constant. In Buch- 
stab’s first paper [2], for example, he starts with 
0, 28s 4 < 10, 
golu) = 
ne, 98, = 10; 
i Go(u) = 101.6, 254 10. 


It then follows from (3.6) that go(w) and Go(u) may be replaced by 
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gı(u) and Gi(u), respectively, where 


glu) < el) = 2 f GDE + Daran 


vl 
Ga) > Gols) — 2 f gola) (z + 15245, 
- u—1 
for 2Su<v. 
The process may be repeated as long as the new bounds are better 
than the old. Starting with the rough estimate (3.7), Buchstab [2] ob- 
tains the following: 


0, 2S 4u< 6, 
0.3, 6s u < 8, 
galu) = | 53.51, 8su<9, 
75.58, 9su< 10, 
(3.8) 98.0, % = 10; 


67.58, 25487, 
72.86, 7<us 8, 
85.1, &8<4us9Y, 
101.6, 9<« 3S 10. 


Galu) = 


In a second note, Buchstab [3] starts with the set (3.8) with the addi- 
tion of 


98.0, 10<4<15, 
244.9997, = 15; 

144.1328, 10 < # < 12, 
196.0022, 12<u 14; 


a = | 


G:(u) = { 


and works down to g,(5)=0.96438. From this follows the result 
quoted in the introduction, the best so far obtained by this method, 
that every sufficiently large even integer x is a sum x=n+(x— n), in 
which each of n and x—n has at most four prime factors. 

It is not entirely improbable that the newer computation methods 
may be used to work further down, perhaps even to g,(2) >0. If this 
should be the case, Goldbach’s first conjecture and other similar 
ones would be proved, at least for sufficiently large integers. 


4. The density-sieve method. While it is true that the results of 
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the density sieve method were soon superseded, the method itself is 
still of interest. 

It is well known that, if m(x) denotes, as usual, the number of 
primes not greater than x, then r(x)/x—0 as >». On the other 
hand, Schnirelmann [20] proved that, if M(x) denotes the number of 
integers n Sx which are a sum of two primes, then M(x)/x21/h, x24, 
where his a constant greater than 1. In other words, the set of integers 
x24, which are sums of two primes, has positive density. It follows 
from standard theorems on the density of sequences of integers that 
every integer x>1 is a sum of a finite number of primes. This is the 
Schnirelmann theorem. (See Landau [13].) 

The Schnirelmann result depends on the sieve method in the follow- 
ing way. Let A(m) denote the number of representations of an 
integer m as a sum of two primes, and let M(x) be the function de- 
-fined above. Then, by the Cauchy-Schwarz inequality, 


( > Am)) Ma) AX) 


mad 


and R 
(4.1) “oz(È a) /(È AX) ). 


What is needed then is a lower bound for the numerator, and an < 
upper bound for the denominator, of the term on the right of (4.1). 
A suitable lower bound is easily found by noting that 


(4.2) Alm) d 2*(x/2) > crx*/log? x. 


The sieve method enters into the problem of finding an upper bound. 
Clearly, the number of solutions of m=p+p’, where p and p’ are ` 
primes, each greater than m/?, does not exceed F(m; 1, m!!®). The 
number of solutions where pSm¥? or p’ Sm? does not exceed 2m!l?, 
Hence, an upper bound for F(m; 1, m?) provides an upper bound for 
A(m) and finally for I ,A?(m). 

The details are given by Landau [13] and will be omitted here. The 
result is 


(4.3) F(m; 1, m?) < cx(m/log? m) I] (1 + 1/9), 
pim 
where c is a constant. It then follows that DA*(m) <cx/logt x, 
and then from (4.1) and (4.2) that M(x)/x21/h, h=u/d. l 
In the Heilbronn, Landau, Scherk paper [7], M(x) is the number 
of integers mSx for which 30m =p-+p’, and the inequality (4.3) is 
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replaced by 
F(m; 30, m?) 
lim sup un Si 
mon mm (mod 30) (mm /log? m) I] (1 + 1/(p — 2)) 
pim 


where c is a constant. There are similar changes for I,A(m) and 
>>A2(m). By a careful consideration of the numerical constants in- 


volved, it is shown that 

lim inf x~ log‘ A d 1 

im int f(a) /a = PPE EA 1 
pn lim sup x? logt x( J A%(m)) 34 


Finally, from a general result of Khintchine [10] it follows that every 
sufficiently large integer u may be written in the form 


34 
u=} m +r, 0sr s3. 
tml 
Hence, for each j such that 2Sj S31, 


84 
v= 30u +j =} (ptp) +s 
iml 


where 2 <s £1021. 

It is easily verified that every s in the given range is a sum of at 
most three primes, and therefore every sufficiently large integer v is a 
sum of at most 71 primes. Ricci [19] reduced the number 71 to 67, 
but the improvement is one of detail and no new principle is in- 
volved. 


5. The analytic method. The method pioneered by Hardy and 
Littlewood [6] is based on the idea of a generating function and on 
the Cauchy residue theorem. Thus, if { a;} is an infinite sequence of 
positive integers with a;<ayj41, the function f(s) = Dag, |s] <1, 
is the generating function of the sequence. If 4,(N) denotes the 
number of representations of an integer N as a sum of s integers of the 
` sequence, then 


f(a) = E A.l), 
j=l 
and 


(5.1) A(N) = (1/27) f j fr@)a"-1da, ' 


where C is the circle |z| =r <1. 
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The question of convergence of the series, but not the difficulty 
of the proof, is avoided in the Vinogradov [23] version by consider- 
ing not f(z) but F(x) = Ža snela x) where e(a;x) denotes e?**%7, and 
x is real. Then (5.1) is replaced by 


A(N) = f Pael- Najd. 


If the sequence a; is the sequence of primes, the number of repre- 
sentations of an integer N as a sum of three primes is 


(5.2) A(N) = f " F(x)e(— Nx) de, 
where 
(5.3) F(x) = 2 elpa). 


Formula (5.2) is Vinogradov’s starting point, and since his work is not 
easily accessible, some details may be of interest. 

As is well known, the first step is to divide the interval (0, 1) into 
sub-intervals whose centers are the points x =a/gq, (a, q)=1, 0SaSq, 
1<sgsQ, corresponding to a Farey series of some order Q. The 
sub-intervals corresponding to the smaller values of q form the 
intervals of Class I (major arcs), and the remaining sub-intervals, the 
intervals of Class II (minor arcs). If n is written for log N and if k 
is a number greater than 3, the classes for the Goldbach problem are 
defined by 


I: x=a/gty, 1S3qs [nm], |y] Sn¥/N, 
UW: x=a/g+y, [n*] < q S N/n®, | y | S n*/qN. 


If x belongs to an interval of Class I, the sum F(x) is written in the 


form 
tl 


Fa/g+y=> DY lelt) 


r=0 pSN,peir(mod q) 


= ia D2 m +0( E 1). 


ral, (7, q)enl PAN,pwr(mod g) pla 


The inner sum is approximated by (1/¢(q))J(y), where 


I) = T (e(y#)/log #)dt, TERT 


In Vinogradov’s paper the lower limit in J(y) is 2, but it is better tò 
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use M (see James and Weyl [9]). From the results of Page [15] and 
Siegel [21], the error made in approximating to the inner sum is 
O(N/$(g)n**?). 


Since 


ql 


a e(ra/q) = ug), 


r=0, (r g)=1 
it follows in turn that 


F(a/g + y) = (u(4)/(9))J (y) + an error term, 
F*(a/q + y) = (u(q)/¢*(g))J*(y) + an error term. 


The part of the integral in (5.2) over an interval of Class I is 


nN 
f F%a/q + y)e(—N(a/q + „))dy 
nk N 


RIAN 
= (u(q)/7(g))e(— Na/g) f aa ee 


+ an error term. 


The limits in the integral may be extended from — œ to © without 
making the error term any worse. Hence 


=f F'(x)e(— Nx)dx 


[na] a1 a 
(6.4) =E E Q/A Ne) f J(y)e(—Ny)dy 


gel ml, (a,g)=1 


+ an error term. 


If the series for q is extended from 1 to œ it becomes the so-called 
singular series, S(N), and, if R(N) is written for the integral in (5.4), 
then 


(5.5) E f Pac naar = S(N)R(N) + an error term. 


The singular series is a purely arithmetical function of an integer N 
(it is zero when N is even), whereas R(N) takes only the size of N into 
account, being defined for all real values of N. In fact R(N) N?/2n? 
as No». 

One of Vinogradov’s fundamental contributions is an estimate for 
F(x) when x belongs to an interval of Class II. Let D denote the 
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product pips + + + pa of all primes not exceeding N/?. Then 


N 
F(a) = 2) e(pz)= %  e(ma) + O(N), 
pan m2, (m,D)=1 
If u(d) is the Möbius function and 
N 
Fax) = % elms), 
m=2,d| rs 
then (the sieve again) 
(5.6) F(a) = $, w(d)F a(x) + O(N). 
d&N,a|D 


It follows from (5.6) and Vinogradov’s important results on ex- 
ponential sums that, if x belongs to an interval of Class II, then 


(5.7) F(x) = O(N/n), 


where A is an arbitrary number greater than 3. Hence 


E f oe Nads = om f | F(x) "dx 


= O(N /n-)x(N) = O(N?/n). 


This is of lower order than the principal term in (5.5), and hence, by 
(5.2), (5.5), and (5.8), A(N) =S(N)R(N)+0(N2/n'-). 
There is an asymptotic expansion (James and Wey! [9]) 


RUN) ~ (N°/n°)(1/2 + bi/n + b2/n? + +++), 


where the error in stopping with the term b;_1/n!-!is less than C;/n/, 
where C; does not depend on N. Hence 


(5.9) AN ~ S(N)(N2/n3)(1/2 + b/n + b/n + +++). 


The singular series has a product representation (Hardy and 
Littlewood [6], Landau [11]) 


S(N) = TI (14+ 1/(p - DII (1 — 1/(%#? — 3p + 3)). 


(5.8) 


For even N the first factor of the second product is zero, but for odd 
N it can be shown that S(N)>C, where C is a positive constant. By 
(5.9), A(N)>0 if N is sufficiently large, so that every sufficiently 
large odd integer is a sum of three primes. 

For reasons which are not too clear, the more recent papers mark a 
return to the original Hardy-Littlewood method (Hardy and Little- 
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wood [6], Landau [11]). Hardy and Littlewood start with the func- 
tion 
(5.10) f(z) = X log par 

pet 


and so does Tchudakoff [22]. Linnik [14], on the other hand, begins 
with 


(5.11) Fi) = E Ame, 


where A(m) =log p if m=p', t21, and A(m) =0, otherwise. 

Each of the functions f(s) and F(s) is easier to treat by classical 
methods than is Is”, but there is no essential difference. Starting 
from (5.10) the first step is to follow the plan of the Vinogradov 
method, that is, to write 3=e"!!Ne(a/q+y), "Y being a convergence 
factor, and 

ql 


= dX E  logper'Nelpla/g + Y) 


r=0,(r,g)—l pe2,p=ir(mod q) 


-+ an error term. 
It is well known that (Landau [11]) 
un. je if p=r (mod g), 
Rx) a { 0 if pr (modQ, 


where the summation is over all characters mod q. Hence f(s) is equal 
to 


(1/80) > 2 e(ra/q)x(1) x x(P) log per!Ne(py) 
plus an error term. Also, the inner sum may be replaced by 
> Am) (mn) tel) 
with an error O(N¥?/n!2), n=log N. Thus 
f(s) = > 2 e(ra/g)x(r) 2 A(m)x(m)e—"/Ne(my) 


+ O(P PNY? /143/7), 


Linnik, starting with (5.11) instead of (5.10), arrives at the same ex- 
' pression for F(s), but with a slightly different error term. 
By the classical formula of Mellin, 
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E Am)xm)e"'Xe(my) 
ý 2+oi 
= (1/2n4) f TO WIE ds, 


where w=1/N—2riy, |y] Sn*/N (major arc). It is here that the _ 
original Hardy-Littlewood paper ran into trouble. Clearly, the zeros 
of L(s,x) play an important part in the evaluation of the integral, and 
at that time information concerning the density of these zeros was not 
precise enough to be of help. The remainder of Hardy and Little- 
wood’s paper depends on an unproved hypothesis concerning the 
zeros. No further progress was made until the appearance of the 
papers of Page and Siegel. 

Linnik and Tchudakoff base their work on the approximate func- 
tional equations for the L-functions, analogous to the famous ap- 
proximate functional equation for the zeta function, and on improved 
estimates of the number of zeros of the L-functions in the critical 
strip. Their work involves some of the most delicate and intricate 
analysis written on the subject. Since Tchudakoff’s work is given in 
detail (and in English) it is not necessary to reproduce it here. The 
final result is that, if O(N) = [af(e)2N"!dg= Doty ip en log p log p’ 
log p’’, where C is the circle z| =eUN, then 


O(N) = S(N)((N + 1)(N + 2)/2) + an error term. 


From this it follows that A(N)»S(N)(N?/2n®), but not the more 
complete result (5.9). 

No doubt something is gained by appealing to classical results in 
the theory of the distribution of primes, but Vinogradov’s appears 
to be the more direct approach. 

The analytic method also has something to contribute towards the 
solution of Goldbach’s first conjecture. Let B(x) denote the number 
of even integers Sx which are not a sum of two primes. Then, by 
the Vinogradov, Linnik, or Tchudakoff methods, it can be shown that 


lim B(a)/x = 0. 


This is the precise meaning of the statement that almost all even 
integers are sums of two primes. As Landau [11] puts it in the intro- 
duction to his chapter on the Goldbach conjecture, “The Goldbach 
conjecture is false for at most 0% of all even integers. This at most 
0% does not exclude, of course, the possibility that there are infinitely 
many exceptions.” - 
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THE ANNUAL MEETING OF THE SOCIETY 


The fifty-ffth Annual Meeting of the American Mathematical 
Society was held at the Ohio State University, Columbus, Ohio, 
Tuesday to Thursday, December 28-30, 1948, in conjunction with 
the Annual Meeting of the Association for Symbolic Logic, the An- 
nual Meeting of the Mathematical Association of America, and the 
Christmas Conference of the National Council of Teachers of Mathe- 
matics. 

Over 500 people registered for the meeting, among whom were the 
following 441 members of the Society. 


A. W. Adkisson, J. E. Adney, R. P. Agnew, E. J. Akutowicz, L. U. Albers, A. A. 
Albert, C. B. Allendoerfer, Warren Ambrose, B. A. Amira, E. W. Anderson, R. D. 
Anderson, R. V. Andree, Nachman Aronszajn, Max Astrachan, M. C. Ayer, Frank 
Ayres, W. L. Ayres, Reinhold Baer, F. R. Bamforth, G. M. Bareis, W. E. Barnes, 
I. A. Barnett, A. F. Bausch, H. M. Beatty, J. C. Bell, J. H. Bell, J. L. Bell, A. A. 
Bennett, Theodore Bennett, W. D. Berg, Stefan Bergman, Felix Bernstein, William 
Betz, R. H. Bing, Z. W. Birnbaum, A. H. Black, C. J. Blackall, H. D. Block, Henry 
Blumberg, L. M. Blumenthal, R. P. Boas, H. W. Bode, W. M. Boothby, J. G. Bowker, 
M. G. Boyce, G. F. Bradfield, H. J. Bradley, A. T. Brauer, Richard Brauer, H. E. 
Bray, H. W. Brinkmann, J. R. Britton, Foster Brooks, R. S. Burington, Herbert 
Busemann, L. E. Bush, Jewell H. Bushey, W. H. Bussey, S. S. Cairns, R. H. Cameron, 
C. C. Camp, A. B. Carson, K. C. Cartwright, C. R. Cassity, J. W. Cell, Lamberto 
Cesari, K. Chandrasekharan, Harold Chatland, Y. W. Chen, Alonzo Church, Edmund 
Churchill, R. V. Churchill, W. G. Clark, J. A. Clarkson, M. D. Clement, L. W. Cohen, 
J. A. Cooley, N. A. Court, R. R. Coveyou, W. H. H. Cowles, V. F. Cowling, E. H. 
Crisler, J. S. Cronin, J. C. Currie, H. B. Curry, D. A. Darling, L. A. V. DeCleene, C. 
H. Denbow, R. F. Deniston, A. H. Diamond, R. P. Dilworth, C. L. Dolph, M. D. 
Donsker, J. L. Doob, H. L. Dorwart, C. H. Dowker, W. C. Doyle, Arnold Dresden, 
Melvin Dresher, R. J. Duffin, W. L. Duren, Aryeh Dvoretzky, E. L. Eagle, E. D. 
Eaves, Samuel Eilenberg, H. M. Elliott, J. H. Engel, H. P. Evans, G. M. Ewing, A. 
B. Farnell, Herbert Federer, William Feller, F. A. Ficken, N. J. Fine, C. D. Firestone, 
M. P. Fobes, L. R. Ford, G. E. Forsythe, Tomlinson Fort, R. H. Fox, J. S. Frame, 
Orrin Frink, W. H. J. Fuchs, R. E. Fullerton, B. E. Gatewood, H. M. Gehman, H. 
H. Germond, F. J. Gerst, David Gilbarg, B. P. Gill, Leonard Gillman, Wallace Givens, 
A. M. Gleason, E. L. Godfrey, Casper Goffman, Michael Goldberg, Michael Golomb, 
A. W. Goodman, R. E. Goodman, V. G. Gorciu, Saul Gorn, M. J. Gottlieb, S. H. 
Gould, L. M. Graves, J. B. Greeley, J. W. Green, L. J. Green, L. Z. Greene, V. G. 
Grove, P. E. Guenther, William Gustin, S. W. Hahn, Elizabeth Hahnemann, C. B. 
Hailperin, Franklin Haimo, Marshall Hall, P. R. Halmos, Frank Harary, O. G. Har- 
rold, W. L. Hart, E. E. Haskins, J. O. Hassler, G. E. Hay, C. T. Hazard, A. E. Heins, 
R. G. Helsel, Fritz Herzog, Edwin Hewitt, E. H. C. Hildebrandt, T. H. Hildebrandt, 
Einar Hille, J. J. L. Hinrichsen, A. J. Hoffman, D. L. Holl, Carl Holtom, E. M. 
Hove, J. A. Hratz, R. C. Huffer, Ralph Hull, P. M. Hummel, W. R. Hutcherson, L. C. 
Hutchinson, M. A. Hyman, R. M. Iwanowski, A. W. Jacobson, R. L. Jeffery, Herbert 
Jehle, E. D. Jenkins, Walter Jennings, A. W. Jones, B. W. Jones, M. E. Jones, P. S. 
Jones, Bjarni Jönsson, Mark Kac, Shizuo Kakutani, L. H. Kanter, Irving Kaplansky, 
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H. T. Karnes, Chosaburo Kato, M. E. Kellar, M. W. Keller, J. L. Kelley, A. J. 
Kempner, J. R. F. Kent, D. E. Kibbey, W. M. Kincaid, J. R. Kinney, S. C. Kleene, 
J. R. Kline, P. A. Knedler, L. C. Knight, L. A. Knowler, D. M. Krabill, M.S. Kramer, 
H. W. Kuhn, O. E. Lancaster, R. E. Langer, G. A. Larew, E. H. Larguier, H. D. 
Larsen, C. G. Latimer, V. V. Latshaw, J. S. Leech, Joseph Lehner, F. A. Lewis, B. 
J. Lockhart, Charles Loewner, E. R. Lorch, L. L. Lowenstein, Eugene Lukacs, N. 
H. McCoy, S. W. McCuskey, W. C. McDaniel, J. C. C. McKinsey, E. J. McShane, 
C. C. MacDuffee, G. R. MacLane, Saunders MacLane, Ingo Maddaus, Szolem 
Mandelbrojt, H. B. Mann, C. G. Maple, Morris Marden, R. H. Marquis, George 
Marsaglia, R. M. Martin, W. T. Martin, M. E. Martinson, W. S. Massey, F. I. 
Mautner, J. R. Mayor, P. E. Meadows, A. E. Meder, C. W. Mendel, G. M. Merriman, 
E. L. Mickelson, E. J. Mickle, C. C. Miesse, H. J. Miles, D. D. Miller, Frederic H. 
Miller, L. H. Miller, W. E. Milne, H. J. Miser, E. E. Moise, C. N. Moore, F. R. 
Morris, D. C. Morrow, Marston Morse, G. D. Mostow, W. B. Moye, J. R. Mussel- 
man, D. M. Nead, Zeev Nehari, W. J. Nemerever, C. V. Newsom, O. M. Nikodým, 
E. P. Northrop, I. L. Novak, F. S. Nowlan, C. O. Oakley, R. E. O'Connor, F. C. Ogg, 
Rufus Oldenburger, L. F. Ollmann, E. J. Olson, Paul Olum, Morris Ostrofsky, E. R. 
Ott, F. W. Owens, H. B. Owens, Gordon Pall, W. V. Parker, H. C. Parrish, Philip 
Peak, S. E. Pence, P. M. Pepper, Mary Pettus, Everett Pitcher, Harry Polachek, J. 
C. Polley, J. W. Ponds, G. B. Price, F. M. Pulliam, Tibor Rado, E. D. Rainville, J. 
F. Randolph, S. E. Rasor, M. O. Reade, L. M. Reagan, O. W. Rechard, Mina Rees, 
P. V. Reichelderfer, W. P. Reid, Eric Reissner, Daniel Resch, M. M. Resnikoff, C. 
N. Reynolds, D. E. Richmond, R. F. Rinehart, L. A. Ringenberg, R. A. Roberts, L. 
“ V. Robinson, V. N. Robinson, W. J. Robinson, L. D. Rodabaugh, T. G. Room, P. C. 
Rosenbloom, Arthur Rosenthal, M. F. Rosskopf, S. A. Rowland, L. R. Rubashkin, 
C. H. Rust, W. A. Rutledge, Raphael Salem, Charles Saltzer, R. G. Sanger, L. A. 
Santaló, S. W. Saunders, A. C. Schaeffer, Robert Schatten, S. A. Schelkunoff, M. M. 
Schiffer, E. R. Schneckenberger, K. C. Schraut, H. M. Schwartz, G. E. Schweigert, 
C. E. Sealander, C. L. Seeback, I. E. Segal, Wladimir Seidel, M. E. Shanks, H. C. 
Shaub, Seymour Sherman, S. S. Shü, C. N. Shuster, Edward Silverman, L. L. Silver- 
man, F. C. Smith, R. E. Smith, J. L. Snell, W. S. Snyder, Andrew Sobczyk, T. H. 
Southard, D. C. Spencer, C. E. Springer, George Springer, G. W. Starcher, E. P. 
Starke, N. E. Steenrod, H. E. Stelson, Rothwell Stephens, Guy Stevenson, B. M. 
Stewart, R. W. Stokes, D. M. Stone, M. H. Stone, R. B. Stone, E. B. Stouffer, A. C. 
Sugar, E. G. Swafford, Otto Szasz, Alfred Tarski, J. S. Taylor, M. E. Taylor, William 
Charles Taylor, William Clare Taylor, H. P. Thielman, L. O. Thompson, R. M. 
Thrall, G. L. Tiller, H. E. Tinnappel, Leonard Tornheim, M. M. Torrey, H. M. Trent, 
Deonisie Trifan, W. J. Trjitzinski, C. A. Truesdell, A. W. Tucker, A. R. Turquette, 
J. L. Ullman, Gilbert Ulmer, E. P. Vance, Henry Van Engen, H. E. Vansant, H. E. 
Vaughan, R. W. Wagner, G. L. Walker, R. J. Walker, S. E. Walkley, J. L. Walsh, J. 
B. Walton, W. R. Wasow, André Weil, Alexander Weinstein, B. A. Welch, F. P. 
Welch, E. T. Welmers, I. W. Welmers, F. J. Weyl, Hermann Weyl, George Whaples, 
E. A. Whitman, P. M. Whitman, D. R. Whitney, Hassler Whitney, G. T. Whyburn, 
R, B. Wildermuth, F. B. Wiley, R. B. Wiley, S. S. Wilks, W. L. Williams, C. O. Wil- 
liamson, R. L. Wilson, J. E. Yarnelle, J. W. T. Youngs, Arthur Zeichner, Daniel 
Zelinsky, M. A. Zorn, Antoni Zygmund. 


The twenty-second Josiah Willard Gibbs Lecture, entitled Rams- 
fications, old and new, of the eigenvalue problem, was delivered by Pro- 
fessor Hermann Weyl of the Institute for Advanced Study on Tues- 
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day, December 28. Professor Einar Hille, President of the American 
Mathematical Society, was the presiding officer. 

The Committee to Select Hour Speakers for Annual and Summer 
Meetings invited three speakers. Professor Mark Kac of Cornell 
University lectured on Probabslity methods in some problems of analy- 
sis and theory of numbers on Tuesday, December 28. Professor Antoni 
Zygmund presided. On Wednesday, December 29, Professor J. L. 
Walsh presided over two lectures on area theory. Professor A. S. 
Besicovitch of Cambridge University and the University of Pennsyl- 
vania spoke on Parametric surfaces; Professor Lamberto Cesari of the 
University of Bologna, the Institute for Advanced Study, and the 
Ohio State University lectured on the topic Area and representation 
of surfaces. 

The Annual Business Meeting and Election of Officers was held on 
Wednesday, December 29. Details of proceedings are reported in the 
sequel. The Böcher Memorial Prize was awarded jointly to Professors 
A. C. Schaeffer of Purdue University and D. C. Spencer of Stanford 
University for their papers on Coeffictents of schlicht functtons pub- 
lished in Duke Math. J. vol. 10 (1943) pp. 611-635; vol. 12 (1945) 
pp. 107-125; Proc. Nat. Acad. Sci. U.S.A. vol. 32 (1946) pp. 114-116. 
Professor Schaeffer gave a brief summary of the papers. 

After the lecture by Professor Schaeffer, Professor Einar Hille of 
Yale University, President of the American Mathematical Society, 
delivered the Presidential Address entitled Lie theory of semt-groups of 
linear transformations. Professor J. L. Walsh, President Elect, was the 
presiding officer. 

The organized social events provided for the Society consisted of: 

A reception and tea on Tuesday afternoon in the Faculty Club. 

A recital on Wednesday evening by a duo-piano team and a vocal- 
ist from the School of Music. 

A motion picture on Wednesday afternoon and a tea for the ladies 
on Thursday afternoon given by the Math Circle, a group consisting 
of ladies who are connected with the Department of Mathematics as 
staff members or.wives of staff members. 

A dinner on Thursday night in the Mach-Canfield dining hall. 
Professor R. E. Langer acted as toastmaster, and there were speeches 
by Vice-President Harlan Hatcher (The Ohio State University), Pro- 
fessor Saunders MacLane and Professor Marston Morse. Professor 
R. P. Dilworth read a resolution of thanks to The Ohio State Univer- 
sity for their hospitality, highly commending the Local Committee 
on Arrangements, Professor R. G. Helsel, Chairman, for the obvious 
attention to detail which characterized the meeting. 
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At the meeting of the Board of Trustees at 6:00 p.m. on December 
28, 1948, there was no quorum present and the Board adjourned to 
January 15, 1949. 

The Council met at 9:30 p.m. on December 28. 

The Secretary announced the election of the following fifty-two 
persons to ordinary membership in the Society: 


Mr. Andrew Norwood Aheart, West Virginia State College; 

Mr. Bernard Altshuler, New York University; 

Dr. Frederick Dewey Bennett, Ballistics Research Laboratory, Aberdeen Proving 
Ground, Md.; 

Professor Rubens Betelman, Curitiba, Parana, Brazil; 

Professor Thomas Alton Bickerstaff, University of Mississippi; 

Mr. Donald Watson Blackett, Princeton University; 

Miss Mildred Ellen Blackman, St. Ambrose College, Davenport, Iowa; 

Mr. Isaac Edward Block, Harvard University; 

Mr. Eleazer Bromberg, Reeves Instrument Corporation, New York City; 

-Mr. Howard Henry Burt, General Fireproofing Company, Youngstown, Ohio; 

Mr. Kenneth Vincent Casey, Brown University; 

Brother Damian Connolly, LaSalle College, Philadelphia, Pa.; 

Mr. Stanley Fifer, Reeves Instrument Corporation, New York City; 

Mr. Donald Mandel Friedlen, Illinois Institute of Technology; 

Mr. Richard Francis Gabriel, St. Francis College, Brooklyn, N. Y.; 

Mr. Paul Guy Galentine, Jr., Willow Run Village, Michigan; 

Mr. Irving M. Garfunkel, Aero Research Center, Willow Run Airport, Ypsilanti, 
Michigan; 

Dr. George Alvin Garrett, Carbide and Carbon Chemicals Corporation, Oak Ridge, 
Tenn.; 

Mrs. Kathe Solis-Cohen Jacoby, Philadelphia, Pa.; 

Mr. Leonard Guy Jones, University of Oregon; 

Mr. Kenneth Edward Kain, Belleville, Ill.; 

Miss Jane F. Kiefer, Columbia University; 

Professor Pedro Laborde-Montaner, New York University; 

Professor Werner Walter Leutert, University of Maryland; 

Mr. Julius Lieblein, Statistical Engineering Laboratory, National Bureau of Stand- 
ards, Washington, D. C.; 

Mr. Harold Adrian Linstone, Aerophysics Laboratory, North American Aviation, 
Inc., Downey, Calif.; 

Professor Henry Lisman, Yeshiva University; 

Professor Everett William McClane, DePaul University; 

Mr. John A. McKee, Wilkes College, Wilkes Barre, Pa.; 

Mr. Robert Colegrove Meacham, Brown University; 

Mr. Paul Alfred Moser, Coalinga Junior College, Coalinga, Calif.; 

Professor Sam Naiditch, Chemistry Dept., Duquesne University; 

Professor Paul Nastucoff, University of Notre Dame; 

Mr. William Joseph Nemerever, University of Michigan; 

Professor Loyd Clinton Oleson, Doane College, Crete, Neb.; 

Mr. Alexander Orden, Massachusetts Institute of Technology; 

Professor Mary Pettus, Lander College, Greenwood, S. C.; 

Mr. Constantinos George Plithides, Columbia University; 
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Mr. Murray L. Polk, Naval Shipyard, Brooklyn, N. Y.; 

Dr. Joseph Ehrman Pryor, Harding College, Searcy, Ark.; 

Mr. Edward Rayher, Bergen Junior College, Teaneck, N. J.; 

Mr. Lionel Israel Rebhun, Brooklyn, N. Y.; 

Mr. Paulo Ribenboim, Rio de Janeiro, Brazil; 

Mr. Alfredo Milton Vila-Flor Santos, Salvador, Bahia, Brazil; 

Professor Gobind Ram Seth, Iowa State College of Agriculture and Mechanic Arts; 
Professor Donald Arthur Steele, Fordham University; 

Miss Herta Taussig, Hollins College, Hollins College, Va.; 

Mr. John C. Thompson, State Teachers College, Dickinson, N. D.; 

Professor Billie Braden Townsend, Louisiana State University; 

Dr. Horace Maynard Trent, Naval Research Laboratory, Washington, D. C.; 
Mr. Daniel Hobson Wagner, Brown University; 

Mr. Stanley Simon Walters, University of California at Los Angeles. 


It was reported that the following one hundred twenty-seven per- 
sons had been elected to membership on nomination of institutional 
members as indicated: 


University of Alabama: Mr. Louis Jaffe, Mrs. Ayrlene McGahey Jones; 
‘Brooklyn College: Mr. Melvin Hausner; 

Brown University: Professor Erastus Henry Lee and Mr. Elliot Samuel Wolk; 

California Institute of Technology: Messrs. Robert James Diamond and Thomas 
George Macfarlane; 

University of California: Messrs. James Michael Gardner Fell, Steven Lyle Jamison, 
Ralph Mortimer Lakness, Frederick Burtis Thompson, Robert Lawson Vaught, 
Donald Dines Wall, and Philip Starr Wolfe; 

University of California at Los Angeles: Messrs. Eugene Howard Jacobs and Douglas 
Houston Moore; 

University of Chicago: Messrs. Robert Gardner Bartle, Nathan Joseph Divinsky, 
Henry Abel Dye, Richard Vincent Kadison, Henry William Oliver, Charles 
Morton Price, Isadore Manual Singer, Grayson Letcher Tucker, Jr., Louis Max 
Weiner, and Edgar Samuel Williams; 

"City College, New York City: Messrs. David Finkelstein, Donald J. Newman, 
Harold Seymour Shapiro, and Robert Angelo Spinelli; 

Columbia University: Messrs. Calvin Creston Elgot, Cornelius Wilde Langley, Irwin 
Mann, John Rausen, Hsien Chang Tsang, Hermann Valentin Waldinger, Jerome 
Harris Weiner, and David Wellinger; 

Cornell University: Messrs. Wallace Edward Barnes, Ernest Slavko Elyash, George 
Seifert, and Murray R. Spiegel; 

Duke University: Messrs. James Richard Garrett and Joseph Andrew Silva; 

Illinois Institute of Technology: Mr. Howard Lahman Arnould, Miss Maria David- 
son, Messrs. Pasquale Porcelli and Albert Soglin; 

University of Illinois: Messrs. Paul F. Conrad, William Alvin Howard, George Roger 
Livesay, Shu-Teh Chen Moy, David Arthur Page, and William G. Rosen, Miss 
Jean Elaine Sammet, Messrs. Judson Samderson, Jr., James Harold Turnock, Jr., 
and John Eldon Whitesitt; 

Indiana University: Mr. James Burton Serrin, Jr.; 

Institute for Advanced Study: Professor Lamberto Cesari, Messrs. John George 
Kemeny, Leopold Alexander Pars, and Kollagunta Gopalaiyer Ramanathan, Pro- 
fessors Kurt Werner Reidemeister, and Herbert K. J. Seifert; 
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, Towa State College of Agriculture and Mechanic Arts: Mr. Robert N. Goss; - 


State University of Iowa: Mr. William Henry Marlow; 

Johns Hopkins University: Messrs. Peter Henry Berning, Charles Henry Murphy, 
Jr., and Malcolm William Oliphant, Miss Mary McCulloch Templeton, Mr. 
Kenneth G. Wolfson; 

University of Kansas: Miss Margaret Marie Pihlblad; 

Lehigh University: Messrs. Henry Albert Seebald and Michael Tikson; 

University of Maryland: Messrs. Edward Crownshield Higgison and William Russell 
Thickstun, Jr.; 

Massachusetts Institute of Technology: Messrs. Frederick Sheppard Holt, Ernest 
Ray Keown, and Barrett O’Neill; 

Michigan State College: Mr. Charles Hall Kraft; 


_ University of Michigan: Messrs. Charles Francis Briggs, Morton Landers Curtis, 


Howard Raiffa, Ralph Leland Shively and William Kay Smith; 

University of Minnesota: Mr. Robert H. Scherer; 

University of Missouri: Mr. William Lee Stamey; 

Northwestern University: Mr. Donald Y. Barrer; 

Ohio State University: Messrs. Ray Edward Kidder, Norman Levine, Robert Vernon 
Mendenhall, and William Mackie Myers, Jr.; 

Oklahoma Agricultural and Mechanical College: Mr. Franklin Arno Graybill; 

College of St. Thomas: Mr. Ephriam Joseph Vitoff; 

Stanford University: Mr. Halsey Lawrence Royden, Jr.; 

Swarthmore College: Mr. Robert Zane Norman; 

Syracuse University: Mr. Robert S. Finn; $ 

Texas Technological College: Professor Emmett A. Hazelwood; 

University of Texas: Messrs. Billy Joe Ball, John Herbert Barrett, C. Edmund 
Burgess, and George Copp; 

University of Toronto: Messrs. Thomas Edward Hull and John Albert Rottenberg; 

University of Virginia: Mr. Henry Francis DeFrancesco; 


„University of Washington: Messrs. Yeh Mo and Ernest Carl Schlesinger; 


Wellesley College: Miss Zung-nyi Loh; 

Wesleyan University: Messrs. James Louis Dolby and Robert Thomas Mathews; 

Williams College: Professor Chester Henry Gordon; 

University of Wisconsin: Mr. Henry Arthur Friedman, Miss Rachel Sherman Hodges, 
Messrs. Wallace Eugene Johnson, Benjamin Evans Mitchell, Harold Theodore 
Slaby, Kennan Tayler Smith, and Daniel Sokolowsky, Miss Margaret Alice 
Waugy, Dr. Chia-shuen Yih, Messrs. Frederick Harris Young and Allen 
Douglas Ziebur; $ 

Yale University: Messrs. Robert Roland Christian, Charles Whittlesey Curtis, 
Eugene (Victor) Schonkman and Alfred Burton Willcox. 


The Secretary announced that the following had been admitted to 
the Society in accordance with reciprocity agreements with various 
mathematical organizations: French Mathematical Society: Professor 
Ferran Sunyer Balaguer, University of Barcelona; Professor Ratip 
Berker, Université Technique d'Istanbul; Professor Wenceslas 
Jardetzky, University of Graz; London Mathematical Society: Pro- 
fessor Hugh Patrick Mulholland, American University, Beirut, 
Lebanon; Professor Thomas Gerald Room, University of Sydney; 
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Swiss Mathematical Society: Dr. Hugo Ribeiro, University of Cali- 
fornia; Professor Ernest Trost, Technicum Winterthur, Zurich; 
Unione Matematica Italiana: Dr. Iacopo Barsotti, Princeton Uni- 
versity. 

It was reported that the Council had voted by mail to accept the 
recommendation of the Committee on the Role of the Society in 
Mathematical Publication that the Society publish three volumes of 
the Transactions in 1949, each volume to consist of approximately 
500 pages and the subscription price to be $6.00 list per volume (mem- 
bers of the Society to receive the usual twenty-five per cent discount). 
The Board of Trustees also voted to approve this recommendation. 

The Council had also voted by mail to accept the invitation of the 
University of Pennsylvania to meet in Philadelphia on April 29-30, 
1949, this meeting to be in place of that previously scheduled by the 
Council for New York City. 

The Secretary is pleased to report at this time that the ordinary 
membership of the Society is now 3811, including 333 nominees of 
institutional members and 53 life members. There are also 105 in- 
stitutional members. The total attendance at allmeetings in 1948 was 
2424; the number of papers read was 610; there were 16 hour ad- 
dresses, 6 addresses and 11 papers at the Applied Mathematics Sym- 
posium, 1 Gibbs Lecture, 4 Colloquium Lectures, and 1 Retiring 
Presidential Address; the number of members attending at least one 
meeting was 1432. 

The following appointments by President Einar Hille of representa- 
tives of the Society were reported: Professor J. N. Michie at inaugu- 
ration of James P. Cornette as President of West Texas State College 
on October 2, 1948; Professor E. B. Allen at inauguration of Jess 
Harrison Davis as President of Thomas S. Clarkson Memorial Col- 
lege of Technology on October 8, 1948; Professor J. R. Kline at in- 
stallation of Dwight David Eisenhower as President of Columbia 
University on October 12, 1948; Professor C. N. Moore at Seventy- 
Fifth Anniversary Celebration of The Ohio State University on Octo- 
ber 14-15, 1948; Professor T. R. Hollcroft at inauguration of Alan 
Willard Brown as President of Hobart and William Smith Colleges 
on October 22-23, 1948; Professor J. B. Rosenbach at inauguration 
of William Granger Ryan as President of Seton Hill College on No- 
vember 11, 1948. 

The following additional appointments by the President were re- 
ported: Professors J. H. Roberts (Chairman), F. G. Dressel, Tomlin- 
son Fort, W. M. Whyburn as Committee on Arrangements for meet- 
ing at Duke University on April 1-2, 1949; Professors G. W. Smith 
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(Chairman), Wealthy Babcock, Paul Eberhart, G. B. Price, R. G. 
Sanger, J. W. T. Youngs as Committee on Arrangements for meeting 
at University of Kansas on April 29-30, 1949; Professor R. V. 
Churchill (Chairman), Dean Walter Bartky, Professors E. L. Eriksen, 
` G. E. Hay, D. L. Holl, J. W. T. Youngs as Committee on Arrange- 
ments for Third Annual Symposium in Applied Mathematics at Uni- 
versity of Michigan in June, 1949; Professors J. R. Kline (Chairman), 
' E. F. Beckenbach, G. T. Whyburn as a committee to nominate 
representatives of Society on Policy Committee for Mathematics; 
Professors C. C. MacDuffee (Chairman), A. A. Albert, Emil Artin 
as committee on award of Cole Prize in Algebra, to be awarded at. 
1949 Annual Meeting; Professors S. S. Cairns (Chairman), J. R. 
Kline, P. A. Smith as committee to study questions raised by Com- 
mittee on Revision of By-Laws; Dr. E. R. Kolchin, Professors C. E. 
Sealander and Walter Strodt as tellers for 1948 annual election; 
Professor G. A. Hedlund as a member of the Committee to Select 
Hour Speakers for Summer and Annual Meetings for period 1949- 
1950 (committee now consists of Professors J. R. Kline, Chairman, 
G. A. Hedlund, and T. H. Hildebrandt); Professor D. V. Widder as 
a member of the Committee to Select Hour Speakers for Eastern 
‘ Sectional Meetings for period 1949-1950 (committee now consists of 
Professors T. R. Hollcroft, Chairman, Deane Montgomery, and 
D. V. Widder); Professor Ralph Hull as a member of the Committee 
to Select Hour Speakers for Western Sectional Meetings for period 
1949-1950 (committee now consists of Professors J. W. T. Youngs, 
Chairman, Marshall Hall, and Ralph Hull); Professor E. F. Becken- 
bach as a member of the Committee to Select Hour Speakers for Far 
Western Sectional Meetings for period 1949-1950 and Professor 
D. C. Spencer as a member for 1949 (committee now consists of 
Professors J. W. Green, Chairman, E. F. Beckenbach, and D. C. 
Spencer); Professor J. M. Thomas as a member of Committee on 
Printing Contracts for period 1949-1951 (committee now consists of 
Professor C. J. Rees, Chairman, Dean M. H. Ingraham, and Profes- 
sor J. M. Thomas); Professor Richard Courant as a member of 
Committee on Visiting Lectureship for period 1949-1951 (committee 
now consists of Professors Hassler Whitney, Chairman, Richard 
Courant, and Dean R. G. D. Richardson); Professors William Prager 
and Eric Reissner as members of Committee on Applied Mathe- 
matics for period 1949-1951 (committee now consists of Dean Walter 
Bartky, Chairman, Professors R. V. Churchill, G. C. Evans, John von 
Neumann, William Prager, and Eric Reissner). 

It was reported that Professor Deane Montgomery of the Institute 
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for Advanced Study had accepted the invitation to deliver a series of 
Colloquium Lectures at the first Summer Meeting following that of 
1949 and that the title of the Lectures would be The topology of 
groups. 

At the annual election which closed on December 29, and at which 
801 votes were cast, the following officers were elected: 

President, Professor J. L. Walsh. 

Vice President, Professor W. T. Martin. 

Secretary, Professor J. R. Kline. 

Associate Secretary, Professor T. R. Hollcroft. 

Treasurer, Dean A. E. Meder. 

Member of the Editorial Commiitee of the Bulletin, Professor Deane 
Montgomery. 

Member of the Editorial Committee of the Transactions, Professor 
Saunders MacLane. 

Member of the Editorial Committee of the Colloquium Publications, 
Professor Einar Hille. 

Member of the Editorial Committee of Mathematical Reviews, Profes- 
sor Hassler Whitney. 

Member of the Editorial Committee of Mathematical Surveys, Profes- 
sor A. W. Tucker. 

Representative on the Editorial Board of the American Journal of 
Mathematics, Professor L. M. Graves. 

Members ai large of the Council, Professors Emil Artin, Herbert 
Busemann, M. H. Heins, G. W. Mackey, and L. C. Young. 

Members of the Board of Trustees, Professors T. H. Hildebrandt, 
W. R. Longley, Dean R. G. D. Richardson, Professors P. A. Smith 
and G. T. Whyburn. 

The Council voted to approve June 14-16, 1949, as the dates for 
the Third Annual Symposium in Applied Mathematics to be held at 
the University of Michigan, the topic for the Symposium to be 
Elasticity. Dates of other meetings during 1949 were set as follows: 
August 30-September 2 at University of Colorado; October 29 in 
New York City; November 26 in Pasadena, California; December 27- 
29 in New York City. | 

The following resolution on the retirement of Professor B. P. Gill 
as Treasurer of the Society was adopted by the Council: 


ı It is with profound regret that the Council and the Board of Trustees have ac- 
cepted the decision of Professor Bennington P. Gill to retire from the Treasurership of 
the American Mathematical Society on December 31, 1948. His careful study of 
modern accounting practices to discover the methods best adapted to the business of 
the Society has resulted in reports which have brought high praise from the auditors. 
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‚As Secretary of the Board of Trustees he has presented matters to be considered in a 


form which greatly facilitated the transaction of the business in hand. During the past 
ten years there has been a great increase in the labor involved in caring for the funds 
of the Society and in handling the business connected with its publications, For his 
efficiency and devotion in performing the tasks of his office Professor Gill deserves the 
appreciation and thanks of all members of the Society. 


In an appendix to this report are excerpts from the report of the 
Treasurer for the fiscal year 1948 as verified by the auditors. A copy 
of the complete report will be sent, on request, to any member of the 
Society. 

The American Journal of Mathematics, which is a joint enterprise 
of the American Mathematical Society and The Johns Hopkins Uni- 
versity, reported that it had published 908 pages in 1948. The Society 
is also giving a subvention to the Canadian Journal of Mathematics, 
the first number of which was on display at the registration desk. 

The Librarian reported the following additions to the Library: 122 
volumes of periodicals, 68 books, 94 pamphlets (including 44 disserta- 
tions). 

Certain invitations to give addresses in 1949 were announced: 
Professor Stefan Bergman for the February meeting in New York 
City; Professor J. H. Roberts for the April meeting at Duke Univer- 
sity; Professors G. W. Mackey and Kurt Reidemeister for the April 
meeting in Philadelphia. 

The Bulletin Editorial Committee reported the increasing backlog 
of manuscripts accepted for publication in the Bulletin which cannot 
be published promptly as was formerly the case. There was consider- 
able discussion in the Council of the serious situation confronting the 
Society with respect to publication and the Council voted to author- 
ize the appointment of a special committee to consider the emergency 
situation. Professors R. H. Bing and I. M. Sheffer were reported as 
new Assistant Editors for the Bulletin. 

The Transactions Editorial Committee reported that a total of 
1196 pages had been published in the 1948 volumes. Plans for the 
publication of three volumes in 1949 were reported: the first volume 
will consist of the January, March and May issues; the second vol- 


~ ume will be an extra volume of 500 pages, to be bound in two parts; 


the third volume will be a two number volume. Professor Garrett 
Birkhoff was reported as a new Associate Editor and Professor G. T. 
Whyburn as Managing Editor. 

The Mathematical Reviews Editorial Committee reported that the 
amount of material received had continued to increase, that 638 
pages of reviews had been published in 1948 as against 616 for 1947 


‘ 
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and 540 for 1946. During 1948 the Indian Mathematical Society was 
added to the list of sponsors of Mathematical Reviews. The subscrip- 
tion list, as of December 1, 1948, was 1,966. 

Professors J. L. Doob, Norman Levinson, and R. L. Wilder were 
appointed as representatives of the Society on the Board of Editors 
of the Annals of Mathematics for three years beginning January 1, 
1949. 

The report of the Committee on Aid to Devastated Libraries, as 
presented to the Council, was published in the January issue of this 
Bulletin. 

The Council approved a report from the Policy Committee for 
Mathematics which recommended that a Union Conference be called 
for the discussion of the formation of an International Mathematical 
Union, this Conference to be held just before the 1950 International 
Congress and to be attended by representatives of all leading mathe- 
matical groups. 

Certain recommendations of the Committee on the Role of the 
Society in Mathematical Publication were referred to the various 
editorial committees for consideration. 

The Council voted to invite Professor Norbert Wiener to deliver 
the Josiah Willard Gibbs Lecture at the 1949 Annual Meeting in 
New York City. 3 

Professor Marston Morse was re-elected as a representative of the 
Society on the Policy Committee for Mathematics for a period of four 
years beginning January 1, 1949. 

Abstracts of the papers read follow. Presiding officers at the ses- 
sions for contributed papers were Professors E. J. McShane, W.L. 
Ayres, Richard Brauer, Hassler Whitney, J. S. Frame, Saunders 
MacLane, R. V. Churchill, Herbert Federer, S. C. Kleene and Dr. 
R. P. Boas. 

Papers -whose abstract numbers are followed by the letter “¿” were 
read by title. Paper number 99 was presented by Professor Blumen- 
thal, 101 by Professor Brauer, 116 by Professor Mann, 131 by Pro- 
fessor Seidel, 133 by Mr. Calabi, 135 by Professor Martin, 136 by 
Professor Goffman, 146 by Professor Green, 173 by Mr. Bott, 202 by 
Professor Zorn. Papers numbered 196, 198, 201, and 202 were pre- 
sented at the joint session with the association for symbolic logic. 


ALGEBRA AND THEORY OF NUMBERS 
99. L. M. Blumenthal and D. O. Ellis: Notes on metric lattices. 


This paper is concerned with lattice formulations of metric properties of the metric 
space D(L) obtained from a normed lattice L by defining dist. (a, b) =|a\Ub| —|a/ V0]. 
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Lattice characterizations are given of metric betweenness and pseudo linear quad- 
ruples. It is shown that D(Z) is congruently contained in a line if and only if it con- 
tains no pseudo linear quadruples. If f is a bi-uniform mapping of one normed lattice 
onto another, equivalences are established among the properties: f preserves (1) order, 
(2) meets and joins, (3) distances, (4) norms. Properties (1) and (2) are (obviously) 
equivalent, while if Z has a first or last element, any two of the properties (2), (3), (4) 
implies the third. (Received November 15, 1948.) 


100¢, Bailey Brown and N. H. McCoy: The maximal regular ideal 
of a ring. 

An element a of the ring R is regular if there exists an element x of R such that 
axa wa, and an ideal is regular if and only if each element of the ideal is regular. It is 
shown that an arbitrary ring R contains a unique maximal regular two-sided ideal 
M(R). Various properties of M(R) are established, among them that (i) M(R/M(R)) 
=0; (ii) if b is a two-sided ideal in R, M(b) =b/\M(R); (iii) if Rẹ is the complete 
matrix ring of order n over R, then M(R„)=(M(R))„. The proofs are entirely ele- 
- mentary and hence, in particular, a simple proof is obtained that R, is regular if and 
only if R is regular. This result has been proved by von Neumann for the case in which’ 
R has a unit element. If R satisfies the descending chain condition for right ideals, 
R= M(R)-+4, where A is the annihilator of M(R). This decomposition coincides with 
that of Marshall Hall (Trans. Amer. Math. Soc. vol. 48 (1940) pp. 391-404). (Re- 
ceived November 15, 1948.) 


101. A. T. Brauer and Nathaniel Macon: On the approximation of 
irrational numbers by the convergenis of thetr continued fractions. 


Let £ be any positive irrational number, A, and B, the numerator and the de- 
nominator of the sth convergent in the expansion of ¢ as a regular continued fraction. 
We set |E-A./B.| =z'Bz*. Hurwitz (Math. Ann. vol. 39 (1891)) proved that there 
exist infinitely many às >5¥Y3 for every $, Vahlen (J. Reine Angew. Math. vol. 115 
(1895)) that max (Aa, Any1) >2, and Borel (J. Math. Pures Appl. (5) vol. 9 (1903)) that 
max (An, Ant Anas) > 54/2 for every n. It is proved in this paper that of each five con- 
secutive A, either at least two exceed 51/2 or at least one of them exceeds 3. Similar ~ 
results are obtained for any set of 3m-+2 consecutive As for m=2, 3, - « » . Moreover 
estimates for the sums and products of consecutive M are obtained. In particular, it 
is shown that lim inf {(Qu+%s+ +++ +An)/m} >2.0169. (Received November 15, 
1948.) 


102t. Leonard Carlitz: Fintte sums and interpolation formulas over 
GFIp*, x]. 

Sums and interpolation formulas connected with polynomials in GF[p*, x] are 
discussed. Among the applications may be mentioned (1) criteria for the vanishing of 
certain sums; (2) the theorem that a polynomial g(t) of degree less than p"™ is integral- 
valued if and only if g(M) is integral for all M of degree less than m. (Received 
October 22, 1948.) 


1032. Leonard Carlitz: g-Bernoulli numbers and polynomials. 


“Numbers” nw are defined by means of the symbolic formula (gn +1)" = 7m, m>1; 
no=1, m=0; polynomials nm(x) in q* by means of mm(x+1) -m{x) =mge[x]"—, 
m(O) nm. Next define Ba=im+(q—1)ny1 and g*Ba(x) = ml) +(g- 1) mi (2), 
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B=(0) = Bm. Various properties of the n's and p's are derived. The main result is a partial 
generalization of the Staudt-Clausen theorem: fm = > Nar(Q/Fa(@, where Felg) de- 
notes the cyclotomic polynomial and N,,»(g) is a polynomial with integral coefficients. 
(Received October 22, 1948.) 


1044. S. D. Chowla: On a certain exponential sum. 


Let p=et"!r where p is a prime=3 (mod 4). Suppose that the (p—1)/2 numbers 
X1,***,%(p-1ya, incongruent (mod p), have the property that (A) | DDR p |? 
=(p+1)/4. From the theory of the Gaussian sum it is evident that (A) is true if the 
x's are the numbers ara +b (1 Sm<(p—1)/2) where r’s are the quadratic residues of 
p. If p=7 or 11 the converse is also true. We show that the converse is not true when 
p=31 by the following example. For the set of x's take 0, 1, 2, 3, 5, 6, 8, 11, 12, 18, 
19, 20, 23, 27, and 29. It is easy to verify that (A) is satisfied. But there exist no 
integers a and b such that this set is a rearrangement (mod 31) of thé numbers ar. +5 
where 71, ++, ms are quadratic residues of 31. (Received November 16, 1948.) 


105. S. D. Chowla: On a theorem of Hecke and Siegel. 


Without using the theory of binary quadratic forms the author proves the follow- 
ing result due to Hecke and Siegel (see Acta Arithmetica vol. 1 (1936) pp. 83-86). Let 
x(n) denote a real primitive character (mod &); if there exists an a>0 such that 
L(s) = $; x(n) 2x40 for s=1—a/log k (k >1), then L(1) >b/log k where b=b(a) >0. 
Details of the proof will appear with the paper. (Received November 15, 1948.) 


1061. S. D. Chowla: On difference sets. 


Veblen (Amer. Math. Monthly vol. 13 (1906) p. 46) raised the problem of finding 
7 different integers di, da, ++ - , dy such that the 42 differences d;—d, (¢74j) are in- 
congruent (mod 43). Singer (Trans. Amer. Math. Soc. vol. 43 (1938) pp. 377-385) 
proved that if m is equal to a power of a prime, we can find (m+1) integers 
dı, ***, mr such that the m3+m differences d,—d, (ixj) are incongruent 
(mod m2+m-+-1). His proof is based on ideas of finite projective geometry. It seems 
very likely that the following assertion (A) is true: If m is not a power of a prime, it 
is impossible to find (m+1) integers d; (¢m-+1) such that the m?+m differences 
d,—d, (ixj) are incongruent (mod m?+m-+-1). A recent announcement of Bruck and 
Ryser (Bull. Amer. Math. Soc. vol. 54 (1948) pp. 649-650) implies the truth of (A) for 
infinitely many mm 1 or 2 (mod 4). The author proves (A) for infinitely many m=0 or 
3 (mod 4). As examples, the author proves (A) for m=10 (a case not covered by Bruck 
and Ryser) and when m=159. (Received November 15, 1948.) 


107. S. D. Chowla and K. G. Ramanathan: On difference sets. 


Let m=3 (mod 4). The following problem is considered: What are the values of m 
for which there exist (m—1)/2 integers di, da,+++,d, ((=(m—1)/2) such that the 
number of solutions of the congruence d, —d, =n (mod m) is independent of n? Such a 
set of d’s is called a “difference set” (mod m). It is proved that: If p=3 (mod 4) isa 
prime and the set of numbers dj, da, - + + , d(p_iy is a difference set (mod $) and if 
there exists a & such that d, +d, =k (mod p) has no solution, then the d’s are congruent 
(mod p) to the numbers arı+b, ara+b, +++, Grpaye+b in some order, where 
fi, °° *,% pa are quadratic residues (mod $) and a and b are suitably chosen inte- 
gers. (Received November 16, 1948.) 
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108%. S. D. Chowla and Paul Turán: A congruence property of 
_ Ramanujan’s T-funclion. 


Ramanujan’s function r(#) is defined by = r(a)x* 07 Ty (1—2")* for |x| <1. 
Sharpening known results, the authors prove that: For almost all n Sx, we have 
r(n)=0 (mod 691*) where #>(1/690)(1—e) log log x, where e is an arbitrary positive 
number. (Received November 17, 1948.) 


109. F. Marion Clarke: On the factorization of polynomials in n 
variables. I. 


For f(x, +++, Xa), a finite, separable polynomial in » variables over a coefficient 
field K of characteristic zero, (1) a theorem of van der Waerden on transcendental ex- 
tensions and a theorem of E. Noether on relations between the coefficients of a factor- 
able polynomial are used to prove that any nontrivial factorization of f which is pos- 
sible will occur over a finite algebraic extension of K; (2) the Riemann genus theorem 
and a property of dimension in the definition of a general point of an algebraic variety 
are used to show that if f is completely factored into absolutely irreducible ‘factors 
over an algebraic extension field L of K: f(x) =pi(x) + * + p(x), if p, and p, are prime 
ideals in L[x, - - + , x4] generated by p,(x) and p,(x), i=j, and if Vp, and Vy, are the 
corresponding irreducible algebraic varieties (¢,j—=1,---, r), then, in general, there 
exists no algebraic relation between the general points of Vp, and the general points of 
Vp,. (Received November 16, 1948.) 


110% F. Marion Clarke: On the factorization of polynomials in n 
variables. II. 


For a polynomial in # variables, f(x, © © + , Xa) over a coefficient field K of char- 
acteristic zero, a Z,-evaluation of f is defined and used to prove that when n &3 a 
necessary and sufficient condition for f to be irreducible over X is that there exist an 
infinite number of Z,-evaluations of f producing corresponding polynomials f(x, +) 
in the two variables x, and x, (+77), such that f is irreducible over X. It is shown that 
this property is stronger than is needed for the sufficiency condition, but that, accord- 
ing to a generalization of the Hilbert Irreducibility Theorem, it is minimal for the 
necessity condition. It is shown further that nonhomogeneous polynomials in two 
variables lend themselves to the methods of the theorem. (Received November 16, 
1948.) 


111%. Eckford Cohen: An extension of Ramanujan’s sum. 


This paper is concerned with the sum c aC) = Dagger The" where g, s, n are 
positive integers and k ranges over non-negative integers <g* containing no sth power 
divisors in common with g* other than 1. When s=1 this sum reduces to Ramanujan’s 
sum c,(#) and several properties corresponding to those of cq(m) are proved. An 
analogue of c,(n) in the polynomial ring GF|p*, x] is discussed and an application is 
made to the problem of finding the number of representations of a polynomial asa sum 
of products. A corresponding asymptotic result for the rational case is mentioned. 
(Received November 9, 1948.) 


112. Harvey Cohn: On a disproof of one of Minkowskt’s conjec- 
tures. 
Minkowski’s conjecture concerns the minimum constant c for which every lattice 
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of unit density has a nontrivial point satisfying the inequality |x|»+|y|?Sc. The 
shape of the critical lattice is determined by the minimum parallelogram with one 
vertex atthe origin and remaining vertices on the curve |x|?+|y|?=1. The conjec- 
ture was that the critical lattice would belong to the parallelogram with horizontal 
base if 1<p<2 and to the one with a base at 45° if p>2. By using asymptotic ex- 
pansions the author tests these two symmetrical parallelograms for relative maxima 
and minima, finding, for instance, that the symmetrical parallelograms do not always 
provide the relative maxima and minima. In so doing, the author verifies C. S. Davis’ 
disproof of Minkowski’s conjecture, and reveals complications in the behavior of the 
inscribed parallelogram viewed as a function of the slope of a side. (Received Decem- 
ber 8, 1948.) 


113. Melvin Dresher: Continuous games with polynomial pay-off 
Junctions. 


Consider a two-person zero-sum game, in which each player chooses a real number 
between zero and one. Let M(x, y) be the pay-off to the first player if he chooses x 
and the second player chooses y and let F(x) and G(y) be the cumulative distribution 
functions of the frequencies with which the players choose these numbers. Then 
F*(x), G*(y) is said to be a solution of the game if maxr IMs M(x, y)d F(x)dG*(y) 
=ming _ ffo M(x, »ER*(a)dG(y) = Sif) M(x, y)dF*(x)dG*(y). IE M(x, y) 
= Dero I, tox, and if neither f} M(x, 9)dG*(y) nor J} M(x, )dF*(x) is identi- 
cally constant, then every solution F*(x), G*(y) is a pair of step-functions having at 
most [m/2]+1 and [n/2]+1 jumps respectively. The jumps in F*(x) occur at the 
maximum points of fi M(x, y)dG*(y). If both h M(x, y)dG*(y) and So M(x, y)dF*(x) 
are constant then the solution of the game is in terms of m moments of F*(x) and n 
moments of G*(y). If ß M(x, y)dG*(y) is constant and ß M(x, y)EF*(x) is not, then the 
solution consists of [m/2]+1 jumps in F*(x) and n moments of G*(y). These results 
“provide a method of computing all solutions of games with polynomial pay-off func- 
tions. (Received November 15, 1948.) 


114. N. J. Fine: Basic hypergeometric series and arithmetic applica- 
tions. Preliminary report. 


Let F(a, B; 1:2) = 2, (In; a]/[n; BD, where [0; 2] =1, [n; 2] = (1 —az)(1 —x%s) 
+ +(1—2*z) for n>0. By comparatively elementary methods it is shown that each 
of Flax, B; t:x), Fla, Bx; t:x), F(a, B; ixix) can be expressed in terms of F(a, B; ¢:x). 
These functional equations lead to other transformations of F, such as 
(1—4) Fla, P; tix) =(1—-#’)f(a’, B’; tx), where a'=at/ß, Bp’ =i, #'=ß. Other trans- 
formations lead, on suitable specialization of the parameters, to classical identities of 
Euler, Jacobi, Gauss, and to results on the “false” 8-functions of Rogers, the “mock” 
d-functions of Ramanujan, and the classical #-functions. A number of these results are 
believed to be new, and some have simple arithmetic interpretations. For example, 
define the rank of a partition as the excess of the largest part over the number of parts. 
Let D,(n) be the number of partitions of # into distinct parts, the rank of each parti- 
tion being r; let Us-41(") be the number of partitions of n into odd parts, the largest 
being 2r+1. Then (*) Uarya() = Daegi(n)+Da-(n). Euler's well known theorem fol- 
lows by summing (*) for all r 20. Also, let L(n) be the number of partitions of » into 
distinct parts the least of which is odd. Then L(n) is odd if and only if # is a square. 
(Received November 16, 1948.) 
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115. R. H. Fox: Free differential calculus and the Jacobian matrices 
of a group. 


Consider the integral group ring P of a free group Fand the endomorphism u—u° 
of P which maps into the identity 1. To each generator x, of F there is a linear map- 
. ping »—du/öx, of P into itself which is determined uniquely by the conditions (1) 
Alu) /Ox, = (Gu /dx,) +u (d0/dx,), (2) dxn/dx, = dx. The formula y =u°+ >, (du /8x)) 
- (x, —1) holds, so that u is determined up to an additive constant by its partial deriva- 
tives du/dx,. Let G be a group determined by a set xı, Xs, + + + of generators and a set 
u™=1, #2=1, +--+ of defining relations and denote by ¢ the natural homomorphism 
of F upon G (and also the induced homomorphism of P upon the integral group ring 
of G). The matrix || (au, /ax,)*|| is called a Jacobian of the group G. The Jacobian 
matrices of G all belong to a single equivalence class. From this group invariant the 
various previously known invariants may be derived by specialization. The differen- 
tiation concept may be generalized in several ways and there are various applications 
of this calculus, particularly to free groups. (Received November 18, 1948.) 


116. Marshall Hall and H. B. Mann: On a canonical form of the 
Euclidean algorithm. 


The Euclidean algorithm is said to be valid in a commutative ring R if there exists 
on Ra function E(a) with the following properties. (1) E(a) is an element of a well 
ordered set M. (2) E(a) is the first element of M if and only if a =0. (3) To every 
a, bin R, 520, there exist elements g, rCR such that a=bg+r, E(0) sE(r)<E(b). 
The algorithmic chain is a chain of subsets Sa of elements of R defined as follows. So 
consists of the 0 of R. Sy consists of all xC R such that every residue class mod x con- 
tains at least one element in Sẹ with b<a. The following theorem is proved. The 
Euclidean algorithm is valid in R if and only if the algorithmic chain contains all 
elements of R. The function A(x) =a if xC Sa, £ S;with b <a, is called the canonical 
algorithm if it is defined for every x. The function A(x) satisfies the inequality 
A(ay) 2 A(x) if zyr20, A (xy) >A(x) if xy*0, Ay)>1. Every element in S, decom- 
poses into at most (a—1) prime factors. (Received November 10, 1948.) 


117. Frank Harary: On atomic Boolean-like rings. 


A zero ring is a ring of characteristic two in which the product of any two elements 
is zero. Any two zero rings of the same cardinal power are isomorphic. Every zero ring 
N has a base B such that each element of N can be uniquely written as the sum of a 
finite number of elements of B. For brevity, let “BLR” denote “Boolean-like ring.” 
An atomic BLR is a BLR whose Boolean subring is atomic. A nilpotent element 4 of 
an atomic BLR, H, is called nil if by =0, where b is any atom of the Boolean subring 
J of H. Similarly 1 is called simple if for some atom b of J, bn =n. Let H be an atomic 
BLR; N its nilpotent ideal; B a base for N, then H is called simple if each element of 
B is either nil or simple. Our principal theorem is that every atomic BLR is iso- 
morphic to a simple one. The proof is by transfinite induction. (Received November 
17, 1948.) 


118. Frank Harary: On n-dimensional projective algebras. Prelim- 
inary report. 


n-dimensional projective algebras (PA’s) are defined by a suitable modification 
of the Everett-Ulam postulates. The elementary theorems on n-dimensional PA’s 
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analogous to those for ordinary (that is, 2-dimensional) PA’s follow at once. It is 
shown that an »-dimensional PA can be synthesized from any non-atomless Boolean 
algebra B. The isomorphism types of finite n-dimensional PA’s are completely de- 
termined. (Received November 17, 1948.) 


119. Frank Harary: The structure of finite projective algebras. Pre- 
liminary report. 


The Everett-Ulam postulates for projective algebra (PA) immediately imply a 
duality theorem relating x and y projections. It is shown that a PA can be synthesized 
from any nonatomless Boolean algebra B, with a fixed atom p, by defining (1) 0,=0, 
=0, (2) 0,=p and ay=a, when aCB, a0, (3) bOa =a for allaEB, (4) ah =0 if 
a or b is 0. The isomorphism types of finite PA's are completely determined. The num- 
ber of isomorphism types of PA's of 2= elements is equal to the number of distinct 
factorizations of m into 2 factors. (Received November 17, 1948.) 


120:. G. B. Huff: Tentative methods in diophantine equations. 


If a diophantine equation is equivalent to one of the form wits =f (wi, Wa, * * * , Wa), 
where f is a polynomial with integer coefficients, it is said to be solvable by factoring. 
It is shown that this idea provides a complete theory for the system z2 =z =s — . 
-z =b, 9 —21—-2— + + © —=c. Applications are given, particularly to problems in 
algebraic geometry. (Received November 15, 1948.) 


121. L. C. Hutchinson: Notes on the number of leaves of an alternat- 
ing tensor. 


It has long been known that the smallest number m(r) of leaves (simple tensors) 
in terms of which a bivector, or alternating tensor of valence 2 (2 indices) and rank r 
can be expressed isr/2 (r isalways even in this case). For alternating tensors of higher 
valence the classification is more complicated, and m(r) becomes a multiple-valued 
function of r. Some bounds for m(r) are given, with particular attention to the tri- 
vector (valence 3). The results for the trivector differ from those given by R. Weitzen- 
böck (K. Akademie van Wetenschappen, Proceedings vol. 32 (1929) pp. 248-250, vol. 
40 (1937) pp. 312-315; Monatshefte für Mathematik und Physik vol. 48 (1939) pp. 
129-140). The best lower and upper bounds so far determined (in the real) are r/3 
and (r—5)(r+3)/4 (r>7), respectively. (Up to r=8 the exact values are known.) If 
complex transformations are allowed, this result can be strengthened. (Received 
November 17, 1948.) 


122. B. W. Jones: On m-universal quadratic forms. 


If A is the nonsingular matrix of an n-ary form f in a field F and if for every 
m-rowed nonsingular symmetric matrix B in F there is a matrix Tin Fand of rank 
m such that TTAT=B, we call fan “m-universal form.” The form f is shown to be 
m-universal in the field F(p) of p-adic numbers if 2>m-+2 and conditions are found 
for the cases n =m-+-2 and n=m-+-1. From these conditions follow, by Hasse’s results, 
criteria that a form be m-universal in the field of rational numbers. In the field of real 
numbers the form f is m-universal if and only if there is a matrix T of rank m such that 
TTAT is the zero matrix of order m. (Received November 13, 1948.) 
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123}. Irving Kaplansky: Elementary divisors and modules. 


Conditions are found on a ring R in order that matrices over R (both finite and 
infinite) admit reduction to diagonal form. This is applied to the decomposition of an 
R-module into a direct sum of cyclic modules. The uniqueness of the decomposition is 
studied. (Received October 29, 1948.) 


124. J. C. C. McKinsey: Isomorphism of games and strategic aia 
lence. 


Two zero-sum n-person games, v and v’, are called S-equivalent if there exists a 
positive number k, and » numbers ai, > * * , da, whose sum is zero, such that, for every 
subset T of the set of players, v’(T)=k-u(T)+) Ero. Games are called iso- 
morphic if there exists a one-to-one correspondence between the sets of imputations 
which, for every subset T of the set of players, preserves dominance with respect to 
T. It is shown that games are S-equivalent if and only if they are isomorphic. The 
notion of strategic equivalence is an intuitive one, but it is sufficiently sharp that 
intuitive arguments can be presented to show that isomorphism is a necessary condi- 
tion for strategic equivalence, and that S-equivalence is a sufficient condition. From 
the result mentioned above it then follows that games are strategically equivalent (in 
the intuitive sense) if and only if they are S-equivalent. (Received November 15, 
1948.) 


125. Gordon Pall: Sums of two squares in a quadratic field. 


It is shown that the number of representations of a binary quadratic form as a sum 
(ayx-+bry)?+-(aae-+bzy)? of squares of two linear forms with integral coefficients is 
(when the obviously necessary conditions of having a square determinant, integral 
coefficients, and being non-negative are satisfied) equal to the number of representa- 
tions of the divisor of the form as the sum of two squares of integers, or equal to double 
this number, according as the determinant is or is not zero. As an application, it is 
shown that simple formulae can be obtained for the number of representations of an 
integer in a quadratic field as the sum of squares of two integers in that field. The 
number of such representations is finite for all real quadratic fields, but infinite (or, 
zero) for all imaginary quadratic fields, with the single exception of the ring of Gauss 
integers a-+bs (i= —1) for which the number of representations of a nonzero number 
is finite. As an example, the number of integral solutions of a+2k+=(a,:+011)? 
+(aa-+bxi)? is given by 4ea] [(1+6:) IIG +r) (1 -+y +3), where ar +4h2=20gfı . . . 
gr mti tae PADE here a20; qı, *** , qr denote distinct primes of the form 
4n+3, r20; pı © ++, pa denote distinct primes of the form 4# +1, s20, and p7: is 
the power of p, dividing the g.c.d. (a, k); and e=1, a= |a—3| if «32. (Received 
December 1, 1948.) 


1261. Hugo Ribeiro: A remark on “uniform” lattices. 


A finite modular lattice is called #-uniform if and only if each convex comple- 
mented sublattice of dimension 2 has u +3 elements. In an author’s paper to appear in 
Comment. Math. Helv. the following facts are proved: Disregarding non-Desar- 
guesian projective geometries, Boolean algebras and lattices of all subgroups of ele- 
mentary prime-power abelian groups are the only complemented «-uniform lattices 
for which u is an indecomposable integer (1 in the first case, a prime in the second 
case). p-uniformity (p prime) together with other simple conditions such as the cyclic 
character of all join-irreducible elements characterize the lattice of all subgroups of 
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the primary -component of a finite abelian group. It is now a consequence of the 
above facts that: Each p-uniform lattice for which the following conditions are satis- 
fied is an auto-dual lattice: (1) if rxx\Jyæy then for each g there are u and v with 
uxu v= UA sy (join-irreducible elements are cycles), (2) the number of ele- 
ments following an element immediately is at most the number of atoms, (3) all 
maximal cycles are of the same dimension. (Received November 19, 1948.) 


1271. C. E. Rickart: The uniqueness of norm problem in Banach 
algebras. 


A B-algebra is said to possess a unique norm provided any two norms under which 
it is a B-algebra are necessarily equivalent. It is known that the norm is unique in a 
semi-simple, commutative B-algebra (Gelfand, Rec. Math. (Mat. Sbornik) N.S. vol. 
9 (1941) pp. 1-23) and in the B-algebra of all bounded operators on a B-space (Eidel- 
heit, Studia Mathematica vol. 9 (1940) pp. 97-105). It is shown here that the same is 
true for any B-algebra which possesses a family of minimal left ideals such that 
xL= (0) for every L in the family implies x=0. This includes the case of a primitive 
B-algebra with minimal ideals and hence the Eidelheit result. The norm is also 
unique in any B-algebra with an adjoint operation x* which is either essential in the 
Raikov sense (C. R. (Doklady) Acad. Sci. URSS N.S. vol. 54 (1946) pp. 387-390) or 
satisfies a condition ||x]|?S&]||x*x]|. This includes the case of a B-algebra of bounded 
operators on Hilbert space where x* is the operator adjoint but the norm need not be 
the bound. (Received November 10, 1948.) 


128. C. E. Rickart: Homomorphisms of one Banach algebra into a 
second. 


Let h(x) denote an arbitrary homomorphism of one B-algebra B inio a second 
B-algebra A. It is shown that h(x) is automatically continuous in each of the following 
cases: (1) h(x) is onto and A is a semi-simple B-algebra whose norm is uniquely de- 
termined up to equivalence, (2) A is semi-simple and commutative, (3) A possesses 
an adjoint operation x*, which is either essential in the sense of Raikov (C. R. (Dok- 
lady) Acad. Sci. URSS N.S. vol. 54 (1946) pp. 387-390) or satisfies the condition 
||xl|?s4]|<*||, provided 4(B)*=h(B). (Received November 10, 1948.) 


ANALYSIS 


129. Nachman Aronszajn: Hilbert spaces and conformal mappings. . 


A formula for the projection on the sum of two closed linear subspaces of a Hil- 
bert space in terms of projections on the subspaces is applied to the computation of 
conformal mappings of simply and multiply connected domains. The link between the 
Hilbert space theory and the conformal mapping is found in the theory of reproducing 
kernels, especially Bergman's kernels which are the reproducing kernels of classes of 
analytic functions (of one or more complex variables) regular and square integrable 
in a domain, (Received November 18, 1948.) 


130¢. Frederick Bagemihl: A theorem on infinite products of trans- 
finite cardinal numbers. 
Let æ be a transfinite limit-number, and let its normal form be Disign ulm, 


where # is a natural number and 4352 +++ 28,>0. Let {or}tca be an increasing 
sequence of ordinals such that limg ar; =", and subject, if n>1, to the following con- 


r 
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dition: if B= Yısasn.ı wèt, and limegs og=9, then —p+rASo%. Then [ice Nog 
=N% In particular, if œ is a transfinite limit-number, and p is an arbitrary ordinal 
number, then Thea Nut No. The method of proof is essentially one due to 
Tarski (Fund. Math. vol. 7 (1925) pp. 1-14). (Received November 16, 1948.) 


131. E. F. Beckenbach, Wladimir Seidel, and Otto Szasz: Recur- 
rent determinants of orthogonal polynomials. 


A study is made of recurrent determinants Da= [cx] and En= [crm], » 
- p=0,1, 2, » +» , n—1;n a positive integer, where cn=Q,(x) is a polynomial of degree 
m of one of the following classes: Legendre, Hermite, Laguerre, and ultraspherical, 
suitably normalized. Explicit formulas for the determinants are obtained in a variety 
of cases. It is shown, for instance, that for Legendre polynomials D= [Py4n(x) | 
2% (73 1) 0-9 and Eye [Ppiyya(x) ] = [(e9—1)/4] YN [(e+1)*+(@—1)"]/2. 
Furthermore, all minors of D, are positive for x>1. This is applied to the Stieltjes 
and Hamburger moment problems. (Received November 15, 1948.) 


132. H. D. Block: Explictt solution of certain singular integral equa- 
tions. 


The equation f(x) =)f3 Kt|x—>|)ge(y)dy is solved by a simple method for the 
unknown function g(y) in certain special cases. K( x—y|) as a function of x is assumed 
to satisfy the same linear homogeneous differential equation in both the regions 
agxSy; ySx. The method of solution consists in constructing a linear differential 
equation with constant coefficient which g(y) must satisfy. Necessary and sufficient 
conditions are then found for the cases when K(|*x—y|)=e7##-¥!; and K(|x—9]) 
= [x—y| e; for — œ Sa < œ. The solution of the equation of the second kind 
Sa) =) fs K(|z—9|) g(y)dy is also included for these cases. For the homo- 
geneous equation, g(x)=A/s K( x—y])e(vdy, the complete solutions are found, 
and the characteristic values of A are shown to form a continuous spectrum. (Received 
November 9, 1948.) 


133. E. Calabi and Aryeh Dvoretzky: Convergence and sum faciors 
for sertes of complex numbers. 


Let Z be a given bounded set, and denote by Z the closure of the convex set 
spanned by Z. Theorem 1: 0@Z is the necessary and sufficient condition that given 
any null sequence (4x),-1 of complex numbers, there exist EZ so that (I) Denon 
converges. Theorem 2: If, in addition, Ver Jan] =œ the necessary and sufficient 
condition that 1 Z may be chosen so that (I) converges to any preassigned limit is 
that 0 be an interior point of Z. In this case one can also choose $,€Z so that the 

` derived set of N tsan is any preassigned closed, connected set. The case 
Z={1, —1} of Theorem 1 was proved by A. Dvoretzky and C. Hanani (C. R. Acad. 
Sci. Paris vol. 225 (1947) p. 516), while in the special case where Z consists of the Ath 
(k 23) roots of unity Theorem 2 was established by H. Hornich (Monatshefte für 
Mathematik und Physik vol. 45 (1937-1938) p. 432, vol. 46 (1938-1939) p. 266). Gen- 
eralizations to the case when tx is to be chosen from a varying Z, are also given. Ap- 
plications to sequences of functions are included. The methods and results carry over 
to sequences of vectors in Er and more general spaces. (Received November 13, 1948.) 


1344. J. W. Calkin: Spaces with inner products defined in terms of 
generalised limits. 
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If © is a Hilbert space, Las a generalized (Banach) limit defined for all bounded 
sequences {an} of complex numbers, we denote by $r the space of all sequences 
weakly convergent to zero with ({fa}, {gn})=L(fs, gn), sequences differing by a- 
strongly convergent sequence being regarded as equal. This possibly incomplete 
Euclidean space, whose dimension number is c, was used in a previous paper (Ann. of 
Math, vol. 42 (1941) pp. 839-873) to study the ring of bounded operators on § re- 
duced modulo the totally continuous ones. If S denotes the Stone-Cech compactifica- 
tion of the integers I and a(p) is the continuous function which {a,} induces on S, 
then for pPC.S—I, a(p) = La, defines a generalized limit. If L is any generalized limit, 
then La,=/f.a(p)du where u is a uniquely determined regular countably additive 
measure defined on Borel sets in S with »(S)=1, »(J) =0 (Nakamura and Kakutani, 
Proc. Imp. Acad. Tokyo vol. 19 (1943) pp. 224-229). It is shown here the $z is com- 
plete if » assumes only a finite number of values, but not otherwise. (Received October 
21, 1948.) 2 


135. R. H. Cameron and W. T. Martin: Nonlinear integral equa- 
tions. 


This paper deals with the integral equation (1) y(¢) =x{) + [Ft s, x(s))ds on the 
interval I: 0StS1 and the corresponding equation (2) with fixed upper limit unity. 
Both of these equations are considered as special cases of the functional equation (3) 
y(t) =x(t) +A(z| t), where the functional A satisfies certain smoothness conditions and 
(3) is a 1-1 transformation of the space C of continuous functions vanishing at the 
origin into itself. It is shown that under suitable restrictions on F or A the equations 
(1), (2), (3) have a solution of the form x(t) =L. I. Munsee 2 Yay) Ani) where m repre- 
sents an n-fold index mı, + + + , Ma, each component of which goes from 0 to r in the 
sum. If certain additional conditions are satisfied by F or A the expression for x(é) 
can be replaced by a modified sum which is pointwise summable in the appropriate 
infinite-dimensional Abel sense. Thus absolute results as well as statistical results are 
obtained. (Part of the work done on this paper by one of the authors (R. H. C.) was 
carried on at the Institute for Numerical Analysis with the financial support of the 
Office of Naval Research of the Navy Department.) (Received October 25, 1948.) 


136. L. W. Cohen and Casper Goffman: Note on non-archimedean 
meirisalton. 


A non-archimedean metric is a function 8(x, y) on pairs of a space S to a Hahn 
field F such that (1) 3(x, yY) 20, ö(x, y)=0 if and only if zey: (2) lx, y) = 8(y, x); 
(3) (x, 3) S$8(x, y) +6(y, 3). Conditions are given under which a space S is homeo- 
morphic to a non-archimedean metric space. These include conditions of the sort given 
previously by the authors (A theory of transfinite convergence, to appear in Trans. 
Amer. Math. Soc.) and the additional restriction that neighborhoods be closed sets. 
It follows that certain topological groups which do not satisfy the first denumerability 
axiom of Hausdorff may be metrized in the sense considered here. (Received Novem- 
ber 18, 1948.) 


137. V. F. Cowling: Summability and analytic continuation. 


A new set of matrix methods of summability is introduced. The elements of the 
matrix (Gam) are defined, for each real number r satisfying the inequality 0 Sr <1, 
aB Osan =0, <1; Gnn = (1 —r)*+H (Can), men. It is shown that each matrix of this 
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set determines a regular summability method. A sequence or series which is summable 
by one of these matrices will be said to be summable 7, (the real number r depending 
on the matrix employed). The question of consistency of the various methods Fr 
among themselves is discussed. A general theorem is obtained as to the regions in 
which these methods will sum a power series. We illustrate this theorem in the case of 
the series I 3*. The series > 2" is summable F, for each real number r satisfying the 
, inequality Osr<1/2 to sum 1/(1—s) in any closed region contained in the region 
common to [e+r/(1 —2r)| <(1—r)/(1 —2r) and |a| <1/r. Itis summable A» to sum 
1/(1—3) in any closed region contained in the region common to |s| <2 and R(s)<1. 
Finally it is summable F, for each real number r satisfying the inequality 1/2 <r <1 
to sum 1/(1 —2) in any closed region contained in the region common tols+r/(1 ~—2r) | 
>(1—r)/(2r—1) and |z| <1/r. (Received November 12, 1948.) 


138. R. J. Duffin: Representation of Fourier integrals as sums. II. 


Let the function ¢(x) have a derivative which has bounded variation in the inter- 
val (1, ©) and which has the limit zero at infinity. Let #(x) =#(1/x)/x have the same 
property. Under these hypotheses the following conclusions are drawn: For positive xa 
continuous function g(x) is defined by the series g(k/x) /x =$(x) — (3x) +¢(5x)— +++. 
Here $ = (x/2)1/2, Likewise, a continuous function G(x) is defined by the series G(k/x)/x 
= &(x) — &(3x) +E(5x)— +++. These series are summable by the Cesaro mean. The 
functions g(x) and G(x) are a pair of Fourier sine transforms; that is, kG(x) 
=f, sin xtg(#)dt for positive x. The integral is summable by the Cesaro mean. Any 
function ¢(s) which is analytic and uniformly bounded in the sector —e<arg 3<e 
satisfies the conditions of this theorem. (Received November 16, 1948.) 


139%. R. J. Duffin and A. C. Schaeffer: Functions whose Fourier 
Sttelijes coeficients approach zero. 


Let f(g) =J/%, e®tdo(t), where p(#) is a function of bounded variation. Let ka, 
n=i1,2,--++, bea bounded sequence of real numbers, and suppose f(n+-tkn)—0 as 
n— œ. It is shown in this note that a necessary and sufficient condition that f(x)—0 
as x—-+ œ is that p(¢) be continuous at t=. This is closely related to certain results of 
Rajchman (Math. Ann. vol. 101 (1929) pp. 686-700), and Verblunsky (Proc. London 
Math. Soc. vol. 34 (1932) pp. 526-560). Their theorems concern “#” rather than 
“4-+ik,.” The theorem is proved by a simple application of a complex variable tech- 
nique developed previously by the writers (Amer. J. Math. vol. 67 (1945) pp. 141- 
154). (Received November 18, 1948.) 


1401. M. M. E. Eichler: On the differential equation test ty t+ N (x)u 
=0. 


‘This paper is closely connected with S. Bergman’s recent work on differential 
equations. General solutions can be written as series 4 = Yio (£f) where fr(z) 
are analytic functions of s=«-+4y. Two such series developments are discussed: the 
“ascending series,” where f,(s)=df,4(2)/dz, and the “descending series,” where 
Js (8) =df,(s) /ds. The ascending series can be written as an integral operator 4 = fo(8) 
— f: G(x, s—d)fol$)dt working on fo(z). Specially distinguished operators of this type 
give insight into the analytic behavior of series >> g(x) exp (My) of particular solu- 
tions, obtained by the method of separation of variables, outside of their domain of 
convergence. Examples of differential equations, important in the applications, are 
given where explicit expressions for the “generating solutions” G are known. Two 
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methods to calculate G explicitly in other cases are explained. The convergence of the 
ascending and descending series is investigated, particularly in the neighborhood of 
a singular point of N where N is of the form x”? times a power series in x (p>0). A 
connection between both series is briefly touched in a special case. At last a class of 
differential equations in an arbitrary number of variables is mentioned to which 
methods and results of this paper can largely be extended. (Received October 22, 
1948.) 


141. H. Margaret Elliott: On line and surface integral approxima- 
tions to harmonic and analytic functions satisfying an integrated con- 
tinutly condition. 

Results on approximation to harmonic and analytic functions are established when 
both the degree of approximation and the continuity properties of the function are 
measured by (1) a line (cf. E. S. Quade, Duke Math. J. vol. 3, pp. 529~543 for the 
trigonometric case) and (2) a surface integral. Let C be an analytic Jordan curve. Let 
f(S)EL*, p21, s arc-length measured along C. The integral modulus of continuity 
w7,(8) of f(s) on Cis defined as maxosags Lol f(s +4) —f(s)| Pas ]Yr, where o is the length 
of C. It is proved, for example, that if f(s) is analytic interior to C and if f(s)C Lr, 
p21, on C and has integral modulus of continuity w?(3) on C, then for each n, 
n=1, 2,+++, there exists a polynomial =„(z) in 3 of degree n such that Uelft) 
—r,(z)| ?ds] 1P $ May; (1/n)/n®. Conversely if there exist polynomials Tn, (3) of respec- 
tive degree m, j=1, 2,- +, such that [Jolf() m (@)|?ds]/r<So(m,)/n,, p21, 
k z1, it is shown under suitable restrictions on Q(x) and the sequence n, that f(s) is 
equal almost everywhere on C to a function fi(s) which is analytic interior to C; 
furthermore f°) has integral modulus of continuity on Cw5(8) SL [5/2 0(x)dx 
+f (Q(x)/x)dx], 0<851/m. Analogous results are obtained for the surface inte- 
gral, (Received November 15, 1948.) 


142}. Evelyn Frank: Convergence of C-fractions. Preliminary re- 
port. 


Parabolic and other convergence regions of C-fractions 1a: /1 +a2%/1+--- 
are obtained. Value regions for these continued fractions are also shown. (Received 
October 21, 1948.) 


143. W. H. J. Fuchs: On the growth of functions of mean type. 


fàn} is a sequence of positive numbers, Anıı—-An>c>0. N. Levinson and 
others have discussed under which conditions on {rn}, lim sup. log| FOa)| 
=lim sups.0x7! log| f(x) | (1) for every function f(s) regular in x30 and satisfying 
F(a) | =O(eTZtl) in this half-plane. A refinement of Levinson’s method shows that the 
following conditions are necessary and sufficient to ensure (1). (i) ¢(r) = Ener A 
—L log ro, (ii) For Y>XZN(e), ¢(Y)-¢(X) > —~e. (Received November 11, 
1948.) 


144, A. M. Gleason: Subalgebras of a measure algebra. 


A measure algebra is a o-Boolean algebra on which there can be defined a finite, 
non-negative, completely additive measure function u, such that u(a) =0 only if a 
is the null element of M. Maharam (Proc. Nat. Acad. Sci. U. S. A. vol. 28 (1942) pp. 
108-111) has characterized the structure of measure algebras. Using a similar tech- 
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nique, the author characterizes the structure of pairs consisting of a measure algebra 
M and a subalgebra L. As an example of such a pair consider the algebra M of all 
measurable sets, modulo null sets, of the direct product of two measure spaces X and 
Y, and let L consist of those sets of the form EX Y where E is a measurable subset of 
X. A more recondite example can be derived from the preceding by considering a 
principal ideal aM of M as a measure algebra and the set aL as a subalgebra. It is 
shown that the latter example is, indeed, the most general. (Received November 12, 
1948.) 


145. A. W. Goodman: The Schwars-Christoffel transformation and 
p-valent functions. Preliminary report. 


Subclasses S(p) and C(p) of the class of functions p-valent in the unit circle are 
introduced which are generalizations of the classes of univalent functions which map 
the unit circle on starlike and convex regions respectively. By using a general form of 
the Schwarz-Christoffel transformation which maps the unit circle onto a p-sheeted 
domain bounded by straight line segments, it is possible to prove sharp theorems for 
functions of class S(p) or C(p). In particular bounds are obtained for the coefficients 
and for fe]. If f(s) =a1ı8+a38?+a338°+ + + + is in S(2) and has all coefficients real, 
‚then |a| s5|aı| +4|0s| . This is a special case of an earlier conjecture. As a by-prod- 
uct of the methods two more proofs that S(2)=#?/6 are given. (Received November 9, 
1948.) 


146. J. W. Green and William Gustin: Quasiconvex sets. 


Let I be the closed unit real number interval. Any subset A of J containing at least 
one number interior to J is called a quasiccnvexity generating set. A set Q in a finite- 
dimensional real vector space is A convex if for every real number «of A and every two 
points a and b lying in Q the point aa+9b (a+ß=1) also lies in Q. The graph of a 
solution of the functional equation (x+y) =¢(x)+¢(y) is an example of a quasi- 
convex set. Such graphs are known to possess many interesting measure and topo- 
logical properties. These known properties and other new properties as well follow 
from more general results on quasiconvex sets. Let Q be a quasiconvex set; and let P 
be the set of those points not in Q which are interior to the convex hull of Q. Results: 
Q is dense in its convex hull. If Q has positive outer measure, P has zero inner measure. 
If Q has positive inner measure, P is null. If Q contains a nonplanar continuum, P is 
null. If P contains a set which together with a plane bounds a bounded open set, then 


- Q has topological dimension zero. (Received November 11, 1948.) 


147. R. G. Helsel: Convergence in area and convergence in volume. 


Using an enclosed volume based on topological considerations, it is shown that if 
a sequence of closed surfaces converges in the Fréchet sense to a closed surface which 
occupies a point set of three-dimensional measure zero, then convergence of the 
Lebesgue areas implies convergence of the enclosed volumes. This result is the exten- 
sion to surfaces of a theorem which Rad6 (Fund. Math. vol. 27 (1936) pp. 212-225) 
established for plane curves. The methods used are analogous to those utilized by 
Radó. (Received November 10, 1948.) 


1487. M. A. Hyman: On partial differential equations, of mixed type. 
Preliminary report. 


ph 
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The equation (I) Pdretdyy20 (A>0) may be transformed for y>0 into the 
Beltrami-Weinstein equation (II) ¢ge-+¢y,tpn—%,=0 (p>0) which has been in- 
vestigated recently (A. Weinstein, Trans. Amer. Math. Soc. vol. 63 (1948) pp. 342- 
354). A similar transformation into (II) is possible for the equation (III) y¢sstdyy 
t+ay~'¢,=0 («> —1/2). F. Tricomi (R. Academia Nazionale dei Lincei, Memorie 
(5) vol. 14 (1923)) has discussed equation (I) in detail when A=1 (or p=1/3, «=0). 
The present author considers the more general equations (I) and (III). Among the 
results obtained is a one-to-one correspondence between the family of solutions of (II) 
analytic across „=0 and a certain family of solutions of (I) analytic across y =0 (here 
A is an integer); corresponding members of the two families transform into each other. 
A similar correspondence has been found between solutions of (II) and of (III) an- 
alytic across the respective singular lines of these equations, (Received November 19, 
1948.) 


149%. J. A. Jenkins: Some problems in conformal mapping. 


As an extension of the concept of extremal length, introduced by Ahlfors and 
Beurling, modules are defined for the pentagon, hexagon and triply-connected domain. 
These modules are functions of several real variables and represent conformal in- 
variants of the configurations. Various applications are made, in particular necessary 
and sufficient conditions are given that one triply-connected domain may be mapped 
conformally into another so as to have the same topological situation. These condi- 
tions relate only to the metric properties of the domains. (Received October 5, 1948.) 


150%. R. E. Lane and H. S. Wall: Continued fractions whose even and 
odd parts converge absolutely. 


A continued fraction with sequence of approximants fo, fi, fa, * + « is said to con- 
verge absolutely if the series fot > (fp—fp-1) converges absolutely. It is shown that if 
the even and odd parts of f= Krao(cp/1) (co=1) converge absolutely, then f EEE 
if, and only if, the series Dib diverges, where bı =1, cp=1/bpbpu1, p=1, 2, 3, 

The hypothesis holds, in particular, if there exist positive numbers rp such that 
A 1tal>lal, nlitatal>lal, roliteatel Zrsroalcoal tlel, P=3, 4, 

. Hence if these “fundamental inequalities” (Scott and Wall, aid Amer. 
ee. Soc. vol. 47 (1940) pp. 155-172) are satisfied, f converges if, and only if, 
2 |p| diverges. (Received November 1, 1948.) 


151. R. E. Langer: The asymptotic solutions of ordinary linear dif- 
ferential equations of the second order, with special reference to a turning 
point. 


If in an equation (1) d%/dx®+ [dgo(x)+rgu(x) + DP, gaal) u0, with 
0SxSb, and à a large parameter, the coefficient go(x) is bounded from zero, familiar 
procedures are available for the derivation of asymptotic solutions. If go(x) vanishes 
at a point xo, this is called a turning-point. For an interval (a, b} which contains a 
turning-point the asymptotic representation of solutions of (1) in terms of elementary 
functions involves the Stokes’ phenomenon. This latter is avoidable if the restriction 
to elementary functions is dropped. The forms which have heretofore been given in 
such terms are, however, complicated to the extent that only their leading terms are 
directly available. This paper develops a procedure by which the asymptotic solutions 
are deducible by an easy formalism, and become available to the terms in any degree 


` 
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of 1/A. The method is applicable whenever the turning-point is a simple zero of go(x), 
and requires no conditions upon q(x). (Received November 13, 1948.) 


152. Joseph Lehner: Generalized partial fraction decompositions of 
functions analytic in the unit circle. 


Let G(x) = I; ans" be regular for |x| <1. The author proves that a necessary and 
sufficient condition that G(x) have a generalized partial fraction decomposition, 
(1) G(x) = Yt bs DR al—xzexp (—#\,))~, is that (2) an =g(n)f(n), where g(w) is a 

` polynomial in the complex variable w, or an entire function of order at most one and 
minimum type; f(n) be a uniformly almost periodic sequence, (3) OLD by 
exp (—#\un), n=1, 2,3, ++ - ; (4) the series in (3) converge absolutely. If these condi- 
tions are fulfilled, the series in (1) converges absolutely and uniformly in every closed 
region of the plane which does not intersect M, the closure of the set {exp irs}, k 
=1,2,+-+ +; it defines an analytic function singular on M and regular on each con- 
nected piece of the complement of M. If M is the entire circle | x| =1, G(x) has a 
natural boundary, whose decomposition is given by the series (1). Explicit formulae 
are given for the coefficients a. The author treats also the case in which the series in 
(3) is not absolutely convergent. The function G(x) is still regular in the same region 
as before; on M it is again singular, the type of singularity at exp (fAs) being described 
by- the asymptotic value of G under radial approach. This paper extends results of 

_ Rademacher, A convergent series for the partition function p(n), Proc. Nat. Acad. Sci. 
U. S. A. (1937), and of Bochner and Bohnenblust, Analytic functions with almost pe- 
riodic coefficients, Ann. of Math. (1934). (Received November 15, 1948.) 


153t. G. W. Mackey: On a theorem of Stone and von Neumann. 


Let G be a separable locally compact group. Let R be the x algebra of all Borel 
functions on G. Let s>U, be a representation of G by unitary operators in a Hilbert 
space F. Let g>V, be a representation of R by bounded’linear operators in the same 
Hilbert space H. The principal theorem of this paper asserts that if these representa- 
tions are suitably continuous and are so related that for all s&G and all gC R, U.V, 
= V,U, where h(x) =g(xs), then they are simultaneously unitary equivalent to a 
direct sum of replicas of the “regular representations” obtained from the Hilbert space 
of functions on G, square summable with respect to right invariant Haar measure, 
by mapping sEG into the operator f(x)—f(xs) and gER into the operator 
F(x) g(x)f(«). This theorem combined with a known result on the unitary representa- 
tions of locally compact Abelian groups implies a corresponding theorem in which G 

is Abelian and R is replaced by the character group of G. If G is taken to be the n- 
dimensional vector group this last theorem reduces to a theorem of Stone and von 
Neumann asserting the essential uniqueness of operators satisfying the Heisenberg 
commutation relations. (Received November 16, 1948.) 


154%. G. W. Mackey: On semi-direct products of locally compact 
Abelian groups. I. Preliminary report. 


Let G be a separable locally compact group. If G admits closed Abelian subgroups 
Gı and Gz such that G1 is normal, G:G:=e (the identity) and G::G:=G then G is said 
to be a semi-direct product of the locally compact Abelian groups G; and Gs. This 
paper is the first of a projected series in which it is proposed to study the properties of 
such semi-direct products in detail. In it the unitary representations of these groups 
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are studied. All finite-dimensional irreducible unitary representations are explicitly 
determined. For the members of a certain class of semi-direct products (including the 
“ax+b group” recently studied by Gelfand and Neumark) the infinite irreducible 
unitary representations are also determined. It is shown by several types of examples 
that this last determination does not apply to all semi-direct products. (Received 
November 16, 1948.) 


155. G. R. MacLane: Rational functions with all zeros and poles on 
a rectifiable Jordan curve. 


The following theorem is proved: let f(s) be holomorphic and never zero in a 
simply-connected domain D of the s-plane bounded by a rectifiable Jordan curve C. 
There exists a sequence of rational functions R,(s), each of which has all of its zeros 
and all of its poles on C, and such that lim... Ra(z) =f(s) for s in D, uniformly in any 
closed subset of D. The condition on &,(z) is for the complete plane; that is, R,(s) is 
regular and doesn’t vanish at z= œ, (Received November 5, 1948.) 


156. Szolem Mandelbrojt: A converse theorem on approximation on 
the real axts. 


The author has proved a theorem giving conditions in order that, F(x) >0 and 
{ Ku} (positive integers) given, to each e>0 there correspond a polynomial P(x) of the 
type P(x) =ao+aix™i+ +++ +a,xXn such that |f) —P(x)| <eP(x) (— œ <x< œ), 
This is a generalization of a theorem of S. Bernstein. The author proves now that the 
above-mentioned theorem cannot be, in a certain sense, much improved. (Received 
November 15, 1948.) 


1574. F. I. Mautner: On maximal Abelian subalgebras of operator 
algebras. 1. 


The maximal comutative self-adjoint subalgebras of weakly closed self-adjoint 
operator algebras W in a Hilbert space Hare of decisive importance for the decomposi- 
tion and structure of W. In the present paper the following theorem is proved for 
separable Hilbert spaces H: Let Cbe any maximal self-adjoint commutative subalge- 
bra of Wand P any maximal self-adjoint commutative subalgebra of W’, where W’ 
consists of all those bounded operators in H which commute with every element of 
W. Assertion: The weakly closed self-adjoint operator algebra generated by C and P 
is a maximal self-adjoint commutative subalgebra of the algebra of all bounded oper- 
ators in H. A similar property has been formulated by W. Ambrose in a Princeton 
seminar for slightly different algebraic systems, namely those arising from the D,-sys- 
tems of groups. This proof uses generalized decomposability of H into irreducible 
spaces and also von Neumann’s generalized decomposability of W into factors. 
(Received November 12, 1948.) 


158. C. N. Moore: On the functional behavior of a function defined 
by a certain Dirtchlet’s series. II. 


The study initiated in a paper presented to the Society at the meeting in New 
York in October, 1948, is here continued. It is proved that the function L©)(s), de- 
fined in the previous paper, has the asymptotic properties needed for its application to 
the problem of prime pairs. (Received November 16, 1948.) 
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159. O. M. Nikodým: On the spectrum of measurable functions and 
on equimeasurable transformations. 


By a “soma” (Carathéodory’s term) belonging to a measurable set a is understood 
the class of all measurable sets, b, which are almost equal to a, that is, meas. (b—a) 
plus meas. (a —b) =0. We shall consider Boolean fields (measure algebras) whose ele- 
ments are somata. To a given finite measurable function f(x) defined on a set J there 
corresponds a Boolean field (T), the smallest one containing all the somata belonging 
to [E(1)] where [E(1)] is the set of all the « for which f(x) does not exceed 1. (T) 
will be termed “spectral field of f(x).” Theorems on subfields of (T) in connection with 
functions G(f(x)) where G(1) is a borelian function will be presented. The main ques- 
tion to be discussed is: whether f(x) can be carried by an almost one-to-one and 
equimeasurable transformation into a monotonous function. Conclusive answer is 
given in the form of a general theorem. The proof is based on a deep lemma on Boolean 
fields connected with the known Maharam’s Theorem, and on J. von Neumann’s 
theorem on equimeasurable transformations. There are some relations to the multi- 
plicity of the spectrum of Hermitian transformations in Hilbert space. (Received 
December 13, 1948.) 


160. H. C. Parrish: Note on certain decompositions of point sets. 


This paper concerns an elementary instance of “methodical generalization,” that 
is, generalization by means of generally known cues. An immediate generalization of 
a well known theorem, namely, that a linear set is the disjoint sum of a dense-in-itself 
and a scattered set, leads to the problem of the genesis of an unconditionally additive 
set property a, that is, one such that the sum of any number of sets of property a has 
property æ. Every such a yields an analogue of the particular case. A complete genesis 
of unconditionally additive set properties is obtained in terms of ascending set-point 
properties. (A set-point property Beß(E, x), that is, a property of a set E in relation 
to a point x, is ascending if its validity for (E, x) implies its validity for (Zi, x) when 
E, DE.) It is then shown that ascending set-point properties may be generated from 
“ascending set-interval properties,” and the latter, in turn, from “ascending set prop- 
erties’—the meaning of the latter terms being manifest. The results unify the litera- 
ture analogues of the particular theorem, and add new cases. Each particular case 
gives a geometric property of unconditioned sets and of unconditioned functions. 
(Received December 9, 1948.) 


161. M. O. Reade: On p-analytsc functions. 


Let f(s) be defined in a bounded, simply-connected domain D. Kriszten has de- 
fined f(s) to be p-analytic in D if and only if Arf(s) =0 holds in D; here p is a fixed posi- 
tive integer and A is the complex differential operator 8/dx+10/ay=A (Comment. 
Math. Helv. vol. 21 (1948) p. 73). In this paper, integral characterizations for p-ana- 
lytic functions in general, and for certain p-analytic polynomials in particular, are 
derived; these results extend earlier results due to Féderoff (Rec. Math. (Mat. 
Sbornik) vol. 41 (1934) p. 92), Haskell (Bull. Amer. Math. Soc. vol. 52 (1946) p. 
332), and Reade (Bull. Amer. Math. Soc. vol. 53 (1947) p. 98). The following results 
are typical ones. (I) Let f(z) be continuous in D, let C(go, r), for sufficiently small r, 
denote the circle in D center at sand radius r, and let p20. A necessary and sufficient 
condition that f(s) be (#-+2)-analytic in D is that Fı(s) m fou.» $*f(e+s)dt be 1-an- 
alytic for all sufficiently small r, in the subdomain D, where F,(s) is defined. (II) Let 
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I, denote a regular »-gon, and let n be a fixed positive integer, #2,26+2. A neces- 
sary and sufficient condition that (i) f(s) be (p-+1)-analytic in D and (ii) Am-Vf(z) 
=0, where 4 =0/dx—i8/dy, is that /n,t?f(t)dt <0 for all U, in D. (Received Novem- 
ber 16, 1948.) 


162%. M. O. Reade: Suficient conditions that f(z) be analytic. 


Let Dı, Ds, +*+, Du ++ be a sequence of simply-connected domains, each 
bounded bya simple, closed, rectifiable curve, such that (i) ff, sdxdy = f Jp, s*dxdy =0, 
n=1, 2, 3,++-+, (ii) for each e>0 there exists m=m(e) such that D, is contained in 
|| Se for n>m. Now if f(s) is continuous in a bounded, simply-connected domain 
D, then a necessary and sufficient condition that f(s) be analytic in D is that 
limase [1/|Dal?//n, 9(80-+-2)dxdy]=0 for each zo in D; here | Da] denotes the area 
of Da. This generalizes a theorem due to Fédoroff (Rec. Math. (Mat. Sbornik) vol. 
41 (1934) p. 92). (Received November 16, 1948.) 


163. L. V. Robinson: A new operational method for solving partial 
differential equations. Preliminary report. 


This method makes use of an operator, 9/9x+P(x, y)ð/ðy, and its inverse, to 
solve linear partial differential equations, of the first and second orders, and some non- ' 
linear equations. (Received November 16, 1948.) 


164. P. C. Rosenbloom: On the iteration of entire functions. 


By a fixed point of a function f we mean a root of the equation f(z) =z. If f is an 
entire function and if f(f(z)) has only a finite number of fixed points, then f is a poly- 
nomial. More generally, if f and f(g(z)) have only a finite number of fixed points and 
if f is a transcendental entire function, then g=s or g=constant. If fa, the mth iterate 
of f, has only a finite number of fixed points, and »>1, then f is a polynomial, The 
proofs are based on Nevanlinna’s second fundamental inequality, on an inequality of 
Bohr in a precise form, and on Robinson’s numerical estimate in Schottky’s theorem, 
(Received December 2, 1948.) : 


165. Robert Schatten: “Closing-up” of sequence spaces. 


Let 2 denote the linear set of sequences of real numbers (a1, az, + +  ) having only a 
finite number of nonzero terms. A symmetric norm on & is a function $(a1, Ga, - -) 
subject to conditions: (i) dla, a,---)>0 unless @=a= > =0, (ü) 
plat, at, +++) =|a|¢(a1, a2, +++) for any constant a, (iii) (a+b, a2tbs, + ++) 
Sela, ln’ )+¢(h, ba, a Ji (iv) pla (re *. )=dlaar, ely, e ) where 


«=4+1 and 1’, 2’, -- - denotes any permutation of 1, 2,---. It follows that 
plan +++, Ga, 0, O,+--) is a nondecreasing function of n. Consequently, 
(41, Ga » + + ) determines in the usual fashion a conjugate norm (ay, az, - - - ). Thus, 


we obtain two normed linear spaces &($) and &(y). We define [[2(#)]] as the Banach 
space of all infinite sequences (a1, da, + + + ) of which an infinite number of a, may be 
20, for which lim.“ (G1, +++, Gn, 0,0,+-+)<+ ©, while [2(¢)] is defined as the 
Banach space of all fundamental sequences of elements in &($). The space [&$)] is 
quite often a proper subset of [[8(¢)]], as for instance, in the case (a1, Ga, +++) 
=max a;. The conjugate space of [%($)] may be characterized as [RW]. (Received 
November 10, 1948.) 
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166. H. M. Schwartz: Notes on the differential equation y" (x) 
—h(x,A)y(x)=0. I. Preliminary report. 


The present note is concerned with the following question relating to the differ- 
ential equation y’’(x)—h(x, \)=0 defined in the x-interval (0, ©): If A(x, A) is for 
x>0 a regular analytic function of à in a given domain D of the complex A-plane, but 
is not finite at x=0, what conditions on k will insure the regularity in the domain D 
of the solution of the differential equation for which (0, A) =0, y’(0, 4) =1? By the 
use of standard methods a number of such conditions are established of which the 
following is typical: If the coefficient 4 is such that the solution in question exists, 
then a sufficient condition for the required result is the existence of the integral 
Sitz: h)%dx and its boundedness uniformly with respect to A in D, for every fixed a >0. 
(Received November 17, 1948.) 


167. Seymour Sherman: On a problem of Ratkov, 


Raikov (Harmonic analysis on commutative groups with the Haar measure and the 
theory of characters, Trav. Inst. Math. Stekloff vol. 14 (1945) 86 pp.), for the purpose of 
harmonic analysis, presents a postulational development of Haar-Raikov measure on 
topological groups. The domain of this measure function is the o-ring of all strict Borel 
sets. It is not obvious that continuous functions are measurable with respect to this 
o-ring. Raikov raises the question of extending this invariant measure to all Borel 
sets. This is done here and in answer to another of Raikov’s questions it is shown that 
the relation between the extended measure on the group and the extended measure 
‘on its completion is the natural one. It is also shown that the o-ring of s-bounded 
strict Borel sets is the same as the o-ring of Baire sets. A fundamental fool used in 
settling Raikov's first question is the recently announced result of Halmos: Haar meas- 
ure is completion regular. (Received November 4, 1948.) 


168. G. E. Springer: Distortion theorems in pseudoconformal map- 
ping. 

In order to obtain new domains of comparison needed for the evaluation of bounds 
in pseudoconformal (p.c.) mapping, the p.c. properties of several special domains i in 
the space of two complex variables are considered; namely, Ex: [a| Vein! »>0, 
and Cy:|s:|*<1—|2.|2—A|s:|4, 4>0. Complete systems of orthonormal functions 
{¢(Z)}, Z=(a, 24), are determined for Ey and Ca and are used to define the kernel 
function K(Z, Z)= 3, ¢(Z)d(Z) and the p.c. invariant I(Z)=(1/K(Z, Z)) 

-(TiTa—|Tial*), where Tax =? log K(Z, Z)/ösmö;, (Bergman, Mémorial des Sci. 
Math. vol. 106 (1947)). 1. In ‘any p.c. transformation of E onto itself each shell 
Jel All’ constant is mapped into itself. 2. If E is mapped by a schlicht p.c. trans- 
formation onto a domain D such that Bi CDCH, the image W° of any point Z° of 
Ey lies between certain shells |s| 2elal' sc, where u and c depend only upon A, Ar, Az 
and Z°. 3. Each value of A determines a different p.c. class of which Cu is a representa- 
tive. 4. In any map of Ca onto itself, the origin is a fixed point. 5. If Ca is mapped 
onto a domain B such that Ca, BC Ca, the image of the origin lies in a hypersphere 
with center at the origin and radius depending only upon A, Ai and As. (Received 
November 12, 1948.) 


169. Otto Szasz: On some trigonometric transforms. 
In previous papers [see Ann. of Math. vols, 43 and 46; Trans. Amer. Math. Soc. vol. 











detailed discussion of this transform was stim 
ing paper of C. Lanczos who came to consider the same transform 
point of view. Furthermore, related transforms are discussed. The main 
cern the comparison of the author’s transform’ with the Cesäro scale. (Received 
November 13, 1948.) i 


170. H. P. Thielman: On a class of singular integral equations oc- 
curring in physics. 


The Wiener-Hopf integral equation is solved by elementary means for the case 
when the kernel X(x, y) is a function of the absolute value of x—y only, and satisfies 
the same linear differential equation with constant coefficients in each of the regions 
‘OSySx, OSxSy. (Received November 15, 1948.) 


171. J. L. Ullman: A simplified proof of Jentzsch's theorem. Pre- 
liminary report. 


Let g(2)= I, 0,5%, ao=1, lim sup |a,|Ya=1, gifs) = Diasr=]]" (1 sn), 
then Jentzsch’s theorem states that if |zo| =1, so is a limit point of the set {au}, 
$k, k=1, 2,++-.The proof of the case where g(s) 50 for || >1 illustrates the 
method. The Cauchy-Hadamard formula applied to the expansion of g(w)/(w—s) in 
powers of 1/w yields lim sup | s"gn(e)| Yr=1 if |z] 1. A contradiction arises by 
assuming that a point of unit modulus, say 1 without loss of generality, is not a limit 
point of {en}. It follows by Hurwitz’ theorem that Re (sm) <p<1 for some p<i 
and »>N,. But then it follows for these values of that |b —z,: >n|a—s,,{ for some 
n>1 and p<a<b<1. Hence the contradiction lim sup Bg, (b) | Yn>lim sup 
|org.(a)| vr. The same method applied to the generating function of Faber poly- 
nomials leads to new results concerning the asymptotic distribution of the zeros of 
these polynomials. (Received November 12, 1948.) 
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172t. Milton Abramowitz: Asymptotic solutions of the spheroidal 
wave equation. 


Solutions of the spheroidal wave equation (1 232)" —2(m+1)2w’ + (b —c4s)w =0 
are obtained for the cases (1) m large and ¢ small (2) m large and c large. In the first 
instance, the solutions are expressed in terms of Hermite polynomials while in the 
second they are expressed in terms of parabolic cylinder functions. In both cases ap- 
proximations are obtained for the separation constants b and some numerical results 
are cited to illustrate the formulas. (Received October 13, 1948.) 


173. R. Bott and R. J. Duffin: On the algebra of networks. Prelimi- 
nary report. 

An electrical or mechanical system is considered having a quadratic energy law 
E=} gumm). S Ansgrge. The v, are constrained coordinates, linear functions of un- 
constrained coordinates g». It is shown that D=det A, is a homogeneous multilinear 
form with positive coefficients as a function of the parameters g;. For example, if the 













> Of atonal functions . The transfer impedance matrix R,, has 
ting properties. The qua, ‘ities derived from the impedance potential are 
invaridnis not depending on the choice of the coordinate system gr. Conversely, it is 
shown that the logarithm of any-komogeneous multilinear function is the impedance 
potential of some system if its #econd derivatives are negative perfect squares. This 
partially confirms a conjecture by Richard Cohn. (Received November 16, 1948. ) 


174. Y. W. Chen: Initial value problems of a hyperbolic system of 
quast-linear differential equations with singularity. 

When initial values on the line x+y =0 or on the two half-axes x20, y=0; y2 
x=0 are properly given, solution of the equation L(u; k, 2) Hey th(x+y) (ts tty) 
+1(x+y)-%% = 0 with constants, k, }, can be obtained by Riemann’s method. With the 
help of Riemann function an iteration scheme can be set up to obtain solution of initial 
or characteristic initial value problem of equation L(u; k, I) =f(x, Y; U, ts, tty), assum- 
ing proper behavior of the function f on the right-hand side. Suppose we have a hyper- 
bolic system of quasi-linear differential equations Dit, =0, Doren, iM, 1=0, 


gm], 2,+++,2' (<n), h=n'+1, >» - , n. The values of w assigned on x--y=0 or on 
the two ‘halt anes +20, y=0; y20, x=0 have the heed that after substituting 
them into the coefficients a,,,, s=1, 2,--°+,2;j=1, 2,°-+-,, the determinant 


llas. ll becomes zero on the initial line or at C the vertex (x, 3) = (0, 0). Under certain 
conditions such a system of a can be reduced to another system of n equations 
of the following form: j=1, 2,--+,7r, Lu; kn h)=fi(x, yi ule + ur, u o.Ä, 
u, - ++ uz), where kj and }, are constants. The initial value problems can then be treated 
by iteration with the help of Riemann functions. In particular this method can be ap- 
plied to certain problems of supersonic axial symmetric flows, which were mathe- 
matically formulated and investigated by K. O. Friedrichs. (Received November 16, 


1948.) 


175%. R. J. Duffin: Nonlinear networks. IV. 


The networks considered in this paper consist of transformers with ferromagnetic 
cores (assumed to have negligible hysteresis) and Ohmic resistors. It is found that as 
in the case of linear networks a given electromotive force gives rise to a unique state 
of currents after sufficient time has elapsed. Moreover, if the electromotive force is 
periodic, a unique periodic current flow can exist. The proof depends upon transform- 
ing the network equations into equations for a network containing nonlinear resistors. 
The differential permeability of a ferromagnetic lies between positive limits. In the 
transformed equations this is imaged by the condition that the differential resistance 
lies between positive limits. The results stated then follow from theorems previously 
developed for networks containing such quasi-linear resistors. (Received November 
16, 1948.) 


1761. W. F. Eberlein: On the convergence of certain perturbation 
sertes. Preliminary report. 


Despite decades of numerical evidence suggesting that the radii of convergence 
paof the perturbation series Au(e) =Aon+ainet dane? + « - for thecharacteristic values A, 
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of the Mathieu equation u’’(x)+(A-e cos 2x)u(x) =0, #(0) =u(2r), and related wave 
equations are nonzero and increase with the natural index n, the only published result 
appears to be that of G. N. Watson (1915). The latter obtained a positive lower bound 
for po of the Mathiew equation by a classical method which did not extend to higher 
characteristic values. It is shown that the modern perturbation theory of operators in 
Hilbert space developed by Rellich and de Sz. Nagy (Comment. Math. Helv. vol. 19 
(1947)) yieldsexplicit lower bounds of the formp,2 Kn (K >0) in problemsof this type. 
(Received November 18, 1948.) 


177. G. E. Forsythe: A solution of the telegrapher’s equation with 
initial conditions on only one characteristic. Preliminary report. 


When conditions (c) and (ii) below are satisfied, the future motion in-a certain 
linearized model (due to Rossby) of non-divergent, plane atmospheric flow is uniquely 
determined by the present motion. We have the following unusual boundary-value 
problem with initial conditions on one characteristic: Let f(x) be a real-valued func- 
tion of bounded variation for —r Sx S~, such that: (a) f(-")=f(r), (b) f(x), 
= [f(x +0) +f(x-0)]/2, (c) JÆ f(x)dx =0. The problem is to define v(x, t) for —x Sx 
Sx and 0Si< œ% such that: (i) the telegrapher’s equation dWw/dxöt-+v/4 =0 is satis- 
fied for all #and almost all x; (ii) v(—x, t) =v(x, t); (iii) v(x, 0) = f(x). It is shown that 
the unique solution of the problem is given by v(x, #) = > Dae (Gn COS nu -bn Sin 84), 
where 3, =x+(/4n2), and where Gn, bn are the Fourier’s coefficients of f(x). A Green’s 
function is defined, G(x, #) = 2A (1/n)sin z,, and it is shown that v can always be 
represented by a Lebesgue-Stieltjes integral of G: v(x, 1) = (1/7) [7 G(x —u, i)df(u). 
A program is outlined to compute G(x, #) to three decimal places for x= —#(#/36)r 
and +=0(36)144, using 10-decimal-place calculating equipment. Computing G from 
the defining series would use about 92,000 terms and require about 26,500,000 multi- 
plications. Improvement of the convergence along lines suggested by Tamarkin re- 
duces the number of multiplications to about 12,000. The hardest feature of the pro- 
gram is to avoid exceeding 10-place machine capacity. (Received November 15, 1948.) 


178. Herbert Jehle: Nonlinear resonance and self-duplication of 
genes. 


The current view about self-duplication is that the macromolecules which a gene is 
composed of attract from the surrounding medium specifically those macromolecules 
which happen to be identical with the former ones. This selection is extremely ac- 
curate, and this phenomenon’s versatility which allows all kinds of genes and their 
mutants to self-duplicate is equally remarkable. The macromolecules are known to be 
rigid. Most of their thermal vibrations have so densely spaced quantum levels that 
they can be treated classically. Let “modes” be vibrations which are normal for very 
small amplitudes, Nonlinearity, that is, cubicand quartic coupling terms in the poten- 
tial energy, will make synchronization possible for seta of almost commensurable 
modes of a molecule. In other words, librational motion about definite phaserelations 
of a set of commensurable frequencies can occur, and therefore there will be a statis- 
tical preference for certain phaserelations. A pair of macromolecules interacts through 
electric dipole vibrations accompanying their mechanical ones. If the pair of funda- 
mental modes of a pair of identical macromolecules is inphase, then also the pairs of 
other corresponding modes are mostly inphase. This means a total interaction energy 
which can become larger than &T, and therefore almost exclusively inphase vibration, 
and sufficient attraction even at long range. (Received November 16, 1948.) 
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179. R. E. Langer: A note on the theory of vibration-rotaiton inter- 
action. 


The equation for the radial component F of the eigenfunction of a rotating har- 
monic oscillator is of the form d?F/dr3— [(r—1)3/402+E/aw,+HI+1)/r]F=0. The 
constant a is small, so that 1/a appears as a large parameter. } is an integer. The prob- 
lem is to determine the characteristic values of E for which the equation admits of a 
solution that vanishes both at r™0 and at r= œ., This requires special considerations 
of the solutions of the equation at the singular point r=0 and around the turning- 
point r=1. The characteristic E-values are determined to within terms of the order 
of a log æ, and the characteristic solutions are described in the various intervals of the 
range (0, ©). (Received November 13, 1948.) 


180. C. G. Maple: The Dirichlet problem: bounds at a poini for the 
solution and its derivatives. 


Synge has shown that the vector representation in function space of the solution 
of the Dirichlet problem must lie on a hypercircle in the function space. For a suitably 
defined free Green's vector, bounds for the scalar product of the solution vector and 
the Green’s vector are established by making use of this result and the fact that the 
metric of the function space is positive definite. This same scalar product is then ex- 
pressed in terms of certain calculable integrals and the value of the solution at a point 
by use of a well known harmonic mean value theorem. When these results are com- 
bined, bounds at a point interior to the region of definition of the problem for the 
solution are obtained. By a change in the definition of the Green’s vector, bounds at 
an interior point are established for the derivatives of the solution. When the region 
of definition of the problem is such that the bounding surface contains a plane por- 
tion, bounds at a point on this plane portion for the normal derivative are established. 
(Received November 15, 1948.) 


181%. George Pólya and Gabor Szegö: Approximations and bounds 
_ for the electrostatic capacity and for similar physical quanitites. 


This paper consists of eight chapters: 1. Definitions, methods and results. 2. The 
principles of Dirichlet and Thomson. 3. Applications of the principles of Dirichlet 
and Thomson to estimation of the capacity. 4. Circular plate condenser. 5. Torsional 
rigidity and principal frequency. 6. Nearly circular and nearly spherical domains. 7. 
On symmetrization. 8. On ellipsoid and lens. Besides bringing proofs for, and comple- 
ments to, some results announced elsewhere (especially Amer. Math. Monthly vol. 54 
(1947) pp. 201-206) the paper presents in a new form the second variation of certain 
important functionals when the domain varied is a circle or a sphere (chap. 6), gives 
new inequalities between torsional rigidity, principal frequency and the maximum 
inner radius of simply connected plane domains (chap. 5), brings extensive surveys of 
solved and open problems (chap. 1), and so on. (Received November 1, 1948.) 


1821. George Pólya and Alexander Weinstein: On the torsional rigid- 
ity of multiply connected cross sections. 


Of all multiply connected cross sections with given area and with given joint area 
of the holes, the ring bounded by two concentric circles has the maximum torsional 
rigidity. This theorem generalizes a statement due to de Saint-Venant, which has 
been proved recently by one of the authors jointly with G. Szegö. The same ‘method 
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is used in proving the present theorem in conjunction with a reshaping of the theory 
of torsion for multiply connected cross sections. (Received November 1, 1948.) 


1831. Eric Reissner: Note on compressibility corrections for subsonic 
flow past slender bodies of revolution. 


The relation between two-dimensional and axi-symmetrical compressibility cor- 
rections for flow past slender bodies, according to the linear perturbation theory, is 
examined for the problem of flow past a corrugated cylinder. A solution in terms of 
modified Bessel functions is obtained which contains as limiting cases both the 
Prandtl-Glauert correction and the Göthert correction and which moreover shows the 
nature of the transition from one to the other of the two limiting cases, In the present 
problem the form of the Göthert correction which previously has caused some discus- 
sion (see for instance W. R. Sears, Quarterly of Applied Mathematics vol. 5 (1947) pp. 
89-91) is obtained in particularly simple fashion. (Received November 5, 1948.) 


184i, Eric Reissner: On the theory of thin elastic shells. 


The present paper gives a self-contained formulation of the problem of finite sym- 
metrical deflections of shells of revolution. From this there is obtained by specializa- 
tion the small-deflection (linearized) theory. In the reduction of this latter theory to 
two simultaneous second order differential equations slight modifications of the known 
results are introduced, the advantages of which are indicated. From the equations of 
the small-deflection theory there is derived a simplified system of equations which 
applies for shallow shells. It is shown that the solutions of these simplified equations 
can be expressed in terms of Bessel functions for the class of paraboloidal shells of 
constant thickness and that solutions in terms of elementary functions are obtained 
for a practically interesting class of shallow shells of varying thickness. (Received 
November 15, 1948.) 


1851. H. E. Salzer: Formulas for numerical differentiation in the 
complex plane. 


Formulas are given for numerical differentiation of a complex analytic function 
f(s), where s=x-+iy. If k is the length of the square in the Cartesian grid, 3, =2)+-jh, 
differentiation of Lagrange’s n-point formula yields Af (s,)~ I, LM fl). (All 
expressions, such as L{?(j), are understood to depend upon n.) The summation is over 
the n fixed points x, which are chosen to lie, for each #, in a close configuration in 
the z-plane, resulting in better approximation to f(s) than the simpler method of 
choosing z, to lie equidistant on a straight line parallel to either the x- or y-axis. Exact 
values of L? (j) are given for the three- to nine-point cases, for obtaining all the deriva- 
tives f(z;), »=™1, 2, +++, #—1, at each of the r points z,. The computation was ex- 
pedited by two new formulas for EY Q), namely the recursion formula Le. G) 
=» [ALOG /p -LP (7) /G—R), for kj, and LË (j) =A, L°*(j)/(+1), for k=j. 
Here L™(j) =d’L(p)/dP”| p-, where L(p) = J], (P—j) and Aym1/ JI; (#-5) (Il; for 
all points j; IL for all points except j=k.) For configurations that are symmetric 
about the 45° ray, I HZ (c-Hd) /f’. (Received November 10, 1948.) 


186%. B. R. Seth: Bending of an elliptic plate with a confocal hole. 


The bending of an elliptic plate with a confocal hole subjected to uniform pressure 
and clamped at the edges is discussed. The numerical results obtained are compared 
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with those for a complete plate. It is found that the maximum deflection, Wm, occurs 
near the inner boundary. For the plate bounded by ellipses whose semi-axes are 
(1.6c, 1.249c) and (1.14c, 0.548c), it is found that W» is almost one-fifth the value for 
the plate complete up to the outer boundary. By making the minor axis of the hole 
vanishingly small, the interesting case of an elliptic plate with a crack can be treated. 
(Received November 16, 1948.) 


187. A. C. Sugar: An axiomatic development of classical mechanics. 
Preliminary report. 


In an earlier paper the writer gave a rigorous definition of dimensional number by 
set theoretic methods and, in terms of this concept, defined the notion of physical 
function. Employing this theory of physical number and function an axiomatic recon- 
struction of classical mechanics is made without a direct or indirect use of the notion 
of an actual infinitesimal. The laws of motion are formulated for bodies rather than 
particles thereby avoiding the usual pseudo-derivation of body dynamics from par- 
ticle dynamics. (Received December 16, 1948.) 


188. C. A. Truesdell: The kinematics of vorticity. I. 


This paper contains a general treatment of those aspects of the kinematics of con- 
tinuous media which bear on the vorticity of fluid motions. The presentation is in 
terms of vectorial and dyadic formulae, and full historical references are given. Sec- 
tion I contains necessary preliminaries regarding Lagrangian and Eulerian descrip- 
tions of the motion; rate of change formulae; line, surface, and volume integrals; 
trajectories and tubes. Section II contains an analysis of a general motion of a con- 
tinuous medium, in which the vorticity represents one part; vortex-lines, vortex-tubes, 
and various vorticity integrals are introduced. Section III is devoted to convection 
and diffusion of vorticity. These concepts are first introduced from a Eulerian view- 
point; then it is shown that their meaning can be fully clarified by a Lagrangian an- 
alysis, generalizing a result of Cauchy. The effect of the mechanism of diffusion upon 
the circulation, the vortex-lines, and the strength of the-vortex-tubes is analyzed in 
detail, both froma Eulerian and from a Lagrangian point of view. (Received Novem- 
ber 15, 1948.) 


189¢. Arthur Zeichner: Certain singularities of the compressibility 
equation. 

The author considers solutions of the compressibility equation, py_+/(n)ve9 =0, 
Mn) =—n+ ear Can”, n(M) being a regular function of the Mach number M which 
is regular at M=1; (X) =0. With the use of the integral operator method (see Berg- 
man, Amer. J. Math. vol. 70 (1948)), the behavior of multivalued solutions which 
possess a singularity on the line M=1 is investigated. Singularities at the point 
M =1, 0=0 for the simplified equation, that is, where /(n) =/*(n) = —n (Tricomi equa- 
tion), arealso considered. By setting f=f!/%, in the operator II(f) introduced by Berg- 
man ((4.11), loc. cit.) and applying the Kummer transformation for hypergeometric 
functions, the solution y = An(9?—4P/9)"YSF(1/6, 2/3, 4/3; (—4n*/9) (62 —4?/9)-!) 
+B(92 An /9)NSF(—1/6, 1/3, 2/3; (—4m/9) (0? —4P/9)-) is obtained. Here A and 
Bare constants, and F( - - - ) denotes the hypergometric function. Analogous expres- 
sions are obtained for f=}”/2, » positive integers. The fundamental solution, with a 
logarithmic singularity at Mo, 9, is derived for MoS1. (Received November 18, 
1948.) 
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GEOMETRY 5 


190. N. A. Court: Semi-inverse tetrahedrons. 


Two tetrahedrons (T)=ABCD, (T’)=A’B’C'D'’ whose corresponding vertices 
A, A’;- are pairs of inverse points with respect to a sphere (M) are said to be 
“semi-inverse” for (M). Among the properties of two such tetrahedrons the following 
may be mentioned. The two tetrahedrons correspond to each other in the homology 
(M, u, —1/c) having for center the center M of (M), for plane of homology the com- 
mon radical plane y of the sphere (M) and the circumspheres (0), (O’) of (T), (T°), 
and for constant of homology the negative reciprocal of the ratio c of the power of M 
for (O) to the square of the radius of (M). The circumcircles of two corresponding 
facea of (T), (T’) lie on a sphere whose center is the mid-point of the segment de- 
termined by the poles, for (M), of the two faces considered. The tetrahedral polar 
planes of M for (T), (T’) are coaxal with the plane x. The pedal tetrahedron of M for 
one of the two tetrahedrons (T), (7’) and the antipedal tetrahedron of M for the other 
are two semi-inverse tetrahedrons with respect to (M). (Received November 15, 1948.) 


191. Michael Goldberg: Rotors in a regular tetrahedron. 


_A rotor of a polyhedron is defined here as a convex surface (not necessarily 
spherical) which may be rotated through every possible orientation while keeping in 
continual contact with all the faces of the fixed polyhedron. The well known surfaces 
of constant width are rotors for the parallelepipeds which include the cube as a 
special case. This paper exhibits a class of rotors for the regular tetrahedron. These 
rotors are described by the polar tangential equation P=a-+b}2-+cm? where p is the 
distance from the origin to the tangent plane and J, m are the direction cosines of the 
normal to the tangent plane. Other geometric properties of these rotors are derived. 
(Received October 25, 1948.) 


192. A. J. Hoffman: On the foundaitons of inversion geometry. 


The author gives an autonomous development of inversion geometry over certain 
kinds of fields F, including the case in which F is the real numbers, The methods are 
lattice-theoretic, and the only undefined relations are incidence relations. Three 
equivalent forms of the “fundamental axiom” are considered (analogous, in projec- 
tive geometry, to the various equivalent statements of the fundamental theorem). 
Co-ordinates and the equations of circles and spheres are introduced synthetically, 
and the associated number field of the geometry is shown to be an ordered field F in 
which every positive number is a square. Contact is made with work of Gorn, Izumi, 
Pieri, and van der Waerden and Smid. (Received November 15, 1948.) 


1931. M. O. Reade: Generalizations to space of a theorem of Fédoroff. 


Fédoroff has shown that if f(z) is continuous in a bounded, simply-connected 
domain D, then a necessary and sufficient condition that f(s);be analytic in D is that 
Sfte-so)f()dxdy=0, the integration being over any disc D(z, r), with center Zo 
and radiusr in D (Rec. Math. (Mat. Sbornik) vol 41 (1934) p. 92). Generaliza- 
tions of the following type are proved in this paper. Let U;(s) = U,(x, y),j=1, 2, 3, be 
real-valued and have continuous partial derivatives of the third order in D. Then a 
necessary and sufficient condition that the functions U,(s) either (1) map D iso- 
thermically on a surface that lies on a sphere of finite non-null radius, such that circles 
are mapped on circles, or (2) be the coordinate functions of a minimal surface in iso- 
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thermic representation, is that }-}1 [//(s— 50) U;(z)dxdy]*=0, the integration being 
over any disc D(so, r) in D. This result is analogous toa result obtained by Reade and 
Beckenbach (Trans, Amer. Math. Soc. vol. 49 (1941) p. 354). (Received November 16, 
1948.) ; 


194. T. G. Room: Arithmetic of curves on certain surfaces. 


The transversal lines toa line, }, lying on a cubic surface, I, anda line, v, not on I, 
determine an involutory self-transformation L of I. The curve Li}, together with v, 
determines a new involutory transformation of II, and the 27 lines on II determine 
an enumerable family of transformations. These form a groupoid in which the product 
of any three members is a member. If curves c1, * ' * , Cs are taken as a base on I, 
then under L, the curves o become curves Le, expressible as Ic, where L is an in- 
volutory unitary matrix of integers. The matrices Z may be expressed both as prod- 
ucts formed from 8 basic matrices, and as sums of integer multiples of these 8, the 
integers being quadratic functions of 7 parameters. The matrices Z may be inter- 
preted as involutory collineations in [7], in which the base elements are a family of 
lines through a point W, and their polar [5]’s with regard to a quadric through W, and 
may thence be represented by an enumerable system of points in [6]. The figure 
formed by these points is an expansion of the figure of two perspective simplexes in 
[5] by which the 27 lines are ordinarily represented. (Received November 22, 1948.) 


1955. W. R. Utz: Almost periodic geodesics on manifolds of hyperbolic 
type. 


The manifolds considered are secured by the identification of congruent points 
(under a Fuchsian group) of certain Riemannian manifolds whose fundamental forms 
are defined on the interior of tbe unit sphere of Euclidean n-space. The principal 
theorem shows that almost periodic, nonperiodic geodesics exist on these manifolds 
when such geodesics exist on a companion manifold of constant negative curvature. 
In the case n =2, the almost periodic, nonperiodic geodesics on a class of manifolds of 
constant negative curvature are shown to be everywhere dense when the group em- 
ployed is of the first kind. The latter result is an improvement on an unpublished re- 
sult due to Marston Morse. (Received November 15, 1948.) 


LOGIC AND FOUNDATIONS 


196. Henry Blumberg: Conception of set; elimination of the para- 
doxes of set theory. 


This paper sets forth a conception of set—termed “genetic”—which, as the author 
submits, constitutes an appropriate solution of the problem of the set-theoretic para- 
doxes. This conception is close to mathematical experience, requires no apecial devices 
or new constructions, and permits a logically unimpeachable development of the 
salient points of Cantor's discoveries—in particular, of Zermelo’s theorem on the 
norma] order. The principal idea is to validate the concepts and modes of conceptual 
derivation which mathematicians had no hesitation in accrediting before the phe- 
nomenon of the paradoxes, and developing the implications of such validation. This 
ideas is supported by the fact that the set-theoretic paradoxes may be eliminated 
frontally; in other words, as the author shows, the paradox maker, in every case, com- 
mits an error in the argument allegedly establishing the paradox. Such direct refuta- 
tion is facilitated by the proposed genetic conception of set. This conception does not 
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fix once for all what a set is; a satisfactory conception of set cannot be expected to do 
this. Legitimate sets are derived from accredited sets by accredited associations; but 
the phrases “all legitimate sets” and “there exists a legitimate set” have no meaning. 
There is clarification, too, of the deficiencies of other proposed conceptions of set. 
(Received November 12, 1948.) 


197%. H. B. Curry: A theory of formal deducibility. 


This is a revision of a paper read in 1937 (Buil. Amer Math. Soc. Abstract 
43-9-325). The fundamental idea is to apply the inferential-rule methods of Gentzen 
to propositions relating to a formal system, so as to make a semantic analysis of the 
“compound” propositions formed from the elementary propositions of the system by 
the connectives of propositional algebra and predicate calculus. The new results re- 
late chiefly to extending these methods to include the classical as well as the in- 
tuitionistic approaches. When negation is introduced four types of system are con- 
sidered, namely: M, the minimal system (Johansson); J, the intuitionistic system 
(Heyting); K, the classical system; and D, a minimal system with excluded middle 
(Johansson), applicable when the underlying formal system is decidable. For each type 
of system there are three types of formulation called respectively L, T, H; the L 
formulation is like that so-called by Gentzen, T is Gentzen’s “natural” formulation, 
and H is a more orthodox calculus! Relations between these types of system and 
formulation are considered, including a generalization of the Glivenko theorem. The 
paper will be published in booklet form by the University of Notre Dame. (Received 
November 16, 1948.) 


198. H. B. Curry: The elimination theorem when necessity ts present. 


In the Notre Dame lectures on formal deducibility (see the preceding abstract) a 
proof of the fundamental theorem, called the elimination theorem (Genzen’s *Haupt- 
satz”), was lacking for the case of systems involving necessity. This hiatus is filled in 
the present paper. This enables the treatment of modal systems to be completed; and 
we now have relations between L, T, and H, formulations of propositional algebra just 
like those for non-modal systems. In particular the procedure gives a decision process 
for the Lewis system S4; however the relation of this procedure to those previously 
known for this system has not been investigated. The generalized form of the elimina- 
tion theorem so obtained leads to some simplifications in the previous theory, notably 
the connections between the LC (classical positive) and LA (intuitionistic positive) 
systems. (Received November 16, 1948.) 


1991. H. B. Curry: The permutability of rules in the classical infer- 
ential calculus. 


Suppose we have a rule theoretic system à la Gentzen with elementary statements 
of the form X, Xs, +++, Xn—Vi, Vs, +++, Yn. With reference to the rules of such a 
system we distinguish as parameters those X,, Y; which go over unchanged from 
premises to conclusion, as components those which appear in the premises but not in 
the conclusion, and as principal constituents those which occur in the conclusion only. 
Suppose the rules are such that the same parameters appear in all the premises, and 
that parameters can be added to and deleted from all premises and conclusion simul- 
taneously without destroying the validity of the inference. Then the following theorem 
is true: if a rule R, is followed by a rule Ry in such a way that the principal constituents 
for Rı are parameters for Rs, then the rules can be interchanged. This simple observa- 
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tion includes the strong form of the elimination theorem (“Hauptsatz”) which is 
valid in Gentzen’s system LK. In the system LJ it is not possible to add parameters 
on the right, and consequently a proof of the elimination theorem by this method 
breaks down. (Received November 15, 1948.) 


200. Marshall Hall: The decision problem for semigroups with two 
generators. 


Emil Post has shown (Journal of Symbolic Logic vol. 12 (1947) pp. 1-11) that 
the decision problem for semigroups is unsolvable. It is shown here that the decision 
problem for an arbitrary semigroup may be reduced to that for an appropriate semi- 
group with two generators. Hence it follows that the decision problem is unsolvable 
for semigroups with two generators. (Received December 14, 1948.) 


201. Ilse L. Novak: The relative consistency of von Neumann's and 
Zermelo’s axtoms for set theory. 


The system of axioms for class and set theory which was adapted from von Neu- 
mann’s by Bernays (Journal of Symbolic Logic vol. 2 (1937) p. 65) and Gödel (Con- 
sistency of the continuum hypothests, Princeton, 1940) differs from Zermelo’s (includ- 
ing the Aussonderungs- and Ersetzungs-axiome) by admitting classes (non-elements) 
as well as sets. In the present paper a model of the von Neumann-Bernays-Gödel 
system is constructed in the syntax of Zermelo’s. The syntax employed has axioms 
stating (i) certain basic signs and their combinations exist, (ii) quantification theory, 
(iii) induction on the length of formulas and (iv) identity theory may be used to de- 
rive metatheorems, (v) Zermelo’s system is consistent. The “e” of Zermelo’s system is 
reinterpreted as a syntactic relation between names of sets with help of a syntactically 
defined predicate which proves true of all Zermelo’s theorems and true of any two 
formulas if and only if true of their conjunction, and true of any formula if and only 
if not true of its denial. The construction turnson the fact that the well-ordering hy- 
pothesis is consistent with Zermelo’s system. The existence of this model shows von 
Neumann’s system consistent relative to this syntax of Zermelo’s system. (Received 
November 13, 1948.) 


202. Ernst Snapper and M. A. Zorn: On transfinite induction. 


A new mathematical proof for a variant of transfinite induction up to the first 
epsilon-number is given. The proof is (i) capable of generalization, (ii) of metamathe- 
matical interest. (Received November 16, 1948.) 


STATISTICS AND PROBABILITY 


203}. D. A. Darling: Note on a distribution. 


If Xi, X2,+ ++, Xs are positive independent identically distributed random vari- 
ables with the common continuous distribution F(x) and if X*=max (X,) we define 
Zum (Xi tXat +++ +X,)/X*. If ¢(x) is the density of X,, the characteristic func- 
tion of Z, is E(exp (##Z,)) =n(exp (t#)) to zrel) exp (sty)¢(yz)dy)*—1ds. The cases 
of practical importance where the X’s are distributed as x? with m degrees of freedom 
or as the range of m independent variables appear difficult to calculate explicitly. 
Certain limiting distributions are considered. (Received November 15, 1948.) 
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` 


1949] ` THE ANNUAL MEETING OF THE SOCIETY 301 


TOPOLOGY 
204. R. D. Anderson: A characterization of a certain class of sub- 
continua of the sphere. . 
Let M be a subcontinuum of a two-dimensional sphere Z. The author shows that 


in order that there exist an upper semicontinuous collection G of mutually exclusive . 


continua filling up M such that G with respect to its elements as points is topo- 
logically equivalent to 2, it is necessary and sufficient that there exist two uncountable 
collections Æ and F of mutually exclusive subcontinua of M such that each element of 
E intersects each element of F. Other results of a similar nature are obtained by the 
author. The above theorem can be applied to certain sums of two pseudo arcs in the 
plane. (Received November 15, 1948.) 


2054. R. D. Anderson: Concerning upper semicontinuous collections 
of continua in the sphere. 


A collection F of continua will be said to have the W property provided that if . 


Hı is any element of Fand x is any point of F*-—H, there exists a continuum Ha of F 
containing x and lying in F*—H,; and if y is any point of F* —H, — Hs there exists a 
continuum M; of F containing y and lying in F*—H,—H;: and if z is any point of 
F*— H,— H3— Hi, there existsa continuum Hof F containing sand lying in F*— H,—- Hr 
—H; and there exists a set E of six continua of F each containing exactly two of the 
continua Mı, Hz, Hy, Hy such that the common part of any two continua of E if it 
exists is one continuum of the set Hı, Hs, H; and Hy. Let M be a subcontinuum of a 
two-dimensional sphere £. The author shows that in order that there exist an upper 
semicontinuous collection G of mutually exclusive continua filling up M such that G 
with respect to its elements as points is topologically equivalent to Z it is necessary 
and sufficient that there exist a nondegenerate collection F of subcontinua of M cover- 
ing M having the W property. A V property is also defined with similar application. 
(Received November 15, 1948.) 


206. S. S. Cairns:“An elementary proof of the Jordan curve theorem. 


An elementary and relatively brief proof is given that a simple closed curve in the 
‘ plane determines two regions, one of which is a 2-cell. The argument is better adapted 
for presentation to a beginning graduate topology class than are other proofs known 
to the author. (Received November 9, 1948.) 


207. R. P. Dilworth: The space of normal functions. 


If f is a bounded real function on a compact Hausdorff space S, let f* and fs denote 
the upper and lower limit functions of f respectively. If (fa fs and (a)*=f*, then 
J is said to be normal. Let N(S) denote the set of all normal functions on 5. N(S) isa 
complete lattice under the partial ordering f* 2 gs. The following results are obtained: 
(1) N(S) is lattice isomorphic to the lattice of all real continuous functions on a com- 
pact Hausdorff space Tg; (2) Ts is extremally disconnected; (3) S is homeomorphic 
to a factor space of Ts; (4) Tg is essentially the minimal compact Housdorff space 
having properties (2) and (3). (Received November 18, 1948.) 


208. C. H. Dowker: Čech cohomology groups and the axioms. 
A definition is given for the Cech cohomology groups H*(X, A) of a topological 
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space X relative to a not necessarily closed subset A. Infinite coverings by open sets 
are used. With this definition it is shown that the Cech cohomology theory satisfies 
the Eilenberg-Steenrod axioms, including the homotopy axiom, for arbitrary pairs 
(X, A). (Received November 12, 1948.) 


209%. Marianne R. Freundlich: Banach spaces and group duality. 


It is shown that the apparent similarity of the Pontrjagin duality theorem for 
locally compact groups to the duality existing in reflexive Banach spaces is more than 
superficial, in the following sense: for reflexive Banach spaces considered as topo- 
logical groups the Pontrjagin theorem holds verbatim; that is, the character group of 
the character group of a reflexive Banach space B is topologically and algebraically 
isomorphic with B. The standard topologies are assigned to character groups. The 
proof makes use of results of Arens (Duality in linear spaces, Duke Math. J. vol. 14 
(1947) pp. 784-794) and Myers (Equicontinuous sets of mappings, Ann. of Math. vol. 
47 (1946) pp. 496-502). (Received November 15, 1948.) 


210. R. E. Fullerton: On a semt-group of subsets of a linear space. 


A semi-group of subsets of a space is defined to be a family 7 of subsets such that 
if Sı and Szare in F, then S\SE F. It is proved that if S isa subset of a linear space, 
closed in a certain weak sense and possessing an extreme point, then all translates of S 
form a semi-group only if S is a convex cone. (Received November 16, 1948.) 


211. V. G. Gorciu: Interior transformations in the case of uniform, 
non-meirizable spaces. 


Two uniform, non-metrizable compact spaces, A and B, are defined as neighbor- 
hood-spaces by assigning an indexed set of neighborhoods to every point. The set I of 
indices is directed, non-denumerable and has no last element. The following definitions 
are introduced: A property P, depending on an index a, is “of non-cofinal character” 
if and only if the set of indices satisfying that property is a non-cofinal subset of I. A 
point x jisa “limit point” of a directed set {xa} if and only if every neighborhood of x 
contains a cofinal subset of {xa}. Denote by P(«) the following property: For any £ 
there exists an « such that for any yEB and any zET-1(y), T| Vpl) ]D Vay). The 
following theorem can now be stated: In order that the continuous mapping T(A)=B 
be an interior transformation, it is necessary and sufficient that ~P be of non-cofinal 
character, This theorem can be regarded as an extension of a result of G. T. Whyburn. 
(Received December 9, 1948.) 


212¢. J. W. Green and William Gustin: On the direct sum of con- 
tinua. 

Let X be a real vector space of finite dimension n; and let a, (» denotes a variable 
index ranging over the » indices 1, + - - , n) be » linearly independent vectors in X. 
Consider n continua Q, in X, the continuum Q, passing through the origin and 
through a,. It is shown that every point x in the space X is of the form I, (&,0,+9,) 
where g, lies in Q, and the a, are integers. (Received November 16, 1948.) 


213. O. G. Harrold: Euclidean domains with uniformly abelian local 
fundamental groups. 


_ Let A bean arcwise connected subset of a topological space X. A group C(A, X) 
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is defined as follows, Closed paths in A are considered based at PA that are homo- 
topic in X to a commutator of paths in X. Classes of paths and multiplication of 
classes are defined as for the fundamental group. A local analogue of the fact that the 
commutator-quotient group of the fundamental group is the 1-dimensional homology 
group over the integers is given. If for each pCX and each neighborhood U of $ rel. 
A there is a neighborhood V of p rel. A such that for each component Vi of V, C(Vi, U) 
=0, A is said to have uniformly abelian local fundamental groups. Included in the 
results are the following. Let X be spherical n-space and A the complement of a closed, 
topological k-cell, k=1, 2,-++,. If A has the above defined property, m(A) is 
trivial. If A is the complement of a closed, totally disconnected subset and A has the 
above property, (A) is trivial. (Received November 15, 1948.) 


214. Edwin Hewitt: Functionals related to normal spaces. 


Results of F. Riesz, Kakutani, and Markov are extended to obtain the following 
theorem. Let X be any normal space and let C(X, R) be the space of all continuous 
real-valued functions defined on X. Let ¢ be any real-valued function defined on 
C(X, R) such that (1) $(f+g) =4(f) +4(g); (2) é(af) <ad(f), where a is any real num- 
ber; (3) f20 implies ¢(f) 20. Then there exists a measure ø on X such that all Borel 
sets are measurable and such that $(f) =/x fde. If X admits unbounded continuous 
real-valued functions, then the measure e is subject to certain strong restrictions, 
which are described. (Received November 12, 1948.) 


215t. E. J. McShane: Images of sets satisfying the conditions of 
Batre. 


Assume S(_%j, a topological space; Fa family of functions f with open domain Dy 
containing S and mapping open subsets of D, on open subsets of X3, a topological 
space. If S is of second category and satisfies the condition of Baire, and for each 
SoG F and each ED; at which S is of second category the aggregate of all inverse 
images of fo(xo) under all fC F is of second category at x, then there is a set So con- 
sisting of all of S except a set of first category such that the union of the (So) for fC F 
is open. The corollaries include and extend a number of known theorems on subgroups 
and semi-groups of topological groups, on additive mappings and on “mid-point-con- 
vex” sets and functions. (Received November 19, 1948.) 


216. W. S. Massey: Classification of mappings of an (n+1)-dimen- 
stonal space into an n-sphere. 


The problem of determining all homotopy classes of continuous maps of an (»-+1)- 
dimensional complex K into an n-sphere S* was solved by Steenrod (Ann. of Math. 
vol. 48 (1947) pp. 290-320). This solution made essential use of the fact that the 
homotopy group ran(S”) is cyclic of order two, a result due to Freudenthal and 
Pontrjagin. In this paper another proof is given of this homotopy classification 
theorem which does not require a knowledge of r—4i(S*). The fact that xa41(.5*) is 
cyclic of order two then follows as a corollary. The proof is based on an extension 
theorem of the following kind. Let X be a compact metric space of dimension <s+2, 
let A be a closed subset of X, and f:A—S” a continuous map. New operations are 
introduced which enable one to state necessary and sufficient conditions for the exist- 
ence of a continuous map F:X—Sr which is an extension of f. In case (X, A) isa 
simplicial pair, and f is a simplicial map, these new operations are effectively calcu- 
lable. The extension theorem is proved by an inductive procedure similar to that used 
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in the proof of the Hopf Extension Theorem by Hurewicz and Wallman (Dimension 
theory, p. 142). (Received November 13, 1948.) 


217. G. E. Schweigert: Basic invariance theorems for onto-trans- 
Jormations. 


It is well known that, for homeomorphisms, the closure (more generally P-hull), 
complement, union, intersection and certain limits of invariant sets are themselves in- 
variant. These are investigated in the setting f(M) =M (where f(x) is not necessarily 
a point); the theorems show a wide divergence in the assumptions needed to reach 
the desired conclusions. Some sample theorems: The P-hull of an invariant set is in- 
variant provided f and f~! preserve property P; AC f(A) implies the union of f*(A) is 
invariant; f continuous, B closed in a compact Hausdorff space and f(B)CB implies 
f(O) =II where II is the intersection; K=/\Ka, Ka invariant, implies f(R)CKX, but 
KCA(K) does not follow when f is interior. If L and / are limits superior and inferior 
for collections of invariant sets, then f(L) =L and f( CL} follow the usual assumptions, 
but }Cf() does not. The corresponding statements for strong invariance, namely 
f(A) =A, show better resemblance to the homeomorphism case. The results are, in 
general, rich enough to invite an interesting “orbit-theory.” (Received November 6, 
1948.) $ 


218. G. T. Whyburn: Expansive mappings. 


Let A and B be locally connected generalized continua and let f be a mapping 
(=continuous transformation) of A into B. Then f is expansive provided A is the union 
of a strictly monotone increasing sequence [Rs] of conditionally compact regions, 
that is, R«C_ Rays, such that if F,=f[F(R,)] where F(R.) denotes the boundary of Ra, 
any compact set in B intersects at most a finite number of the sets Fa. Also f is strongly 
interior or open provided the image of every open set in A is open in B. A non-constant 
entire analytic function (which is always strongly interior) is expansive provided that 
for some sequence of circles |3,| =ra with ra—> œ we have minjelrm |f(#)|>© and a 
converse holds if we use simple closed curves. Non-constant entire functions of order 
less than 1/2 are thus expansive. If f is strongly interior and expansive, it maps A 
onto B; and, indeed, either for each zB, f-1(z) is compact and nonempty or else for 
each © B, f-1(s) is non-compact and thus infinite. A mapping of A onto B is expansive 
if and only if each component of the inverse of a continuum in B is compact. (Received 
October 1, 1948.) 


219%. G. T. Whyburn: Quasi-interior mappings. 


A mapping f of one locally connected generalized continuum A into another one B 
is quasi-intertor provided that for any yCf(A) and any open set U in A containing a 
compact component of f(y), y is interior rel. B to f(U). A mapping is quasi-interior 
if and only if for each region R in B, each conditionally compact non-empty com- 
ponent of fR) maps onto R under f. There exist quasi-interior mappings which pre- 
serve neither local compactness nor local connectedness. If the sequence of quasi- 
interior mappings of A into B converges to the mapping fon A, the convergence being 
uniform on each compact set in A, then f is quasi-interior. Product and factor theorems 
are also established. Clearly every strongly interior mapping is quasi-interior and 
every light quasi-interior mapping is strongly interior. Also, in case A is compact as 
well as locally connected and connected, the property of quasi-interiority of a map- 
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ping turns out to be the same as quasi-monotoneity as defined originally by A. D. 
Wallace. (Received October 1, 1948.) 


2204. G. T. Whyburn: On compact mappings. 


A study was made of mappings f(A) =B (A and B separable metric) having the 
property that the inverse of any compact set in B is compact. This property is equiva- 
lent to the mapping being closed and having compact point-inverses. Upon completion 
we learned that Vainstein had recently studied mappings having the latter property, 
calling them compact mappings. Thus we adopt his term and report some of our re- 
sults that do not seem to duplicate his. If f(A) =B is compact, for any yCB and any 
open set U in A containing f(y), y is interior to f(U). Thus local compactness and 
local connectedness are invariant under compact mappings. If f is compact and mono- 
tone, the inverse of every connected set is connected; thus f is strongly monotone, that 
is, the inverse of a continuum is a continuum. If A is a locally connected generalized 
continuum, for a monotone mapping on A, the properties of compactness, strong 
monotoneity and quasi-interiority are equivalent. Compact mappings have the group 
property and however a ‘compact mapping be factored continuously: f=fafı, both 
factors are necessarily compact. Any two monotone light factorizations of a compact 
mapping are topologically equivalent. Such factorizations always.exist (as remarked 
also by Vainstein). Other product and factor theorems are obtained. (Received 
October 1, 1948.) ` 


J. W. T. Younes, 
Associate Secretary - 
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APPENDIX 
EXCERPTS FROM REPORT OF TREASURER 
December 22, 1948 
To THE BOARD OF TRUSTEES OF THE l 
AMERICAN MATHEMATICAL SOCIETY 
Gentlemen: 


I have the honor to submit herewith the report of the Treasurer for 
the fiscal year ended November 30, 1948, with certain pertinent com- 
ments. 


Invesiment Portfolio 


On November 30, 1948, the market value of securities held for 
Invested Funds exceeded book value by $2,789, but the market value 
of securities held for Current Funds was less than book value by 
$1,626. On the whole portfolio, the market value therefore exceeds 


" book value by $1,163. This showing is less favorable than in recent 


years because security prices have declined considerably in the last 
quarter of the fiscal year. Nevertheless, reserves held in accounts 
“Reserve for Investment Losses” ($4,386) and “Profit on Sales of 
Securities” ($18,174) may still be considered adequate protection 
against contingent depreciation in market value. 
The following is a summary of the changes in security holdings 
made during the year. 
Acquired 
$5,000 - U. S. Treasury 2s 1954-52 
75 shares Consumers Power Co. com. pfd. $4.52 
100 shares Continental Oil Co. com. 
3 shares Texas Co. com. 
200 shares Union Carbide and Carbon Corp. cap. 
1 share Standard Oil Co. of New Jersey cap. 
Sold 
$5,000 U. S. Treasury 2 1/2s 1972-67 
100 shares Union Carbide and Carbon Corp. cap. 
200 shares Consolidated Edison Co. of New York Inc. com. 
20 shares Texas Co. com. 
50 shares Timken Roller Bearing Co. cap. 
1 share Standard Oil Co. of New Jersey cap. 


The investment portfolio, valued at market November 30, 1948, 
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now includes Government bonds 36.3 per cent, other bonds 8.1 per ` 
cent, preferred stock 15.4 per cent, common stock 35.0 per cent, cash 
in savings banks 5.2 per cent. 


Income from Investmenis 


Income received during the year from investment of Current Funds 
amounted to $2,717. This represents a return of 3.0 per cent computed 
on average book value of investments. Income on Invested Funds 
amounted to $8,437, representing a return of 4.3 per cent. Total in- 
vestment income from all sources was $11,154, representing a return 
over 3.9 per cent. These rates of return are higher than in 1947. 

Income from the Henderson Estate was $4,990; in 1947 it was 
$4,850. 


Changes in Net Assets 


Net assets increased by $3,756 during the year. That this showing is 
somewhat better than had been anticipated is to be attributed prin- 
cipally to record-breaking sales of publications, to receipts from dues 
and initiation fees amounting to $3,000 more than estimates, and to 
increased yield from investments. Included in receipts is the sum of 
$1,000 from the estate of J. K. Whittemore. Navy Contract N7 onr 
429 provided $22,500 to cover editorial expenses of Mathematical 
Reviews for June 20, 1947 through October 20, 1948. About $7,000 
more will be received under this contract before it expires in March, 
1949. Without this item, net assets would have shown a decrease of 
nearly $19,000. 

Included in assets is the sum of $480 due the Society under Navy 
‘Contract N8 onr 553 for translation of papers from the Russian and 
other unfamiliar languages. It has seemed advisable thus to treat 
expenses paid by the Society and billed under this contract, although 
it is not our present practice to list other accounts receivable as assets 
nor accounts payable as liabilities. 

During the year the account for International Congress was re- 
stored to active status by direction of the Board. 


Decrease in Surplus 


Surplus account shows a decrease of $5,349, somewhat less than in 
1947. During the year it was necessary to transfer $10,000 from Sur- 
plus to Colloquium account in order to pay for the heavy volume of 
printing and reprinting currently under way. 

It should be noted also that Surplus account reflects the dues and 
initiation fee income resulting from continued rapid growth of mem- 
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bership, as well as the additional income resulting from the new 
dues rates that became effective on January 1, 1948. 


Increase in Inventory 


In interpreting the report and the preceding remarks, cognizance 
should be taken of the unusual situation with regard to inventory. 
Because change in inventory tends in normal years to be relatively 
small and quite steady, it has not been the practice of the Society to 
include an inventory account in financial statements. On December 1, 
1947, stocks of books were unusually low. During the year, printing 
expenses for Colloquium account amounted to $25,500. For 1941- 
1947 inclusive they totalled only about $14,000. A study has there- 
fore been made of the change in inventory of books, not including 
periodicals, resulting from the year’s activities. It appears that, valu- 
ing inventory at prices to members and allowing for handling charges, 
there was an increase in inventory from about $11,000 at the begin- 
ning of the year to about $37,000 at the end. No corresponding study 
was made for periodicals, but it is probable that there was some in- 
crease here also. This increase to a considerable extent balances the 
above mentioned somewhat disturbing change in net assets. For, 
while to some extent the financial soundness of the Society depends 
on the time required to reconvert inventory into cash, the current 
volume of sales is, as already noted, very high, so that there is no 
immediate cause for anxiety in the increased inventory. 

At the same time it is necessary to be watchful that suitable sources 
of income are obtained to cover the steadily rising costs for the Bulle- 
tin, Transactions, and Mathematical Reviews, and for salaries. 

In concluding this last letter of transmission which I shall have the 
privilege of writing, it may be helpful to givea brief indication of the 
tremendous growth of the Society during the past eleven years as re- 
flected in its finances by citing side by side, without comment, a few 
figures from the Treasurer’s reports for 1937 and for 1948. 


1937 1948 
Income 

Dues and Initiation Fees—Individuals $14,500 $31,700 
Dues— Institutions 6,400 9,600 
Investment Income 4,300 16,100 
Total Income Excluding Income from Sales 

of Publications $26,800 $ 84,200 
Sales of Publications 9,700 51,400 


Total Income $36,500 $135,600 
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Expenses 
General Expenses—Offices, Officers, Salaries, 
Etc. $ 14,400 $ 54,300 
Printing 14,200 75,200 
Total Expenses $ 31,200 $132,000 


Total Assets (Not Including Inventories) $130,800 $286,900 


Finally, may I be permitted to express here the pleasure and satis- 
faction which have accompanied the work of the treasurership during 
my rather long tenure, and which have resulted from the unfailing 
and cordial cooperation of the other officers and of the employees of 
the Society. Especially has the work of Miss Evelyn M. Hull as 
Office Manager been indispensable, for without her excellent judg- 
ment and thorough familiarity with all the details of the finances, 
the difficulties of the treasurer would have been nearly insuperable. 

And to the members of the Board, past and present, I offer sincere 
gratitude not only for the joy of working together but for their re- 
peated expressions of personal appreciation. 


Respectfully submitted, 
BENNINGTON P. GILL, 
Treasurer 
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BALANCE SHEET 


November 30, November 30, 





1948 
Assets 
CURRENT FUNDS 
Cashst: seanar te a eh $ 16,292.01 
Account Receivable from United States Government 480.21 
Investments... 2.6... cece e ee seres > A 77,500.19 
$ 94,272.41 
INVESTED FUNDS 
Cash asin eA aa ty ee ee $ 531.01 
Investments. au. re ans an 192,102.21 
$192,633.22 
TOTAL ASSETS...... cece ee ernennen $286,905.63 
Liabslities 
‘CURRENT FUNDS: 
Mathematical Reviews...... 0.0... ccc cee eee eeeee $ 13,992.32 
Colloquium... o.o... ooeec ee N 10,813.01 
Mathematical Surveys..........0. 200k cece eee 3,787.21 
Symposia on Applied Mathematics.... .... . .. 2,595.25 
_ Birkhoff Memorial Project. ...... 2222220. . 3,131.68 
International Congress... ........ 0.2. e cece we 5,484.84 
. Committee on Aid-to Devastated Libraries. ...... 128.96 
Policy Committee..... 2... cece eee cece eee eens 97.64 
Prize Funds and Other Special Funds Accumulated 
Income. ese e cece center e etter centr aa 8,238.39 
Reprinting Funds.. ......2reerseeeeeenernn 6,847.71 
Sinking Fund... aaeeeo 1,156.05 
Profit on Sales of Securities........ - 2,032.98 
Miscellanenus.......22.22 cece cece eee ce tenes 617.50 
Sutpltis vis wissen seated ea ee RAEE 35,348.87 
$ 94,272.41 
INVESTED FUNDS: 
Endowment Fund Principal. ............ .... . $ 71,000.00 
Prize Funds and Other Special Funds...... ... i 33,033.22 
Life Membership and Subscription Reserve.. .... 3,073.09 
Mathematical Reviews.........cceeeeeee oo sen 65,000.00 
Colloquium..... 00. cece eee cece ene rennen 
Reserve for Investment Losses . 4,385.89 
Profit on Sales of Securities....... ; 16,141.02 
$192,633.22 
TOTAL LIABILITIES. .... 0 1c eee neces eens $286,905.63 





1947 


$ 16,315.50 
70,559 .50 


— 


$ 86,875.00 
$ 1,287.90 

194,987.15 
$196,275.05 


$283,150.05 





$ 1,897.50 
11,708.12 
3,734.70 
2,700.00 
3,061.68 
6,413.49 
1,320.50 


300. 
40,697. 


$ 86,875.00 


$ 71,000.00 
32,033.22 
3,407.61 
65,000.00 
5,000.00 
4,385.89 
15,448.33 


$196,275.05 


$283,150.05 
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SUMMARY STATEMENT OF INCOME AND 

















EXPENDITURES 
1947-1948 
1948 
Disburse- 
N Receipts ments 
GENERAL RECEIPTS: 
Dues—Ordinary Memberships . $29,120 
Dues—Contributing Memberships 712 
Dues—Institutional FE. 9,582 
Initiation Fees 1,880 
Investment Income. 11,953 
Miscellaneous.... . - 191 
GENERAL DISBURSEMENTS 
Secretarles $ 13,395 
Treasurer. 1,182 
Libranan... 2,132 
Committee Expense ........ 831 
Editorial Office Expense.. ... ve 2 cause eee coe 736 
Office Remodeling. 55 
Furniture and Fixtures 750 
Miscellaneous 103 
Total $53,438 819,184 
Excess of General Receipts ..... ecssss 0 ae $34,254 
PUBLICATIONS: 
Bulletin . : $4,318 $ 23,950 
Transactions pa ou dried eh 8,647 15,490 
Bulletin and ‘Transactions Hack Volumes. 6,156 5,474 
Mathematical Reviews . 46,641 34,546 
Colloquium Publications 22,471 28,366 
Mathematical Surveys. . 263 211 
Semicentennial Publications . 114 2 
Proceedings Symposla on Applied Mathematics 105 
Birkhoff Papers . $ Ee woke 70 
Annals of Mathematics 5 aa AOE 
American Journal... 
Total ie $88,680 $110,144 
Excess Cost of Publications... .... ..... $ 21,464 
OTHER: 
Policy Committee for Mathematica .. $ 675 $ 577 
International Congress. . 929 
Prize and Other Special Funda AR 2,390 
Committee on Aid to Devastated Tabraries. , 20 1,212 
Profit on Sales of Securities 6.0.6... cee een 1,743 
Miscellaneous 317 
Appropriations 
Policy Committee... nu ue eee nn 39 500 
Mathematical Reviews $ bd 1,000 
Colloquium.........6. 0. aed 10,000 
Symposia on Applied Matbematłes, ana ie 
Committee on Ald to Devastated Libraries. 
Mathematical Survey8.......... reee 
Total „ec dieis uis . $5,184 $ 14,218 
Difference $ 9,034 
Net Change in Assets..... $ 3,756 
ASSETS BEGINNING OF YEAR... © wees sees $283,150 
ASSETS END OF YEAR. ... 2000 knee c cece ne soresssso $286 ,906 
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1947 

Disburse- 

Receipts menta 
$21,628 
932 
8,012 
1,195 
11,056 
288 

$11,301 

1,470 

1,478 

305 

609 

65 

$43,111 $15,228 
$27,883 

$3,180 $21,940 

7,398 13,065 

2,363 1,978 

19,818 25,310 

8,135 5,923 

2,489 SSi 

93 9 
2,700 

3,225 164 

1,000 

2,250 

$49,401 $72,190 

$22,789 

2 

$ 1,500 82,45, 
95 
2,257 

2,068 748 
1,904 
141 

1,000 

2,700 

1,500 

4,000 

$ 7,965 $10,404 

$ 2,439 
$ 2,655 

$280,495 


BOOK REVIEWS 


Finite differences and difference equations in the real domain. By Tom- 
linson Fort. London, Oxford University Press, 1948. 7+251 pp. 
$8.00. 


‘The subject-matter of this book, as the title indicates, falls into 
two'general categories; roughly half of the book is devoted to each of 
them. 

In the first category, finite differences, are the following topics: 
difference operators and their elementary properties; the problem (in 
its most elementary form) of the sum of a function; the Bernoulli 
polynomials and numbers, and the Euler-Maclaurin and Euler sum- 
mation formulas, and generalizations of all these concepts (the 
method of generalization is a brief and very inclusive one due to the 
author); numerical differentiation; interpolation formulas; numerical 
integration. ' 

The second category, difference equations in the real domain, is 
made up almost exclusively of topics in the theory of the linear recur- . 
rent relation, that is, of the linear difference equation where the do- 


- -main of the independent variable is a set of tntegers. The section of 


the book devoted to these topics consists in large part of published 
and unpublished research work of the author. For the homogeneous 
nth-order linear recurrent relation the concept of fundamental system 
of solutions is studied, and for the nonhomogeneous equation the 
method of variation of constants is described; special techniques for 
the case of constant coefficients are treated. Study is made of the 
question of the number of linearly independent solutions of that dif- 
ference system which consists of a linear recurrent relation together 
with » linear boundary conditions, and the concept of a Green's func- 
tion for an incompatible system is introduced. 

For the second order linear recurrent relation, with coefficients de- 
pendent on a parameter, a Sturm-Liouville theory is developed. The 
manner in which the rapidity of oscillation of the solutions varies with 
the parameter is studied; the existence of characteristic values and 


. characteristic functions is proved; the orthogonality of characteristic 


functions (orthogonality defined in terms of finite sums instead of 
integrals) is shown; and the expansion of an arbitrary function in 
terms of characteristic functions is obtained. Application is made to 
the problem of the vibration of a mass-less string loaded with n parti- 
cles, and the vibration of a material string is studied as a limiting 
case. For second-order recurrent relations with periodic coefficients 
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the question of the existence of periodic solutions is considered in it- 
self and also in connection with the Sturm-Liouville theory. In addi- 
tion the problem of the existence of unbounded solutions is treated. 

One chapter of the book is devoted to the finite analogue of the 
calculus of variations; a necessary condition analogous to the Euler 
equation is derived, and sufficient conditions are obtained also. 

The final chapter provides a very brief summary (totalling only 14 
pages) of some topics in the theory of linear difference equations with 
continuous independent variable. Among these topics are the gamma, 
digamma, trigamma functions, and so on, the Nörlund sum, and the 
adjoint equation. 

This book is a welcome addition to the literature. In the first place, 
its presentation of the elements of the calculus of finite differences, 
being compact and clean-cut, and augmented by numerous exercises, 
makes it a serviceable and attractive text for a course in finite differ- 
ences on about the first-year graduate level. In the second place, its 
treatment of the theory of linear difference equations emphasizes 
various interesting aspects of which there has been hitherto no uni- 
fied account. 

WALTER STRODT 


The differential geometry of ruled surfaces. By Ram Behari. (Lucknow 
University Studies, no. 18.) Lucknow University, 1946. 94 pp. 


This book is the basis of a series of Extension Lectures on The 
differential geometry of ruled surfaces in euclidean space of three dimen- 
stons, delivered by the author at the Lucknow University during 
1942. 

It is a concise and comprehensive survey of the differential geom- 
etry of ruled surfaces including ample references to the literature of 
the subject. The notation adopted is that of ordinary cartesian co- 
ordinates as used by Forsyth in his Lectures on the differential geom- 
etry of curves and surfaces, and by L. P. Eisenhart in his Differential 
geometry, Boston, 1909. 

The book consists of six chapters. The first three form an introduc- 
tion to the subject and the last three contain the investigations of 
the author. 

The first three chapters are concerned with the standard theory of 
ruled surfaces. Chapter IV is devoted in the first part to the de- 
termination of ruled surfaces whose curved asymptotic lines can be 
found by quadratures. This problem has also been studied by Picard, 
Buhl, Goursat, Srinivasiengar, Hayashi. A systematic study of the 
osculating quadrics of a ruled surface is developed. The following new 
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geometric meaning of Laguerre’s function L’ (see Weatherburn, 
Differential geomeiry of three dimensions, vol. 2, p. 139) is given: The 
vanishing of L’ along a curve on a surface is the condition that the 
osculating quadrics Q of the ruled surface formed by drawing normals 
to the given surface along the curve be equilateral (three generators of 
Q are mutually orthogonal). This fourth chapter is concluded with the 
discussion of four new theorems concerning ruled surfaces with equi- 
lateral osculating quadrics. 

Chapter V begins with the theory of applicability and continuous 
deformations of general surfaces. The famous theorem of Gauss and 
the problem of Minding are discussed. The general problem of infini- 
tesimal deformations of surfaces, which has been developed by 
Goursat, Darboux, Haag, is considered together with applications to 
ruled surfaces. Some theorems of Bonnet and Beltrami relating to the 
applicability of ruled surfaces are proved. A new invariant is ob- 
tained under any deformation of a ruled surface into a ruled surface. 

Chapter VI deals in the first part with the general theory of a 
rectilinear congruence. The differential geometry of the ruled surfaces 
of the congruence through a fixed ray L is developed. Various proofs 
are given of the theorem of K. Ogura that repeated applications of 
forming the jacobian with respect to the differentials, starting with 
Sannia’s two quadratic forms f and ¢, lead only to five distinct 
families of ruled surfaces through a line Z of the congruence. 

In the second part of Chapter VI applications are made to normal 
congruences of lines. In a general rectilinear congruence there are œ? 
ruled surfaces with equilateral osculating quadrics, but only œ! in a 
normal congruence. 

In the third and final part is studied the pitch p at a ray of a pencil 
of the congruence. This is the curvilinear integral p= feRdr, where R 
is the unit vector parallel to the ray through the point of a simple 
closed curve C whose position vector is r and where C is on the di- 
rector surface S through the ray L. This was first studied by E. 
Cartan. The following three theorems which reduce to the corre- 
sponding theorems of Malus-Dupin, Beltrami, Ribaucour by letting 
p=0, so that the congruence becomes normal, are established. 

I. The pitch at a ray of a pencil of the congruence formed by the 
incident rays remains unaltered by refraction except for a factor 
which is equal to the ratio of the refracting indices of the two media. 
The pitch associated with the congruence formed by incident rays re- 
mains unaltered by reflection. 

II. If the surface of reference S be deformed in such a way that the 
direction of the lines of the congruence with respect to S be un- 
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changed, then the pitch p is unaltered. 

III. If tangent planes be drawn through the rays of a congruence 
of any surface, the pitch p remains unaltered if the surface be de- 
formed in any manner carrying the rays in its tangent planes. 

Also is discussed the limiting value of the pitch, dp/do, which has 
interesting applications, in particular to the Anormalita of Levi- 
Civita. 

This book is very readable and can be easily understood by any 
student who has had a first year course in Differential Geometry. In 
the opinion of the reviewer, this is a worthwhile addition to the li- 
brary of any one who is interested in the classical theory of surfaces. 


Joan DeCicco 


Methods of algebraic geometry. By W. V. D. Hodge and Daniel Pedoe. 
Cambridge University Press, 1947. 8+440 pp. $6.50. 


This work by two disciples of H. F. Baker naturally retains some of 
the flavor of the latter’s Principles of geometry; but in keeping with 
the modern trend it is more algebraic and less geometrical. The spirit 
of the book is indicated by the fact that there is no mention of order 
or continuity. The first four of the nine chapters are concerned with 
algebraic preliminaries, chiefly in preparation for vol. II, and are so 
clear and concise that they would serve very well as an introduction to 
modern algebra, quite apart from their application to geometry. The 
topics treated in this part include groups, rings, integral domains, 
fields, matrices, determinants, algebraic extensions, and resultant- 
forms. The theory of linear dependence is developed without assum- 
ing commutativity of multiplication, and there is a neat algebraic 
treatment of partial derivatives and Jacobians. 

Analytic geometry of projective n-space is taken up in Chapter V. 
A point of right-hand projective number space is defined as a set of 
right-hand equivalent (n-+1)-tuples of elements of a given field, not 
necessarily commutative; and right-hand projective space is defined 
as a set of elements which can be put in one-to-one correspondence 
with the points of such a number space by means of any one of a cer- 
tain set of “allowable” coordinate systems. A linear subspace is de- 
fined as the set of points which are linearly dependent on k+1 
linearly independent points; and the Propositions of Incidence fol- 
low readily. The notation of Möbius’ barycentric calculus, as de- 
veloped by Baker, arises naturally at this stage, and is used in prov- 
ing Desargues’ Theorem for coplanar triangles. Quadrangular con- 
structions are given for the points O+U(a+ß) and 0+ Uof as de- 
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rived from points O, U, O+U, 0+ Ue and O+ UZ, and it is shown 
that Pappus’ Theorem is equivalent to the commutative law aß=ßa. 
In all such work, great care is taken to deal with all the special cases 
that may arise when points with different names coincide. 

Chapter VI is an interlude on synthetic geometry, where linear 
spaces and incidence are primitive concepts, and the Propositions of 
Incidence are axioms. After constructing F. R. Moulton’s non- 
Desarguesian plane geometry, the authors introduce Desargues’ 
Theorem as an extra axiom to be used when the number of dimensions 
is only 2. A projectivity is defined as a product of perspectivities, 
and it is proved that any such chain of perspectivities can be reduced 
to as few as three. This is always an awkward piece of work, and the 
present version is as neat as any. (§§4 and 5 could perhaps have been 
shortened by first proving the uniqueness of the sixth point of the 
general quadrangular set.) The algebra of points on the projective 
line is developed in the manner of Veblen and Young, but with some 
improvements of detail. Homogeneous coordinates in » dimensions 
are introduced in a way that most ingeniously avoids any appeal to 
the Fundamental Theorem. Then various restrictions are considered. 
Pappus’ Theorem is taken as a ninth axiom, and Desargues’ Theorem 
is deduced from it as in Baker’s Introduction to plane geometry (Cam- 
bridge, 1942, p. 26). Finite geometries are ruled out by a tenth axiom 
to the effect that a parabolic projectivity cannot be periodic. 

Chapter VII contains an elegant exposition of Grassmann co- 
ordinates, generalizing the familiar properties of line-coordinates in 
3-space. In the two final chapters, collineations and correlations are 
defined as linear transformations and are classified with character- 
istic thoroughness. The chapter on correlations is particularly valu- 
able, as the authors have not shirked the formidable task of enumerat- 
ing the various canonical forms for n dimensions. This last chapter 
also brings into prominence the skill of the compositors of the Cam- 
bridge University Press, which is to be congratulated on producing 
such a fine book in these difficult times. 

H. S. M. Coxeter 


Set functions. By Hans Hahn and Arthur Rosenthal. The University 
of New Mexico Press, 1948. 9-+324 pp. $12.50. 


When Hans Hahn died in 1934, he left manuscripts for the second 
volume of his treatise on real function theory. Arthur Rosenthal has 
now completed and edited that part of the work which deals with the 
theory of measure. This book gives a scholarly presentation of the 
foundations of the subject, taking account both of the theory of 
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completely additive functions on o-fields and of the theory of 
Carathéodory. 

The first chapter deals with the basic properties of additive and 
totally additive set functions, zero sets and complete fields, and the 
decomposition into regular and singular parts. Chapter II is de- 
voted to the Carathéodory theory of measure. Special attention is 
paid to regular measures, and to n-dimensional Lebesgue measure. In 
the third chapter the author discusses the properties of measurable 
functions and sequences of such functions. The theory of integration 
is developed in Chapter IV by characterizing the indefinite integral 
as a new measure satisfying certain inequalities. A discussion of the 
approximation of integrals by sums, some mean value theorems, and 
convergence theorems, is followed by a section on product measures 
and the Fubini theorem. The last chapter deals with the Vitali cover- 
ing theorem, the differentiation of measures and interval functions, 
and some applications to density and approximate continuity. 

The book is carefully written and systematic. The proofs are given 
in great detail, a fact which may help many who wish to become 
acquainted with the fundamentals of measure theory. 


HERBERT FEDERER 


Sur les groupes classiques. By Jean Dieudonné. (Actualités scien- 
tifiques et industrielles, no. 1040; Publications de l'Institut de 
Mathématiques de l’Université de Strasbourg. VI.) Paris, Hermann, 
1948. 82 pp. 


The main purpose of this little book is to obtain the structural 
properties of the classical groups which can at present be obtained 
by purely algebraic methods. By skillful organization, complete 
mastery of his subject, and constant adherence to the “conceptual” 
point of view so fruitfully introduced into linear algebra in modern 
times, the author achieves this purpose with simplicity, efficiency, and 
elegance. The results are, with some exceptions, either old ones (to be 
found in the pioneering works of L. E. Dickson), or extensions of old 
ones to more general situations. But the long complicated matrix 
computations of the older literature, in which the ideas are fre- 
quently buried beyond recall, are here almost entirely replaced by 
conceptual arguments expressed in geometric language which brings 
out for inspection the intuitive geometric motivation in the proofs. 

The classical groups are the full linear groups GL,(K), the sym- 
plectic groups Sp,(K), the orthogonal groups O,(K, f), and the uni- 
tary groups U,(K, f). The full linear groups over an arbitrary skew 
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field K have been previously treated by the author (Bull. Soc. Math. 
France vol. 71 (1943) pp. 27-45), and therefore are not considered in 
the present book. The symplectic and orthogonal groups are defined 
over a completely arbitrary field K, and the unitary groups either 
over a separable extension K of degree 2 over an arbitrary field or 
over a non-commutative skew field K possessing an involutorial anti- 
automorphism. Most of this great generality comes gratis with the 
proofs; but a large proportion of pages is required to clear up certain 
“marginal” cases (characteristic 2, fields with 3 elements, and so on). 

The symplectic groups prove to be the easiest. A bilinear form f 
on a vector space E of dimension n over K is alternating if f(x, x) =0 
identically; the rank of such an f is always even. Given such a form 
of rank n (so that n=2m), a linear transformation « of E onto E is 
symplectic if f(ux, uy) =f(x, y) identically; the group of all symplectic 
transformations of E is Sp,(K). It is always possible to reduce to the 
case f(x, y) = Ir (Emmsi— Em) by choosing a suitable base of E; 
therefore up to isomorphism Sp,(K) does not depend on the par- 
ticular choice of the alternating form f. The structure of Sp,(K) 
is determined by proving: (a) the center of Sp,(K) consists of the 
identity transformation T and —/ (easy); (b) except when K has 2 
elements and n=2 or 4, or when K has 3 elements and n =2, the fac- 
tor group of Sp,(K) by its center is simple. The proof of (b) largely 
depends on the one hand on the fact that Sp:(K) is identical with 
the unimodular group SIs(K) which, by the author’s above-men- 
tioned paper on GLa(K), is known to be simple modulo its center 
except when the number of elements in K is 2 or 3, and on the other 
hand on the author’s theorem that every symplectic transformation 
is a product of symplecttc transvections, that is, mappings of the form 
X—x--Af(x, a) (where ACK, a GE, f(a, a) =0). 

The structure of the orthogonal groups proves to be more compli- 
cated. In the case of field characteristic other than 2, a symmetric 
bilinear form fon E uniquely determines a quadratic form g, and con- 
versely. A transformation of E onto E is said to be orthogonal if 
g(ux) =g(x) (or equivalently f(ux, wy) =f(x, y)). The group of all 
such orthogonal transformations is O,(K, f). In general, two quad- 
ratic forms are not equivalent, so that it is necessary to specify the 
particular f used. A vector subspace V of E is totally isotropic if 
f(x, y) =0 for all x and y in V. The maximum dimension v of a totally 
isotropic subspace is the index of f. (This index, introduced by E. 
Witt (J. Reine Angew. Math. vol. 176 (1937) pp. 31-44), in an 
ordered field becomes the smaller of the two numbers s and n—s, 
where s is the index of inertia of g.) In the case of Sp,(K) the integer 
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analogous to v is 1/2; much of the complication surrounding O,(K, f) 
seems to arise from the fact that » can assume any value subject to 
0<svSn/2. When n25 and v21 the structure can be described as 
follows: (a) the group O} (K, f) of all orthogonal transformations 
with determinant unity is a normal subgroup of O,(K, f) of index 2; 
(b) the commutator group 2,(K, f) of On(K, f) is a normal subgroup 
of O} (K, f) with factor group isomorphic with a subgroup of K*/Q, 
where K* is the multiplicative group of nonzero elements of K and Q 
is the group of all squares of elements of K*; (c) the factor group 
0n(K, f)/ZaC\Qn(K, f), where Z, is the center of O,(K, f), is simple; 
(d) Z,= {Z, -I }. The proof depends on a theorem on quadratic 
forms due to Witt (loc. cit.), on certain detailed information concern- 
ing O„(K, f) for 2SnS6 quoted from B. L. van der Waerden’s 
Gruppen von linearen transformationen (Berlin, 1935), and on a se- 
quence of interesting propositions concerning orthogonal equivalence 
of subspaces of E and sets of generators for O„(K, f), Of (K, f), and 
0,(K, J). When v=0, however, the structure of 0,(K, f) evidently 
depends in a deep way on the nature of the particular field K, and 
the author confines himself to examples illustrating this fact. When K 
is the field of real numbers and f is definite (so that »=0) then (for 
n>2) 0,(K, A =0} (K, f) and Of (K, f)/Z, is known to be simple; 
but when K is the field of formal power series > ¢_, Ast” with real 
coefficients then the author shows that O,(K, f) contains a sequence 
OK, f) =GoDGiD «++ of normal subgroups such that AzG: = {T} 
and each factor group G;_1/G; is abelian. 

The case of field characteristic 2 presents special problems. A 
quadratic form g is defined as a mapping g of E into K such that 
gaxtpy) =AMg(x) +u ely) +Auf(x, y) identically, where f is a bilinear 
form on E. f is then alternating and therefore is of even rank 2pSn; 
the set E* of all vectors x such that f(x, y) =0 for all y in E is a vector 
space of dimension »—2p; the set Ey of all vectors x in E* such that 
g(x) =0 is a vector space of dimension say gSn—2p. g is called 
regular if q=0; only regular quadratic forms are considered. The 
index v is now defined as the maximum dimension of a totally singu- 
lar subspace of E, a vector subspace V being totally singular if 
g(x) =0 for all x in V. O,(K, g) is now defined as the group of all linear 
transformations # of E onto E such that g(ux)=g(x) identically. 
When »—2p=0 (defect 0), n2&6, and v21, and when n—2p>0 
(defect >0), 2622, v21 (with the possible exception of the case 
2p =4, v =2), the author proves that the commutator group Q,(K, g) 
is simple. Moreover, he shows that O,(K, g)/Q.(K, g) is, in the case 
of defect 0, isomorphic with a subgroup of K*/Q, as in the case 
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of characteristic not 2, or with, thẹ product of such a subgroup and a 
cyclic group of order 2. Examples are given which show that when 
v =0 the structure need not be so simple. ws 

Turning to the unitary groups the author considers two very gen- 
eral types. To define the first type, consider a separable extension K 
of-degree 2 over an arbitrary field Ko. By means of the unique 
automorphism £>£ of K over Ko, the concept of kermitian symmetric 
form is introduced: A mapping f of EXE into K is an hermitian sym- 
metric form if tx’, y) =f(x, VHE’, y), f(x, yty) =f(x, y) 
H, y), fx, uy) =Äufle, y), fO, x) =f(x, y) identically. Given a 
symmetric hermitian form f of rank n, a linear transformation u of E 
onto E is unttary if f(ux, uy) =f(x, y) identically, and the group of 
all such unitary transformations is U,(K, f). For the second type of 
unitary group the starting point is a reflexive non-commutative skew 


‚field K, that is, a skew field K distinct from its center Ko for which 


there exists an involutorial antiautomorphism £— relative to Ko 
such that £+E and & belong to Ky for every Ein K. A reflexive skew 
field is always of rank 4 over its center (for characteristic not 2 is a 


‘generalized quaternion skew field). If E is a right vector space over 
~K then a mapping f of EXE into K is an hermitian symmetric form 


on E if fatx’, y=f(x, NHK’, y), Fa, to) =f, fa y’), 
Flo, yu) =X (æ, Y), F(Y, 2) =Fle, y) identically, and f(x, x) always be- 
longs to the center Ko. The definition of U,(K, f) then proceeds as 
in the commutative case. For both types the theory develops much | 
as for O,(K, f), except that characteristic 2 does not cause so much `. 
difficulty as before. The index v is defined in the expected way. In 
the commutative case, when »22 and v21, the structure can be 
described as follows: (a) the set Uf(K, f) of unitary transformations 
with determinant unity is a normal subgroup of U,(K, f) with factor 
group isomorphic with the multiplicative group of all elements AEK 
such that \A=1; (b) except when Ko has 3 elements and »=2 and 
when Ko has 2 elements and n=2 or 3, the factor group Uj (K, f)/Za, 
where Z, is the center of U} (K, f), is simple; (c) Z, consists of those 
mappings x—Ax for which A*=1 and AA =1. In the non-commutative 
case for n22 and v21, the factor group of U,(K, f) by its center 
Za is simple, and Z,= {I, —I}. In both cases the structure is irregu- 
lar for v=0. 





E. R. KOLCHIN 


NOTES 


A statement of editorial policy. Because of the large accumulation of 
manuscripts and the heavy demand for space and in order to avoid 
long delay in publication, the editors of the Transactions may require 
substantial condensation of manuscripts before they are accepted. 
Authors must present their results in as compact a form as possible 
and should avoid space consuming exposition and discussion. Long 
manuscripts will be subject to especial scrutiny on these points by 
the editors. 

The French Academy of Sciences has announced the following 
awards in mathematics for 1948: Poncelet Prize to Georges Valiron 
of the University of Paris; Carriére Prize to P. J. Dubreil of the 
University of Paris; Dickson Prize to Julien Kravtchenko of the 
University of Grenoble; Grand Prize to Henri Milloux of the Uni- 
versity of Bordeaux; Albert I. de Monaco Prize to Jacques Hada- 
mard of the College of France and Polytechnic School; Laplace 
Prize to Francois Morin of the Polytechnic School; Becquerel Foun- 
dation Prize to Andr& Bloch of the Polytechnic School. 

The Naval Ordnance Laboratory aeroballistics facilities at White 
Oak, Maryland, will be dedicated on June 27, 1949. The dedication 
will be followed on June 27 to June 29 by technical sessions. These 

sessions will, in turn, be followed by a meeting of the Fluid Dynamics 
“ Division of the American Physical Society on June 30 and July 1. 

Professor R. E. Gaines of the University of Richmond has retired 
with the title emeritus. i i 

Associate Professor E. H. C. Hildebrandt of Northwestern Uni- 
versity has been elected president of the National Council of Teach- 
ers of Mathematics. 

Professor S. W. Reaves of the University of Oklahoma has retired 
with the title emeritus. 

Professor K. Ananda-Rau of Presidency College, Madras, India, 
has retired. 

Professor C. L. da Silva Dias of the University of São Paulo, who 
is on leave of absence, has been appointed research associate at the 
University of Chicago. 

Dr. Joseph Gillis of Sunderland, England, has been appointed 
senior assistant at the Weizmann Institute, Rehovot, Israel. 

Assistant Professor Leopoldo Nachbin of the University of Brazil, ` 
who is on leave of absence, has been appointed research associate at 
the University of Chicago. 

Professor H. A. Pérsico of the University of La Plata has been 
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appointed to a professorship at the University of Cuyo, San Luis, 
Argentina. i 

Mr. A. V. C. Pleijel of Lund University has been appointed to a 
professorship at the Royal Institute of Technology, Stockholm, 
Sweden. 

Dr. C. J. Blackall has been appointed to an associate professorship 
at the University of Toledo. 

Mr. S. K. Bright of Vanderbilt University has been appointed to a 
professorship at Austin Peay State College, Clarksville, Tennessee. 

Associate Professor Jack Britton of the University of Colorado has 
been appointed to a visiting professorship at the University of Mich- 
igan. 

Mr. K. V. Casey of Brown University has accepted a position as 
statistician with the Engineer Analysis and Fiscal Office, Wright- 
Patterson Air Force Base, Wright Field, Ohio. 

Professor H. S. M. Coxeter of the University of Toronto, who is on 
leave of absence, has been appointed to a visiting professorship at 
Barnard College, Columbia University. 

Professor M. W. Dehn of Black Mountain College has been ap- 
pointed to a visiting professorship at the University of Wisconsin. 

Mr. H. E. Ellingson of the State University of Iowa has accepted 
the position of physicist at the Rosemount Research Center of the 
University of Minnesota. 

Assistant Professor H. J. Greenberg of Brown University has been 
appointed to an assistant professorship at Carnegie Institute of Tech- 
nology. 

Mr. R. T. Gregory of the Iowa State College of Agriculture and 
Mechanic Arts has accepted a position as mathematician at the 
United States Naval Proving Ground, Dahlgren, Virginia. 

Mr. D. L. Herr of the Allen Bradley Company has accepted a posi- 
tion as project engineer with the Reeves Instrument Corporation, 
New York, New York. 

Dr. L. G. F. Jones of the General Precision Laboratory, Incor- 
porated, Pleasantville, N. Y., has accepted a position as engineer with 
the Eckert-Mauchly Computer Corporation, Philadelphia, Pennsyl- 
vania. 

Assistant Professor J. A. Krumhansl of Brown University has been 
appointed to an assistant professorship at Cornell University. 

Dr. Cornelius Lanczos of Boeing Aircraft Company has accepted 
an appointment as staff mathematician with the National Bureau of 
Standards, Washington, D. C. 

Professor W. G. Madow of the University of North Carolina has 
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been appointed to a professorship of mathematical statistics at the 
University of Illinois. 

Dr. R. J. Marcou of Raytheon Manufacturing Co., Waltham, 
Massachusetts, has been appointed to a professorship at Boston Col- 
lege. 

Dr. W. L. Mitchell of the Bell Aircraft Corporation has accepted 
the position of senior aerodynamicist in the Research and Develop- 
ment Division of New Mexico School of Mines. 

Associate Professor E. W. Montroll of the University of Pittsburgh, 
who is on leave of absence, has been appointed head of the Physics 
Branch, Office of Naval Research, Washington, D. C. 

Dr. T. F. Morris of the University of Toronto has been appointed 
lecturer at Carleton College, Ottawa, Ontario, Canada. 

Professor Tibor Rado of the Ohio State University has been ap- 
pointed Research Professor in the first appointment to this position 
since its creation at Ohio State University in 1946. 

Mr. A. E. Roberts has accepted a position as mathematician with 
Engineering Research Associates, Inc., Arlington, Virginia. 

Miss Vivian Spurgeon of Southwest Baptist College has been ap- 
pointed to an assistant professorship at Ouachita College, Arkadel- 
phia, Arkansas. 

Mr. F. W. Thalgott of the Clinton Laboratories, Oak Ridge, Ten- 
nessee, has accepted a position as associate mechanical engineer with 
the Argonne National Laboratory, Chicago, Illinois. 

Professor H. S. Tsien of the Massachusetts Institute of Technology 
has been appointed to a Goddard professorship at the California 
Institute of Technology to head a jet propulsion center. 

Associate Professor E. W. Vickery of Louisiana State University 
and Agricultural and Mechanical College has accepted a position as 
senior mathematician at the Naval Ordnance Test Station, China 
Lake, California. 

Mr. N. W. Wells of the Agricultural and Mechanical College of 
Texas has been appointed to an assistant professorship at Sam 
Houston State Teachers College. 

Professor L. C. Young of the University of Cape Town has been 
appointed to a professorship at the University of Wisconsin. 

The following promotions are announced: 

T. M. Apostol, University of California, to the position of lecturer. 

Samuel Borofsky, Brooklyn College, to an associate professorship. 

J. L. Hodges, University of California, to the position of lecturer. 

Banesh Hoffmann, Queens College, to an associate professorship. 

W. C. Hubert, City College, New York City, to a professorship. 
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Jennie P. Kormes, Brooklyn College, to an assistant professorship. 
. S. S. McNeary, Drexel Institute of Technology, to an associate 
professorship. 
The following appointments to instructorships are announced: 
Duke University: Mr. M. P. Jarnagin; Georgetown University: Mr. 
i M. W. Oliphant; University of Illinois, Chicago Undergraduate Divi- 
sion: Miss Lona L. Turner; University of Missouri: Mr. R. A. Maul- 
‘ler; University of Virginia: Mr. R. R. Bernard, Mr. H. F. DeFran- 
cesco, Mr. W. E. Pace. 
Associate Professor R. E. Byrne of the California Institute of Tech- 
nology died September 17, 1948 at the age of thirty-seven years. 
- Associate Professor Emeritus Frank Irwin of the University of 
California died December 25, 1948, at the age of eighty years. He 
had been a member of the Society for forty years. 
Associate Professor Emeritus J. W. A. Young of the University of 
Chicago died October 26, 1948. He had been a member of the Society 
for more than fifty years. 


NEW PUBLICATIONS 


Brrs, L. See Knopp, K. 
BERZOLARI, L. Enciclopedia delle matematiche elementari e complemehtari. ‘Vol. 3, part 
1. Milan, Hoepli, 1947. 16+924 pp. 1800 lire. 
Bever, R. T. See WILLERs, F. A. e 
BooLr, G. The mathematical analysis of logic. Oxford, Blackwell, 1948. 82 pp. 7s. 6d. 
- ‘ CHURCHILL, R. V. Introduction to complex variables and applications. New York, 
McGraw-Hill, 1948. 6+216 pp. $3.50. 
Knopp, K. Problem book in the theory of functions. Vol. I. Trans. by L. Bera. New York, 
: Dover, 1948. 8+126 pp. $1.85. ‘ 
STREETER, V. L. Fluid dynamics. New York, McGraw-Hill, 1948. 11 +263 pp. . $5.00. 
WILLERS, F. A. Practical analysis. Trans. by R. T. Beyer. New York, Dover, 1948. 
10-4422 pp. $6.00. f 
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ARTICLE I 
OFFICERS 


Section 1. There shall be a President, a President Elect (during the even- 
numbered years only), an Ex-president (during the odd-numbered years only), 
three Vice Presidents, a Secretary, four Associate Secretaries, a Treasurer and a 

Section 2. It shall be a duty of the President to deliver an address before the 
Society at the close of his term of office or within one year thereafter. 

Section 3, The Librarian shall have charge of arrangements for the exchange of 
the Society’s publications. 


ARTICLE II 
BOARD oF TRUSTEES 


Section 1. There shall be a Board of Trustees consisting of five Trustees elected 
by the Society in accordance with Article VIL 

Section 2, The function of the Board of Trustees shall be to receive and admin- 
ister the funds of the Society, to have full legal control of its investments and 
properties, to make contracts and, in general, to conduct all business affairs of the 
Society. , 

Section 3. The Board of Trustees shall have the power to appoint a manager and 
such assistants and agents as may be necessary or convenient to facilitate the conduct 
of the affairs of the Society, and to fix the terms and conditions of their employmentr 
The Board may delegate to the officers of the Society duties and powers normally 
inhering in their respective corporative offices, subject to supervision by the Board. 
The Board of Trustees may appoint committees to facilitate the conduct of the 
financial business of the Society and delegate to such committees such powers as 
may be necessary or convenient for the proper exercise of those powers. Agents 
appointed, or members of committees designated, by the Board of Trustees need 
not be members of the Board. 

Nothing herein contained shall be construed to empower the Board of Trustees 
to divest itself of responsibility for, or legal control of, the investments, properties 
and contracts of the Society. ' 


ARTICLE III 
EDITORIAL COMMITTEES 


Section 1. There shall be six Editorial Committees—one of four members for 
the Bulletin, one of three members for the Transactions, one of three members for 
the Mathematical Reviews, one of three members for the Colloquium Publications, 
one of three members for the Mathematical Surveys, and one consisting of three 
representatives of the Society on the Board of Editors of the American Journal of 
Mathematics. 
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ARTICLE IV 
COUNCIL 


Section 1. The Council shall consist of fifteen members at large and the following 
ex officio members: the officers of the Society specified in Article I, the members 
of the Editorial Committees specified in Article III, any former Secretary for a 
period of two years following his term of office, and members of the Executive 
Committee who remain on the Council by the operation of Article VII, Section 4. 
Former Presidents and former Secretaries belonging to the Council in 1948 shall 
continue as members of the Council during the full terms specified in the By-Laws 
in effect on January 1, 1948, namely, life membership for former Secretaries who 
have served ten years or more and six years for former Presidents after completion 
of their terms of office. 

Section 2. The Council shall formulate and administer the scientific policies of 
the Society and shall act in an advisory capacity to the Board of Trustees. 

Section 3. In the absence of the Secretary from any meeting of the Council, one 
of the Associate Secretaries present may be designated as Acting Secretary for 
the meeting, either by written authorization of the Secretary, or, failing that, by 
majority agreement among the Associate Secretaries present. 

Section 4. All members of the Council shall be voting members. The method for 
settling matters before the Council at any meeting shall be by majority vote of the 
members present. If the result of a vote is challenged, it shall be the duty of the 
presiding officer to determine the true vote by a roll call. In a roll call vote, each 
Council member shall vote only once (although he may be a member of the Council 
in several capacities), and he shall state before the vote in which capacity he votes. 
The group consisting of the four Associate Secretaries shall have one vote, and 
it shall be divided equally among those who vote as Associate Secretaries. Each 
of the six Editorial Committees shall have one vote, and it shall be divided equally 
among those who vote as members of the respective Editorial Committees. All other 
members of the Council shall have one vote each. Fractional votes shall be counted. 

Section 5. Any group of members of the Council who have a total of five votes 
as defined in Section 4 of this Article shall constitute a quorum for the transaction 
of business at any meeting of the Council. 

Section 6. Between meetings of the Council, business may be transacted by a 
mail vote. Votes shall be counted as in the case of a roll call vote as specified in 
Section 4 of this Article, “members present” being replaced by “members voting.” 
An affirmative vote by mail on any proposal shall be declared if and only if (a) 
more than half of the total number of possible votes is received by the time an- 
nounced for the closing of the polls, and (b) at least three-quarters of the votes 
received by then are affirmative. If members who have a total of five or more votes 
request postponement at the time of voting; action on the matter at issue shall be 
postponed until the next meeting of the Council, unless either (1) at the discretion 
of the Secretary, the question is made the subject of a second vote by mail, in 
connection with which brief statements of reasons, for and against, are circulated 
or (2) the Council places the matter at issue before the Executive Committee for 
action. 

Section 7. The Council may delegate to the Executive Committee (Article V) 
certain of its duties and powers. Between meetings of the Council the Executive 
Committee shall act for the Council on such matters and in such ways as the Council 
may specify. Nothing herein contained shall be construed as empowering the Coun- 
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cil to divest itself of responsibility for formulating and administering the scientific 
policies of the Society. ; - 
ARTICLE V 
EXECUTIVE COMMITTER 


Section 1. There shall be an Executive Committee of the Council, consisting of 
four elected members and the following ex officio members: the President, the 
Secretary, the President Elect (during even-numbered years), and the Ex-president 
(during odd-numbered years). 

Section 2. The Executive Committee of the Council shall be empowered to act 
for the Council on matters which have been delegated to the Executive Committee 
by the Council. If’three members of the Executive Committee request that any 
matter be referred to the Council, the matter shall be so referred. The Executive. 
Committee shall be responsible to the Council and shall report its actions to the 
Council. It may consider the agenda for meetings of the Council and may make 
recommendations to the Council 

Section 3. Each member of the Executive Committee shall have one vote. An 
affirmative vote on any proposal before the.Executive Committee shall be declared 
if and only if at least four affirmative votes are cast for the proposal. A vote on 
any proposal may be determined at a meeting of the Executive Committee, but it 
shall not be necessary to hold a meeting to determine a vote. 


ARTICLE VI 
EXECUTIVE DIRECTOR 


Section 1, There shall be an Executive Director who shall be a paid employee 
of the Society. He shall have charge of the central office of the Society, and he 
shall be responsible for the general administration of the affairs of the Society in 
accordance with the policies that are set by the Board of Trustees and by the Coun- 
cil. 

Section 2. The Executive Director shall be elected by the Council for a specified 
term and approved by the Board of Trustees. The terms and conditions of his 
employment shall be fixed by the Board of Trustees. 

Section 3. The Executive Director shall work under the immediate direction of 
the Board of Trustees and of the Council, and in cooperation with the Secretary. 
He shall attend meetings of the Board of Trustees, of the Council, and of the 
Executive Committee, but he shall not be a member of any of these bodies. 


ARTICLE VII 
ELECTION AND TERMS OF OFFICERS 


Section 1. The term of office shall be one year in the case of the President Elect 
and the Ex-president; two years in the case of the Trustees (with the exceptions 
stated in the next paragraph of this Section), the President, the Vice Presidents, 
the Secretary, the Associate Secretaries, and the Treasurer; three years in the case 
of the Librarian and the members of the Editorial Committees. The term of office 
for members at large of the Council shall be three years, five of the members at 
large retiring annually, The term of office for elected members of the Executive 
Committee shall be two years (with the exceptions stated in the last paragraph of 
this Section), two of the elected members retiring annually. In every case, however, 
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the officials specified in Articles I, II, UI, IV, and V, with the exception of the 
President Elect and the Ex-president, shall continue to serve until their successors 
~ have been duly elected and qualified. 

The term of office in the case of the Trustees to be elected at the Annual Meeting 
to be held between the fifteenth of December, 1948, and the fifteenth of January, 
1949, shall be three years in the case of two of the Trustees to be elected and shall 
be two years in the case of three of the Trustees to be elected. Upon the expiration 
of the terms of office of the Trustees elected at the Annual Meeting to be held be- 
tween the fifteenth of December, 1948, and the fifteenth of January, 1949, the term 
of office of all Trustees shall be two years. 

In the case of members elected to the Executive Committee at the first election 
following adoption of these By-Laws the term of office shall be one year for two 
of the members so elected and two years for the other two. After the expiration 
of the one-year terms of office, the term of office for all elected members of the 
Executive Committee shall be two years as specified in the first paragraph of this 
Section. 

Section 2. Election of officers specified in Article I (with the exception of the 
President and the Ex-president), Trustees, members of the Editorial Committees, 
and members at large of the Council shall be by ballot at the Annual Meeting. An 
official ballot shall be sent to each member of the Society by the Secretary at least 
one month before the Annual Meeting, and such ballots, if returned to the Secre- 
tary in envelopes bearing the name of the voter and received prior to the closing 
of the polls, shall be counted at the Annual Meeting. Each ballot shall contain one 
or more names proposed by the Council for each office to be filled, with blank spaces 
in which the voter may substitute other names. A plurality of all votes cast, whether 
cast in person or by mail, shall be necessary for election. In case of failure to 
secure a plurality for any office, the members present at the Annual Meeting shall 
choose by ballot among the members having the highest number of votes. 

Section 3. At the end of his term of office, the President Elect shall become the 
President. At the end of his term of office, the President shall become the Ex- 
president. 

Section 4, Within fourteen days after the election of officers at the Annual Meet- 
ing the Secretary shall send to all members of the Council for a mail vote a ballot 

~ containing two names for each place to be filled on the Executive Committee. The 
nominees shall be chosen by a committee appointed by the President. Members of 
the Council may vote for persons not nominated. Any member of the Council who 
1s not an ex officio member of the Executive Committee (see Article V, Section 1) 
shall be eligible for election to the Executive Committee. In case a member is 
elected to the Executive Committee for a term extending beyond his regular term 
on the Council, he shall automatically continue as a member of the Council during 
his term on the Executive Committee. 

Section 5. The President and Vice Presidents shall not be eligible for immediate 
re-election to their respective offices. A member at large or an ex officio member 
of the Council shall not be eligible for immediate election (or re-election) as a 
member at large of the Council. 

Section 6. If the President of the Society die or resign while a President Elect 
is in office, the President Elect shall serve as President for the remainder of the 
year and thereafter ‘shall serve his regular two-year term. If the President of the 
Society die or resign when no President Elect is in office, the Council, with the 
approval of the Board of Trustees, shall designate one of the Vice Presidents to 
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serve ag President for the balance of the regular presidential term. If the President 
Elect of the Society die or resign before becoming President, his office shall remain 
vacant until the next regular election of a President Elect, and the Society shall, 
at the next Annual Meeting, elect a President for a two-year term. If the Ex- 
president die or resign before the expiration of his term of office, the Council, with 
the approval of the Board of Trustees, shall designate a former President of the 
Society to serve as Ex-president during the remainder of the regular term of the 
Ex-presidency. Such vacancies as may occur at any time in the group consisting of 
the Vice Presidents, the Secretary, the Associate Secretaries, the Treasurer, the 
Librarian, and the members of the Editorial Committees shall be filled by the Coun- 
cil with the approval of the Board of Trustees. The Council shall fill from its own 
membership any vacancy in the elected membership of the Executive Committee. 

Section 7. If any Trustee die or resign during his tenure of office, the vacancy 
thus created shall be filled for his unexpired term by the Board of Trustees, 

Section 8, If any member at large of the Council die or resign more than one 
year before the expiration of his term, the vacancy for the unexpired term shall 
be filled by the Society at the next Annual Meeting. 


ARTICLE VIII 
MEMBERS AND THEIR ELECTION 


Section 1. Election of members shall be by vote of the Council or of its Execu- 
tive Committee, 

Section 2, There shall be three classes of members, namely, ordinary, contribut- 
ing and institutional. 

Section 3. Application for admission to ordinary membership shall be made by 
the applicant on a blank provided by the Secretary, and shall be approved either by 
two ordinary members of the Society or by the institutional member whose nominee 
he is (see Article IX, Section 6). Such applications shall not be acted upon until 
at least thirty days after their presentation to the Council (at a meeting or by 
mail), except in the case of members of other societies entering under special action 
of the Council approved by the Board of Trustees. 

Section 4, An ordinary member may become a contributing member by paying 
the dues for such membership. (See Article IX, Section 3.) 

Section 5. A university or college, or a firm, corporation, or association intef- 
ested in the support of mathematics may be elected an institutional member. 


ARTICLE IX 


DUES AND PRIVILEGES OF MEMBERS 


Section 1. Any person elected to ordinary membership in the Society under the 
provisions of Article VIII, Section 3, who is not a nominee of an institutional 
member (See Section 6 of this Article) shall be admitted to membership upon 
Payment, within sixty days of the date of his election, of an initiation fee of five 
dollars and such dues as are payable under Section 2 of this Article. 

Section 2, The annual dues of a person, not a nominee of an institutional mem- 
ber, who is elected to ordinary membership under the provisions of Article VII 
Section 3, shall be ten dollars, with the following exceptions: (1) during the first 
and second years of membership, the annual dues shall be six dollars; during the 
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third and fourth years of membership, the annual dues shall be eight dollars; a 
person shall be considered to have completed his first year of membership on Janu- 
ary 1 following his election; (2) the amount of dues may be altered by reciprocity 
` agreements, with other societies; (3) the Council may make special rulings in ex- 
ceptional cases, with the approval of the Board of Trustees. Each new member shali 
pay in proportion to the unexpired fraction of the year at the time of his election. 

Section 3. The minimum dues for a contributing member shall be fifteen dollars 
per year. Members may, upon their own initiative, pay larger dues. 

Section 4. The minimum dues for an institutional member shall be twenty-five 
dollars. Institutions may pay larger dues. 

Section 5. Any member whose annual dues are at least one hundred dollars shall 
be designated as a Sustainer of the Society; any member whose annual dues are 
at least five hundred dollars shall be designated as a Patron of the Society. 

Section 6. An institutional member which pays less than one hundred dollars dues 
annually shall, for each twenty-five dollars of dues, receive the Bulletin or have 
the privilege of nominating one person for ordinary membership. An institutional 
member which pays one hundred dollars or more annual dues shall receive the 
Bulletin, the Transactions, and Mathematical Reviews, and also shall have the 
privilege of nominating five persons for ordinary membership for each one hundred 
dollars of dues and one additional person for each additional twenty-five dollars 
of dues. 

Section 7. A person elected to ordinary membership as a nominee of an institu- 

-tional member under the provisions of Section 6 of this Article and of Article VIII, 

Section 3, shall be admitted to membership immediately and shall not be required 
to pay an initiation fee, He shall not be required to pay dues so long as it is agreed 
that he is designated as a nominee of the institutional member under these provi- 
sions. If a nominee of an institutional member later becomes a dues-paying mem- 
ber, he shall pay dues at the rate of six dollars a year for the remainder (if any) 
of his first two years of membership, eight dollars a year for the remainder (if 
any) of his third and fourth years of membership, and ten dollars a year there- 
after. 

Section & After retirement from active service on account of age, any ordinary 
or contributing member who is not in arrears of dues and with membership ex- 
tending over at least twenty years may, by giving proper notification to the Secre- 

` tary, have his dues remitted, on the understanding that he will thereafter receive 
the programs of the meetings but not the Bulletin. 

Section 9. An ordinary member or a contributing member shall receive the 
Bulletin, except in the case of members whose dues are remitted under Section 8 
of this Article. 

Section 10, Five dollars and fifty cents of the annual dues of those who receive 
the Bulletin under the provisions of this Article shall be allocated in payment 
therefor. 

Section 11. The annual dues of ordinary and contributing members shall be due 
and payable at the beginning of each calendar year, at which time the Society 
shall submit a bill for these dues. If the annual dues of any member remain unpaid 
beyond a reasonable time, the Board of Trustees shall remove his name from the 
list of members, after due notice. If a member wishes to discontinue his member- 
ship at any time, he shall send a written resignation to the Society. 

Section 12. Any member who became a life member before October 25, 1941, 
by the payment of a sum determined i in accordance with actuarial principles shall 
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have for life the status and privileges of an ordinary member without further pay- 
ment of dues. No additional applications for life memberships will be accepted. 


ARTICLE X 
MEETINGS 


Section 1. The Annual Meeting of the Society shall be held between the fifteenth 
of December and the fifteenth of January next following. Notice of the time and 
place of this meeting shall be mailed by the Secretary or an Associate Secretary 
to the last known post office address of each member of the Society. The times 
and places of the Annual and other meetings of the Society shall be designated by 
the Council. No matter of general business shall be considered at any meeting of 
the Society except the Annual Meeting, without the recommendation of the Council. 

Section 2. Meetings of the Executive Committee may be called by the President; 
he shall call a meeting at any time upon the written request of two of its members. 

Section 3. The Council shall meet at the Annual Meeting of the Society. Special 
meetings of the Council may be called by the President; he shall call a special 
meeting at any time upon the written request of five of its members. No special 
meeting of the Council shall be held unless written notice of it shall have been 
sent to all members of the Council at least ten days before the day set for the 
meeting. 

Section 4. The Board of Trustees shall have its regular Annual Meeting on the 
first day of the Annual Meeting of the Society. Special meetings of the Board of 
Trustees may be called by the Chairman of the Board upon three days’ notice of 
such meeting mailed to the last known post office address of each Trustee. He shall 
call a meeting upon the receipt of a written request of two of the Trustees. Meetings 
for the transaction of business may also be held by common consent of all the 
Trustees. 

Section 5. Papers intended for presentation at any meeting of the Society shall 
be passed upon in advance by a program committee appointed by or under the 
authority of the Council; and only such papers shall be presented as shall have 
been approved by such committee. Papers in form unsuitable for publication, if 
accepted for presentation, shall be referred to on the program as preliminary com- 
munications or reports. 


ARTICLE XI 
PUBLICATIONS 


Section 1. The Society shall publish an official organ called the Bulletin of the 
American Mathematical Society, It shall publish a journal called the Transactions 
of the American Mathematical Society, the object of which shall be to make known 
important researches presented at meetings of the Society. It shall publish a peri- 
odical called Mathematical Reviews containing abstracts or reviews of current 
mathematical literature. It shall publish a series of volumes called Colloquium 
Publications which shall embody in book form new mathematical developments. 
It shall publish a series of monographs called Mathematical Surveys which shall 
furnish expositions of the principal methods and the results of particular fields of 
. mathematical research. It shall also cooperate in the conduct of the American 
Journal of Mathematics. 

Section 2, The editorial management of the Bulletin, Transactions, Mathematical 
Reviews, Colloquium Publications, and Mathematical Surveys, and the participation 
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of the Society in the management of the American Journal of Mathematics shall 
be in charge of the respective Editorial Committees as provided in Article III, 
Section 1. 4 


ARTICLE XII 
AMENDMENTS 


These By-Laws may be amended or suspended at any meeting of the Society 
on recommendation of the Council and by a two-thirds vote of the members present, 
provided notice of such proposed action and of its general nature shall have been 
given in the call for such meeting. 


A SUBSTITUTE FOR THE PICONE FORMULA 
WALTER LEIGHTON 


It has been known for a number of years that the calculus of varia- 
tions affords a powerful tool for the study of the oscillation of solu- 
tions of self-adjoint differential systems.! It is the purpose of the 
present paper to demonstrate how it can be used to'replace and ex- 
tend the Picone theorem.? 

Consider the pair of self-adjoint differential equations 


d 
(1.1) — (ru’) + pu = 0, 
dx 


d 
(1.2) — (ru) + pin = 0, 
ax 


where, for definiteness, it is assumed that r(x), n(x), r’(x), ri (x), 
p(x), p(x) are continuous with r and rı positive on the interval 
ax Sb. With these equations we associate the functional identity 


f Ir Wr + (pı — Dur]dz 


(2) 


b 
= sun’ 


b ; b i w 
af s[(ree’)’ + puldx -f [rw — piu? dx. 





a 


The proof of (2) requires simply the integration by parts of the term 
ru"? in its left-hand member. In what follows it is convenient to 
admit to our discussion functions? u(x) of class C’ on the interval 
asxSsb which vanish at a and b. i 
Repeated use is made of the following well known result.* 


LEMMA. If there exists an admissible curve y=y(x) along which 
: ` : 
(3) Fes f (Ry — Py)dx < 0, 


Presented to the Society, September 10, 1948; received by the editors April 15, 
1948, 

1 See, for example, Morse [2, Chap. IV]. Numbers in brackets refer to the bib- 
liography at the end of the paper. 

2 Cf. Böcher [1, p. 54], Ince [1, p. 225]. 

3 A function is said to be of class C’ on an interval a Sx sb if it is continnous and 
has a continuous derivative on a £x% Sb. 

1 Cf. Morse [2, chap. 2]. 


325 


\ 


326 _ WALTER LEIGHTON í [April 


a solution I(x) #0 ee differential system  , 
(Ry’)’ + Py = 0, 
y(a) = 0 
will have a zero on the interval a<x<b. 


(4) 


We return now to equations (1.1) and (1.2) and suppose that 
u(x) 40 is a solution of (1.1) having xı and x, as consecutive zeros 
(x1 <2). We seek sufficient conditions that every solution u(x) of (1.2) 
shall have at least one zero on the interval xı <x <x. To that end we 
evaluate (2) with u, a, b replaced respectively by u(x), x1, xa ob- 
taining the fundamental relationship 


| J ” Tr(a) — Dita) Jar 
(5) 07 a 
=- f Ir rw la) + (p1 — Dura) ldz, 


_ which for simplicity we write as Iı= — I. It is clear that if we pre- 
scribe conditions which will insure that I is positive, Jı will then be 
negative. It will follow from the lemma that every solution u(x) of 
(1.2) which vanishes at x, will vanish again on the interval 
. &ı <x<xs). The elementary Sturm separation theorem then insures 
that every solution of (1.2) will then vanish at least once on the 
interval xı <x <x2 l 
The Sturm-Picone (SP) conditions provide that r =r, and pı >», A 
with the latter inequality holding in the strict sense in at least one 
point of the interval of integration. Clearly these conditions will in- 
sure that I>0, and hence that all solutions of (1.2) will have a zero 
On Xi [Ly <x 

- The SP conditions are clearly not very delicate. One does not need 
.'to require that the coefficients of u” and u? be essentially positive to 
insure that I is positive. Indeed, we may apply the Lemma to I. 
We obtain at once the following result. 


THEOREM.’ In equations (1.1) and (1.2) let r>r, and suppose that 
a solution u(x) of (1.1) has x=xı and x =x: as consecutive zeros. If p(x) 
and pı(x) are such that a solution w(x) #0 of the differential system 


y d 
(6.1) l aa aM Geen, 


‘It should be pointed out that this result can be derived as a consequence of a 
theorem due to Morse [2, p. 102]. 
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(6.2) w(xı) = 0 


has the property that w(x) £0 on the interval xı <x Sxe, every solution of 
(1.2) has at least one zero on the interval xı <x <x. The conclusion of 
this theorem will remain valid if w(x) #0 on xı<x <x: and w(x) =0, 
provided the solution u(x) does not satisfy equation (6.1). 


The condition r>rı which is desirable in order that the functional 
I shall be nonsingular may appear at first glance to be unduly restric- 
tive. It is easily seen however that the theorem permits the study of 
the oscillation of solutions of (1.1) and (1.2) even when r Srı. We may 
simply replace r(x) and p(x) by kr(x) and kp(x), respectively, where k 
is any positive constant such that kr(x) >1i(x). Such a determination 
of k is possible since r(x) is positive throughout its domain of defini- 
tion. 

The observation above suggests incidentally the following simple 
extension of the SP theorem. 


COROLLARY. Let u(x) 340 be a solution of (1.1) which has zeros at 
“=x, and x=x,. If there exists a positive constant k such that both the 
conditions 
(7) kr—1, 2 0, bi — kp 2 0 


hold, every solution u(x) of (1.2) has a zero on the interval x; <x <x, 
provided that at some point of this interval the latter inequality holds in 
the strict sense. 


The following example demonstrates that the theorem includes 
cases not covered by the SP theory even in the extended form sug- 
gested by the corollary. 

EXAMPLE. The Legendre equation 


d 
z 4 y] + 12y = 0 
dx 


has the solution y = P(x) = (5x3 — 3x) /2 which vanishes at x =0 and at 
x= (3/5)"%. We shall show that every solution of the differential 
equation 


d 
[8/4 = ay] + 8y = 0 
x 


° A complete bibliography of oscillation and comparison theorems for Sturm- 
Liouville systems cannot be given here. Closely related papers are Bliss and Schoen- 
berg [1] and Morse [1] to which the reader's attention is directed. 
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‚has a zero on the interval 0 <x <(3/5)/*. Here the analogues of equa- 
_ tions (6.1) and (6.2) are 


(w’/4) + 4w = 0, w(0) = 0. 
dx 


It is clear that w(x) may be taken as sin 4x which is positive on the 

\ interval 0<x<(3/5)"?. An appeal to the theorem completes the 
proof. It is readily verified that the SP theory does not apply even in 
the extended form suggested by the corollary. 
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ÜBER DIE LAGE DER NULLSTELLEN EINES ABSTANDS- 
POLYNOMS UND SEINER DERIVIERTEN 


GYULA V. SZ. NAGY 


1. Der Begriff eines Abstandspolynoms. Ein Abstandspolynom 
F(x, y, 8) n-ten Grades in dem rechtwinkligen Koordinatensystem 
x, y, 8 ist ein reelles Polynom der drei Veränderlichen von der Form 


F(x, y, 3) = cI] dalz, Y, 2), 
kml 


dy (x, y, 3) =, (x > xp)? + (y az yn)? + (z aa 34)°, C> 0. 


(1) 


Das Abstandspolynom F(x, y, g) ist also eine nichtnegative reelle 
Funktion von der Form 


(2) F(x, y, 2) = C(x? + Pr + 23) + 8a, y, 3), 


wo ® ein reelles Polynom ist, das für die drei Veränderlichen bzw. 
für die einzelnen Veränderlichen höchstens den Grad 2n—1 bzw. 
2n—2 besitzt. 

Das Abstandspolynom F(z, y, z) besitzt n Nullstellen, und zwar 
die Punkte 


(3) Or = (& Yu 81) k=12:..,n). 


Ausser den Nullstellen nimmt das Abstandspolynom F(x, y, s) in 
jedem (reellen) Punkte des Raumes einen positiven Wert an. 

Das Polynom dy(x, y, 2) =(x—x)?+ (y —y:)?+(z— z)? ist ein Ab- 
standspolynom ersten Grades und ist ein Wurzelfaktor des Abstands- 
polynoms F(x, y, z) n-ten Grades. F ist also ein Produkt von n Wur- 
zelfaktoren. Kommt der Wurzelfaktor d, unter den n Wurzelfaktoren 
-mal vor (p21), so ist Q, eine p-fache Nullstelle von F. Dann ist 


(4) F(x, y, 3) = dı(z, ys 8) G(x, Y, 2), 


wo G(x, y, z) ein Abstandspolynom (n—p)-ten Grades ist, für welches 
die Ungleichung G(xz, ys, zx) 0 besteht. 

Jedes Abstandspolynom f(x, y, z) =di(x, y, z) ersten Grades genügt 
offenbar der Identät 


2 2 
(5) fot ithe = Af. 
Hat eine ganze rationale Funktion 2r-ten Grades von der Form (2) , 
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einen Faktor zweiten Grades, so hat dieser Faktor leicht ersichtlich 
die Form f(x, y, 8) =c(x?-+y?+22-+ax+ary+a+a), c0. Das 
‘Abstandspolynom F(x, y, z) n-ten Grades ist eine Verallgemeinerung 
eines Polynoms f(z) der komplexen Veränderlichen 2. 


‘ Sind nämlich 


fe) = (8 — #1) (@ — 23) +++ (2 — 2a), 
g = a+ iy, ty = Xa t typ (k= 1,2,+++,n), 


2 f(x + iy) = U(x, y) + Wo 9), 
f(x ive iy) =, U(x, y) = iV (x, y), 
so ist 
F(x, y) = Ua, 9) + V(x, 9) = | 
(7) 


= Üle- zrl? = II [(# — 2)? + (y — 3m?) 


ein Abstandspolynom n-ten Grades in der x, y Koordinatenebene. 

Ein Abstandspolynom F(x, y, 3) geht durch eine orthogonale Trans- 
formation der Veränderlichen x, y, 3 offenbar wieder in ein Abstands- 
polynom tiber. Daraus folgt, dass ein Abstandspolynom, dessen Null- 
‘stellen in einer Ebene liegen, durch eine lineare Transformation sich 
auf die Form 


(8) Fa, 9,2) = CTL le - att O = gtt 


bringen lässt. 


2. Die Derivierte eines Abstandspolynoms. Ist F(x, y, 3) ein 
Abstandspolynom n-ten Grades, so ist das Polynom (4%—2)-ten 
Grades 


Hz, y, s) = F(a, 9, 8) + Palo 9 3) + File, y, 8) 
durch 4: F(x, y, 3) teilbar, sodass die Funktion 
H(x, y, 2) 


F(a, y, 8) = Fa, 9,5) 


(9) , 
= 4-F(x, Y: 3) 


ein Polynom 2(n—1)-ten Grades von den Veränderlichen x, y, z ist. 
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Diese Funktion F’(x, y, z) wird als Derivierte des Abstandspolynoms 
F(x, y, 8) genannt. 
Ist 


F(x, Y, z) = Ja, Yy, z):G(%, y, 2), 
f(z, Y, 3) = d(x, Y, 2), p 3 1, G( xn, Yk, ak) #0 pa 


so ist 


Hla, 9,2) =Fe+F,+F,=pf" Get hth) 
+ 266 GEH Ort SCH E+H +) 
= fP lap G + 26.6 + Sr + SG) 
+++). 


Daraus folgt, dass H durch die (2#—1)-te Potenz des Wurzel- 
faktors f=d,; teilbar ist, durch eine höhere Potenz von f aber nicht, 
weil die zwischen den eckigen Klammerzeichen stehende Funk- 
tion im Punkte Or = (xz, Yr, z+) den Wert 4p2G% (xy, yz, 2) #0 annimmt. 

Hieraus folgt, dass H durch jeden Wurzelfaktor von F und deshalb 
auch durch F teilbar ist und dass eine p-fache Nullstelle Q, des 
Abstandspolynoms F eine 26—1—p=(p—1)-fache Nullstelle der 
Derivierten ist, weil F’ durch die (#—1)-te Potenz von d, teilbar ist. 

Nach der, Regel der logarithmischen Differentiation ist 
F, ð os " 1 dds * x — % 

F 6x DEE Ja 2 108 f > dy Ox : M1 di 

Es gelten also für die Nullstellen (x, y, 3) der Derivierten F’ (x, y, 8), 
die von den Nullstellen des Abstandspolynoms F(x, y, z) abweichen, 
die Gleichungen 





F, ” ER 7° F, 














(10) 








Auf Grund der Bezeichnungen (6) und (7) ist 
2 2 
F(x, y) + F(x, y) 
11 Fa, y) = EO = | a) [2, 
(11) (x, 9) ren EKOI 
weil 


F,=2UU;+ VV), F =2(UU, +V), 
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f'(s) = Us + iWVe=Vy— iy, U,=Vy, U,n=-V. 
und deshalb i 
F +F =4[(UUs+ VV.) + (UV, + VV;) | 
= 4(U’ + V(U: + Vi) = 4-F (a, y) -F(a 9) 

sind. 

Die Derivierte des Abstandspolynoms F(«, y) ist also wieder ein 
Abstandspolynom der Veränderlichen x, y, falls n>1 ist. 

Sind =0 (k=1, 2,---,), so erhält man für die von den Null- 


stellen des Abstandspolynoms F(x, y, s) abweichenden Nullstellen 
der Derivierten F’(x, y, z) aus (10) die Gleichungen 


hid £ — XE 
z=0, Be 2 = 
2 (£ — x)? + (y — 4)? 
a a. ne 
bai (x — £a)? + (Y — yn)? 

Die Nullstellen der Derivierten F’(x, y, 2) stimmen also im Falle 
3=0 (k=1, 2,-++,m) mit den Nullstellen der Funktion F’(x, y) 
von (11) überein. Ist 

fe) = ne — si)(@ — zi) +++ (8 — m), 
g=a2+ iy, ay = ax +t iyi (4 = 1,2,---,n"-— 1) 


so ist 
F'(n, 9) = “Tl x — a)? + (y — yt )*] = Pals, y, 0) 


und deshalb ist auch die Derivierte 


n—1 


Fa, y, 2) = II Ke — xX)? + (y — yh)? + e] = Fila, y, 2) 
kl 
ein Abstandspolynom. 
Naheliegend ist die Vermutung, das die Derivierte jedes Abstands- 
polynoms F(x, y, z) n-ten Grades (n22) stets ein Abstandspolynom 
ist. 


3. Der Gauss-Lucas-sche Satz über Abstandspolynome. 


I. Die (reellen) Nullstellen der Derivierien eines Abstandspolynoms 
F(x, y, 3) fallen in die konvexe Hülle der Nullstellen von F(x, y, 3). 
Die Randfliche dieser konvexen Hülle kann nur dann eine Nullstelle 
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Po der Derivierten enthalien, wenn P, mit einer Nullstelle von F(x, y, 2) 
zusammenfällt. 


Bedeutet nämlich Po= (xo, Yo, Zo) eine Nullstelle der Derivierten 
des Abstandspolynoms F(x, y, 2), für welche F(xo, yo, 20) ¥0 gilt und 
sind 

1 
(20 = a)? + (yo — yn)? + (ao — wa)? 


so lassen sich die Gleichungen (10) in der Form 


m, = M = > Ms, 
kl 
(12) $o ma(ao — a) = 0, Ð my — yx) = 0, dD, ms — 2) = 0 
al kml baol 
oder 


n nn n 
May = di mits, Myo = my May = >, ms 
kal el kl 


schreiben. 
Daraus folgt der Satz, weil P, der Schwerpunkt der Punkte Qa von 
den Massen m, (k=1,2,- - - ,n) ist. 


Aus den Gleichungen (12) folgt auch die folgende Form des Satzes 
I. 


Il. Jede Nulistelle Pa=(xo, Yo, 20) der Derivierten des Abstands- 
polynoms F(x, y, 2) fur welche F(xo, Yo, 20) <0 gilt, ist eine Gleichge- 
wichislage eines materiellen Punktes P des Raumes, auf welchen die 
Nullstellen Q, von F(x, y, 2) dem Abstand umgekehrt proportionale 
abstossende Kräfte ausüben. 


Bei geeignet gewähltem Masssystem sind nämlich die linken Seiten 
der Gleichungen (12) den Komponenten der Resultante dieser 
Kräfte in bezug auf den Punkt Py gleich. 

Bezeichnet Qf = (xt, yi, zg) den Spiegelpunkt von Qr = (Xz, Yr, Sz) 
in bezug auf die Kugel vom Mittelpunkt P, und vom Einheitsradius, 
so sind 

x — Xo = mil — xo), ye — Yo = Malyar — Yo), 
ZE — Zo = Mahz} — Zo). 
Für diese Punkte O/ bestehen also die Gleichungen 


D (s — %)=0 Du -mW=0 Eiet —m) =0, 


13 
( ) oder na = >> xf, nyo = D>, nso = > z. 
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Daraus folgt der Satz 


III. Ist Po=(&o, Yo, Zo) eine (reelle) Nullstelle der Derivierien des 
Abstandspolynoms F(x, y, 2) n-ten Grades mit den Nullstellen Qi, 
Qs, +++, On, für welche F(xo, Yo, 20) #0 gilt, und bezeichnet Qg den 
Spiegelpunkt von Q, in bezug auf eine Kugel vom Mittelpunkt Po, so 
ist Py der Schwerpunkt der Punkte Qe (k=1,2,-°°, n). Die Vektoren 
PQ: lassen sich in ein Raumvieleck susammenseizen, weil thre 
Summe verschwindei. 


4. Die Lage der Nullstellen der Derivierten eines Abstands- 
polynoms F(x, y, 3) in der Umgebung einer Nullstelle von F(x, y, 2). 
Bedeutet | PQ| den Abstand der Punkte P, Q, so kann man aus dem 
Satz III den Satz ableiten: 


IV. Beseichnen Quo Ox, +++, Om bzw. Dur Py +++, Pm die ver- 
schiedenen Nullstellen des Abstandspolynoms F(x, y, 2) n-ien Grades. 
bzw. ihre Vielfachheiten (#21, pıt Det ' '  +Dm=n) und bezeichnet 
K den Konvexkörper der gemeinsamen Punkte P der m—1 Kugeln 


fi 


n— pi 


| roı| £ | PO] (k= 2,3,--+,m), 





so besitsi die Derivierte F' (x, y, 8) im Innern des Körpers K ausserhalb 
von Qı keine Nullstelle. 

Ist d=Min |Q:Q.| (k=2, 3, - - -, m), so ist die Kugel vom Mittel- 
punki Q, und vom Halbmesser pı-d/n ein Teilkörper von K. Sie enthält 
ausserhalb von Qı keine Nullstelle der Derivierien F' (x, y, z) im Innern. 


Für einen inneren Punkt Po(+Q,) des Körpers K kann nämlich die 
Vektorgleichung 


PN = > pr PQK = pr PoQi + D1 pr Poi = 0 
hæl kt 
nicht bestehen, weil 
| PN | = pr | Poy | — > pr | Pus | > 0 
2 


ist. 
Aus den Annahmen des Satzes IV folgen nämlich die Ungleichungen 


| Poot | [PQ] (k= 2,3, m), 


[PQ] [PQ] n-p 
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pi 


n— pi 
| Po | & p| PQs | - Epi] Pods | > 0. 
ku} 
Damit ist der Satz IV bewiesen. 


5. Die Nullstellenverteilung eines Abstandspolynoms F(x, y, 2) in 
zwei Kugeln, die sich in einer Nullstelle der Derivierten von aussen 
berühren. Es gilt die folgende Verallgemeinerung eines Satzes! von 
mir über die Polynome mit einer komplexen Veränderlichen: 


V. Besetchnet Po= (xo, Yo, 30) eine Nullsielle der Derivierten eines 
Abstandspolynoms F(x, y, 3) n-ten Grades (für welche F(xo, Yo, 30) #0 
ist), bezeichnen ferner K bzw. K' die abgeschlossenen Inneren von zwei 
sich im Punkte Po von aussen berührenden beliebigen Kugeln mit dem 
Halbmesser R bzw. R'=(n—1)R und besstst endlich das Abstands- 
polynom F(x, y, 2) in K mindestens eine Nullstelle, so besitzt es auch 
in K’ mindestens eine. Enthält K’ keine Nullstelle von F(x, y, 2), so 
enthält auch K keine. 


Zum Beweis dieses Satzes kann man annehmen, das x»=7y9=%=0 
sind und dass die Berührungsebene der Kugeln K und X’ im Punkte P, 
die yg-Ebene ist, weil man diese Lage durch eine Koordinatentrans- 
formation erreichen kann. Bei dieser Annahme hat die erste Gleichung 
von (12) die Form 





I Ps| Pods | < (pa + ps ++ 2m): | PoQ! | = pi) Pos |, 
bun? 


n žk ” 
Ce gee ee. Sen 

Ist X,=0, so liegt die Nullstelle Q, in der yz-Ebene. Liegt ein 
Punkt Q, ausserhalb der ys-Ebene, so besitzt die Summe von (14) 
mindestens je ein positives und negatives Glied. 

Wir nehmen an, dass die Indizes der Punkte Qs so gewählt sind, 
dass die ersten y Glieder in der Summe von (14) positiv, die folgenden ` 
v’ Glieder negativ und die letzten n—v—v’ Glieder Null sind (v>1, 
p21, n—v—v’=0) und dass die Ungleichungen 


Xiz X3:.3X,>0, Xí ZX; 2-23 X/>0, 
Xi = — Xu (=1,2,.--,W) 
bestehen. Dann liegen die Punkte Q, Q2,---, Q, bzw. Os 


1 Gy. (F.) v. Sz. Nagy, Über geometrische Relationen zwischen den Wurseln einer 
algebraischen Gleichung und ihrer Derivierten, Jber. Deutschen Math. Verein. bd. 27 
(1918) pp. 44-88; Über die Lage der Nullstellen der Derivierten eines Polynoms, 
Téhoku Math. J. bd. 35 (1932) pp. 126-135. 


Xi 


` 
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Os «+, Os, an der positiven bzw. negativen Seite der yz-Ebene, 
die übrigen Punkte Q,441, © © ©, Qa liegen in der ys-Ebene. 
Sind 
Xs =1/D Xi=1/D (k=-12:---‚si=12---,v) 
so lässt sich die Gleichung (14) in der Form 
mJ nt 1 1 1 
L — = I BB Sz 
hæl Di ul D; Dı D: D, 
(15) 
1 1 1 
ee De = 
Di Di Dy 


schreiben. Hier bedeutet D, bzw. D? den Durchmesser der durch den 
Punkt Q, bzw. Q,44 gehenden und die yz-Ebene im Anfangspunkt 


‘ bertihrenden Kugel. 


Man erhält aus (15) die Ungleichungen 











1 Py one p v n—i 
Dero x p ou nu F 
oder 
y’ n— $ 
(16) Di Sv-Dı < (n—1)-Dy, Di S7 Drs D> 


Aus der Ungleichung Df S(n—1)D, folgt der Satz V. In dieser 
Ungleichung besteht das Gleichheitszeichen nur dann, wenn »=1, 


v'=n—1, D’=D/=:::.=D}/ sind. Liegt der Punkt Q, auf der 
Kugel K (D,=2R) und liegt kein Punkt Q, innerhalb der Kugel 
K’ (D{ =2R’), so fallen die n—1 Punkte Qe; Qs, -  * , Qn auf die 
Kugel K’. 


Aus der zweiten Ungleichung von (16) folgt die folgende Verallge- 
meinerung des Satzes V: 


VI. Beseichnet Po= (xo, Yo, 80) eine Nullstelle der Derivierten eines 
Abstandspolynoms F(x, y, 2) n-ten Grades, für welche F(xo, Yo, 20) #0 
ist, bezeichnen ferner K und K' sich im Punkte Py von aussen berührende 
Kugeln von Halbmessern R bzw. R'=(n—p)/p-R und besitzt das 
Abstandspolynom F(x, y, z) in der abgeschlossenen Kugel K mindestens 
p Nullstellen, so besitzt es in der Kugel K’ mindestens eine Nullstelle. 
Besitzt das Abstandspolynom F(x, y, 8) im Innern von K’ keine Null- 
stelle, so bestiat es auf der Kugel K bzw. K’ genau p bzw. n—p Null- 
stellen. 


Ist v„=v’=1, so ist Di= Dj. Es gilt dann der Satz V: 


b 
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VII. Bestizt ein Abstandspolynom n-ien Grades die Nullstellen 
Qı und Qı ausserhalb einer Ebene E, die übrigen n—2 Nullstellen 
Qs, Qs, > ++, Qn aber in der Ebene E und enthält die Ebene E eine 
Nullstelle Po der Deriwerten (Pı#On k=1, 2,---, n), so haben 
die Kugeln, die durch den Punkt Q, bzw. Qa gehen und im Punkte Py die 
Ebene E berühren, gleiche Durchmesser. 


Aus der Gleichung (15) erhält man leicht den Satz 


VIII. Es set Po eine Nullstelle der Derivierten eines Abstandspoly- 
noms 4-ten Grades, deren Nullstellen Qı, Qa, Os, Qa nicht in einer Ebene 
liegen. Ist Kas, die Umkugel des Teiraeders PoQ:0:04 und ist Kı die 
Kugel durch den Punkt Qu, von der die Kugel Ku, im Punkte Po berührt 
wird, so ist Rya=3- Rı, wo Rau bzw. Ri den Halbmesser von Kas, bzw. Ky 
bedeutei. Bezeichnet Ey, die Ebene der Punkte PoQs;Q, und bezeichnet 
Ki’ bzw. Ky die Kugel durch den Punkt Q, bzw. Q2, von der die Ebene 
Eu im Punkte Po berührt wird, so ist Ri’ =R} (wo Ri’ und Ri die 
Halbmesser von Ki’ und Ki bedeuten). Bezeichnei Ern, die durch den 
Punkt Po gehende und zu den Geraden Q10: und Q30, parallele Ebene 
und bezeichnet Kis bzw. Ky, die Kugel durch das Punktpaar Q1Q2 bzw. 
O30,, von der die Ebene Eis, im Punkte Po berührt wird, so ist Ru= Rag 
(wo Ris und Ryu die Halbmesser von Kis und Kus sind). 


Im ersten, zweiten bzw. dritten Teil dieses Satzes sind nämlich 
y=3, !’„=1, Dı=D=D=2R D/=2R, Di = 3D; 
pop = 1, Dı = Di, Dı = 2R, Di = 2R; 
bzw. 
y=v'=2, Dı = Dp, Di = Di, Dı=D/, Di=2R, Di = 2R. 
Damit ist der Satz VIII bewiesen. 


6. Der Satz von Laguerre für ein Abstandspolynom. Es gilt der 
Satz: 


IX. Ist P= (x, y, z) keine Nullstelle des Abstandspolynoms F(x, y, 2) 
oder seiner Derivierten, so werden die Nullstellen von F(x, y, 2) von ` 
jeder Kugelfläche getrennt, die den Punkt P und den Punkt = (E, n, ©) 


F,(x, y, 8) F(x, y, 3) 


=%—2 ; zys ; 
" a ag) 
, F(x, y, 2) 


t=z— 2n 
H(z, y, 2) 
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"enthält, wo H(x, y, 3)= Fix, y, 8) + Fy (x, y, 8) + Fe (x, y, 8) ist. 


‚Der Punkt U=(£&, n, § wird als Polarpunki von P in bezug auf 
das Abstandspolynom F(x, y, z) genannt. Der Punkt II kann nach 
Laguerre als der derivierte Punkt? von P in bezug auf F(x, y, 2), 
oder nach Pélya-Szegé als der Schwerpunkt? der Nullstellen von 
F(x, y, z) in bezug auf P genannt werden. 

In diesem Satz sind die Ebenen durch das Punktpaar PIL den 
Kugeln zu rechnen. Die Kugelfläche X trennt dann die Nullstellen 
von F(x, y, 8), wenn sie jede dieser Nullstellen enthält, oder wenn das 
Abstandspolynom F(x, y, 3) innerhalb und ausserhalb von K mindes- 
` tens je eine Nullstelle besitzt. 

Zum Beweis des Satzes IX können wir annehmen, dass P= (0, 0, 0) 
ist. Haben die Nullstellen Q, von F(x, y, 3) in diesem Koordinaten- 
system die Koordinaten (x, Yu Z+) (k=1, 2,- --, n), so hat der 
Spiegelpunkt Qf von Qù in bezug auf die Einheitskugel (vom Mittel- 
punkt P=(0, 0, 0) und vom Einheitshalbmesser) die Koordinaten 


Eigen N ne rt 
te = atata Arte 


Der Schwerpunkt S’=(X’, Y’, Z’) der n Punkte Qf (k=1, 
2, +. +, n) hat nach (10) die Koordinaten 


i 2 , =l F.(0, 0, 0) y’ ~1 F,(0, 0, 0) 


x A 


XxX’ =—=-— x E ee el m m 
n 2 * "Qn F(0, 0, 0) ° 2n F(0, 0, 0)” 
‚1 F,(0, 0, 0) ¢ 
-~ 2n F(0, 0, 0) 


Ist S=(X, Y, Z) der Spielgelpunkt von S’=(X’, Y’, Z’) in bezug 
auf die Einheitskugel, so fällt S mit dem Punkt I zusammen, weil 


= x’ = 2n-F(0,0,0) = 2n-F,(0, 0, 0) 
“X24 Ynze 2000) 20, 0, 0) 
sie 2n-F,(0, 0, 0) 
H(0, 0, 0) 
sind. 
Das Punktsystem Q/, Q7,-++,Q, wird von jeder durch seinen 


Schwerpunkt S’ gehenden Ebene E getrennt. Die Spiegelung in 
bezug auf die Einheitskugel führt die Ebene E in eine die Punkte P 
und S=I enthaltende Kugelfläche X, die Punkte Qf, Qi, -+ +, Qx 


E. Laguerre, Oeuvres de Laguerre, bd. II, pp. 56-63. 
3 G. Pólya und G. Szegd, Aufgaben und Lehrsdize aus der Analysts, bd. II, pp. 55-66. 
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in die Punkte Qi, Os, * ++, Qa über, die also von der Kugelfläche K 
getrennt werden. Damit ist der Satz IX bewiesen. 


7. Abstandspolynom mit in bezug auf eine Ebene symmetrisch 
liegenden Nullstellen. Der bekannte Jensensche Satz‘ lässt sich auf 
folgende Weise verallgemeinern: 


X. Ist das Nullstellenpaar Qerr:Qan (h=1, 2,+-+, p) eines Ab- 
standspolynoms F(x, y, z) n-ien Grades symmeirisch in bezug auf 
eine Ebene E und liegen seine übrigen Nullstellen Q; (k=2p+1, 
2p+2,::-,n) in der Ebene E, so fällt eine ausserhalb der Ebene E 
liegende und von den Punkten Q; (i=1, 2,- -, 2p) verschiedene 
Nullstelle P der Derivierien F’(x, y, g) entweder in das Innere von 
mindestens einer der p Kugeln mit den Durchmessern Qzr—1Oar 
(h=1, 2,---+, p), oder P ist ein gemeinsamer Punkt dieser p Kugel- 
Jlächen. 


Zum Beweis dieses Satzes können wir annehmen, dass die Ebene E 
mit der xy-Ebene zusammenfält, dass also 
Qoi = (zn Yu, Ba), On = (En Ya, — za) (za £0, k= 1,2, A); 

Qr = (£r, Ym 0) (k=25+1,2P+2,---,n) 
sind. Ist P=(x, y, 3) im Satz X, so sind F’(x, y, 2)=0, F(x, y, 2) #0 
und 30. Aus (10) ergibt sich die Gleichung 
F(x, y, 8) 2 ` Z— 3h 
2F(x, y, e) E = aa)? + (y — ya)? + z)? 

zt Zr 
K (æ — xa)? + (y — ya)? + (z + | 


n 


r a Oa Ta 


= 1 3 (z= a)? + (y — ter 
= 2% 
rat [(% — za)? + (y — yn)? + (s — 2a)? ] 
[a — an)? t (y — yn)? + (e a?) 
1 ba 1 
t 2 RA (x — xn)? + (y — y + a j 


1L. W. Jensen, Recherches sur la théorte des équations, Acta Math. bd. 36 (1913) 
pp. 181-195. 

Gy. (F.) v. Sz. Nagy, Zur Theorie der algebraischen Gleichungen, Jber. Deutschen 
Math. Verein. bd. 31 (1922) pp. 258-251. 
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Der Faktor von 23 (30) kann nur dann verschwinden, wenn die 
erste Summe mindestens ein Glied mit einem negativen Zähler 
besitzt, oder wenn jedes Glied der erste Summe verschwindet und 
die zweite Summe kein Glied enthält (n =2p). 

Damit ist der Satz X bewiesen. 

Der Faktor 23 verändert sich nicht, wenn man den Punkt 
P=(x, y, 2) durch den Punkt P’=(x, y, —s) ersetzt. Ebenso bleiben 

‘die Summen in den ersten zwei Gleichungen von (10) bei dieser 
Ersetzung unverändert. Daraus folgt, dass auch die Lage der Null- 
stellen der Derivierten F’(x, y, z) in bezug auf die Ebene E sym- 
metrisch ist. 

Aus dem Satz X folgt: 


XI. Liegen die Nullstellen Qı, Qa,-++, Qn eines Abstandspoly- 
noms n-ien Grades in einer Ebene E, sind die Punkipaare QiriQia 
(h=1, 2, - -- , p) in bezug auf eine Gerade g der Ebene E symmetrisch 
und fallen die übrigen n—2p Punkte Q, auf die Gerade g, so ist jede 
ausserhalb von g liegende und von den Punkten Q, (k S2p) verschiedene 
Nullstelle der Derivterien ein Punkt von mindestens einer Kreisscheibe 
unter den p Kreisscheiben mit den Durchmessern Oss_ıÖar. 


Die Nullstellen des Abstandspolynoms in diesem Satz sind näm- 
lich auch in bezug auf die Ebene E’ symmetrisch, die durch die 
Gerade g geht und zu E senkrecht steht. 


8. Die Lage der Nullstellen eines Abstandspolynoms F(x, y, z) 
in bezug auf zwei Nullstellen seiner Derivierten. Es gilt der Satz: 


XII. Bezeichnen P= (xo Yo, Zo) und Pl =(xd, yd, ad) zwei 
_ verschiedene Nullstellen der Derivierien eines Abstandspolynoms 
F(x, y, 2) n-ten Grades, für welche F(xo, Yo, 20) und F(xd , yd , zd ) nicht 
verschwinden und bezeichnet E bzw. Ey eine beliebige Ebene durch die 
Punkte P, und Pé, bzw. die Mittelebene der Punkte Po, Pé, so trennt 
das Ebenenpaar EE, die Nullstellen von F(x; y, z). (Enthält das 
Ebenenpaar nicht jede Nullstelle von F(x, y, 2), so besitzt F(x, y, 2) 
im Inneren beider von E und Ey begrenzien Doppel-Raumwinkel 
. mindestens je eine Nullstelle.) 

Dreht man eine gleichseitige Hyperbel mit der Hauptachse PaP? um 
die Gerade PoP} herum, so trennt das so ensiandene zweischalige 
Hyperboloid die Nullstellen des Abstandspolynoms F(x, y, 2). 


Zum Beweis dieses Satzes können wir annehmen, dass Po= (0, 0,30), 
- Pd =(0, 0, —20), 300 sind. Bezeichnen Q= (xr, ye, &) die Null- 
stellen von F(x, y, 2) in diesem Koordinatensystem und ist 
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Na = [er + ye + (tu — zo) |- [ae + ya + (en + 20) | 
(k= 1,2,-++,n), 
so erhält man aus (10) die Gleichungen 


Ge: 55 0, Zo) = F.(0, 0, — “| 
2zol. F(0, 0, 3) F(0,0, — zo) 
A  — 2r = 
K = Na 
eg pee 0, so) _Fy(0, 0, — ay 
2zoL F(0, 0, zo) F(0, 0, — 20) 
=” — 2y18: 
= 2 Na Ea 
G= =| 0, 20) T F,(0, 0, — >] 
25 F(O, O, z)  F(0, 0, — 5) 


State o 


kml Nr A 
Bezeichnen A und B beliebige reele Zahlen, so ist 


AG, + BG: = — yo AA en) 
bol N; 

Daraus folgt der erste Teil des Satzes XII. Verschwindet nämlich 
das Produkt (Ax+By)z nicht für jede Nullstelle Qz, so gibt es mindes- 
tens je einen Punkt Q, bzw. Qj, für den dieses Produkt positiv bzw. 
negativ ist. Das Punktpaar QQ, wird also von den Ebenen Ax+By 
=0 und z=0 getrennt. Ebenso folgt der zweite Teil von XII aus der 
Gleichung G=0. | 

Aus der Gleichung 4-Gi+B-G:+G,=0 folgt die folgende Ergan- 
zung des Satzes XII: » 

Die Nullstellen des Abstandspolynoms F(x, y, 2) werden im Falle 
Po=(0, 0, zo), Pd = (0, 0, — zo) von jeder Fläche zweiter Ordnung mit 
der Gleichung 


(18) (w— Az) + (y — Bs) - (1+4 +B += O 


getrennt, wo A und B beliebige reele Zahlen bedeuten. 

Diese Flächen sind im allgemeinen zweischalige Hyperboloide. Im 
Grenzfall A>», B>», stellt die Gleichung (18) zwei senkrechte 
Ebenen dar. 
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Dieser Satz ist eine Verallgemeinerung eines Satzes von mir.’ 


9. Abstandspolynome in den mehrdimensionalen euklidischen 
Räumen. Ein Abstandspolynom n-ten Grades in dem m-dimen- 
sionalen euklidischen Raum ist eine reelle Funktion der m reellen 
Veränderlichen x1, x2, * + + , £m von der Form 


F(a1, 8, °°* o, %m) 


(19) = CI] ((eı - 2)? + (22 — 22,0)? + ++ + (m — tmx), 
bun] 

C> 0. 

Die Punkte Q= (Xu 2,4) © * *, Xm) (R=1, 2,--+,m) sind die 


Nullstellen des Abstandspolynoms. 
Die Derivierte des Abstandspolynom (19) wird durch die Gleichung 
1 Aa OF 
20 F ; pitt, ts) = — Fa, Fu =— 
( 0) (£1, x ) eee a h Bix 
definiert. Man sieht ebenso ein, wie im Falle m=3, dass F’ ein Poly- 
nom 2(%—1)-ten Grades der m Veränderlichen x1, x2, - * +, %m ist. 
Unsere Sätze lassen sich ohne grössere Schwierigkeiten auch für 
m>3 verallgemeinern. 


UNIVERSITY OF SZEGED, HUNGARY 


ë Vgl. meine in der Fussnote 4 angeführte Arbeit. 


THE SOLUTION OF LINEAR INTEGRAL EQUATIONS 
BY MEANS OF WIENER INTEGRALS 


THEODORE G. OSTROM 


1. Introduction. In this paper, we obtain expressions for the solu- 
tion, resolvent kernel, and Fredholm determinant of the integral 
equation 


a(t) = x) + f ” KG, s)x(s)ds 


in terms of Wiener integrals. Besides appealing to the general interest 
which is always inherent in the relating of two apparently diverse 
fields, these results are of possible importance in two ways: (a) 
Though the Wiener integrals involved can be evaluated at present 
only when the kernel takes on certain relatively simple forms, it may 
be possible in the future to obtain at least approximate evaluations 
which will in turn offer approximate solutions of the integral equation 
which may converge faster than the Fredholm solution. Here we 
might mention specifically the case where the integral equation con- 
tains a parameter of large absolute value; (b) As a means of evaluat- 
ing Wiener integrals in terms of the owe (Fredholm) solution of the 
integral equation. 

The Wiener integral is based on a measure defined by Wiener [1]! 
on the space C of all real functions x(t) continuous on the interval 
0stsi1 and vanishing at #=0. Cameron and Martin have investi- 
gated its properties and have, in particular, discovered how it trans- 
forms under translations [2] and linear transformations [3]. They 
have also been able to express the solution of a class of nonlinear 
integral equations in terms of limits of Wiener integrals [4]. We shall 
obtain our results by using their theorems on translations and linear 
transformations. 


2. The basic solution. Given the integral equation 


(2.1) a(t) = F[| ¢], 
where 
(2.2) Flx|i] = x() +f x, s)x(s)ds, 


Presented to the Society, April 26, 1947; received by the editors February 5, 1948, 
and, in revised form, April 5, 1948. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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x 


suppose that the following conditions are satisfied: 
1. s()EC and s’(t) exists and is of bounded variation on the in- 
terval (0, 1). 


Kilt, s), 0 Ss t < S, 


2. K(t, s) = 1Kılt, $), s<tistl, 
(Kı + Kı)/2 i=s, 


where Kı(t, s) is continuous, {0S#Ss, 0sss1} ; K(0,s)=0,0SsS1, 
and K:(t, s) is continuous, {0 sssi 0Sisl } : 

3. Kt, s) is absolutely continuous in ¢ for almost all s, OSsS1, 
after the jump at {=s is removed by the addition of a step function. 

4. For almost all s, ôK (t, s)/ðt is essentially of bounded variation — 
that is, there exists a measurable function K#(#, s) which is of bounded 
variation in ¢ for each s and which for almost all (é, s) {0 stsl, 
0<Ss<1} is equal to IK(t, s)/ðt. 

5. K#(t,s) can be so chosen that 


f sup | Ki (t, s) | ds < ©, 


ossi 


f var [Ki (t, s) ]ds < œ. 
o 08151 
6. J(s)=K:(s, s)—K.(s, s) is of bounded variation. 
Sain as i K(s1, 51) «+ + K(s1, 5) 
DS, ef E E ee dsı ++ dsp£0. 


l 
ae K (sy, 81) «++ K (Spy 5) 


We shall show in this section that under the above conditions our 
integral equation can be solved in terms of Wiener integrals. The 
explicit form of the solution is given in the following theorem: 


THEOREM I. Let z(t) and K(t, s) satisfy conditions 1-7 above. Then 
the solution of the equation (2.1) with F[x|t] defined by (2.2) is given 
‚by the formula: 
1 
x(t) =| D| (= f oas) 
0 


[wer (2 f OAP [u| s] = B das 


(2.3) 


where 
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Ce f i F f : KG, Ju(s)ds| a 


(2.4) : 
i no f | f i EE 5) «(| au + f Wale). 


Proor.? Under the conditions of Theorem I, the equation (2.1) 
determines a 1-1 mapping of C into itself. Hence for each z(f) in C 
there is a unique solution x(#) belonging to C which can be written as 





(2.5) x(t) = G[s| t). 
Thus 
(2.6) G[F(«| -)| #] = 2. 


Moreover, it is apparent that, if, in (2.1) and (2.2), Gb] t] is the cor- 
responding solution when s(#) is replaced by y(#), then aG[s| t] 
+G [y] t] is the solution when s(2) is replaced by az(t)+by(i), where 
a and bare constants. That is, G[ag+by|:]=aG[2|:]+dG[yl|:]. Then, 
since G is odd, 


fen i]d.y = 0 


and since [Ydy=1, we have 
(2.7) | f Gle + y| tldey = Glsl il. 


Next we quote a theorem of Cameron and Martin [2]: 

Let xo(t) be a given continuous function vanishing at t=0 and having 
a derivative xd (t) of bounded variation, OSiS1. Then tf H[y] is any 
functional for which etther member of (2.8) (below) extsts, the other 
member also exists and the equation (2.8) holds: 


“Hl yldwy = exp(— [ [xe (9 as 
f (- J, ora) 
fale + zo] exp ( - af = (94:0) dut. 


In (2.8), let H [y]=G[s+y]and let xo= —s, noting that, from (2.7), 
we know that /¥G[z+y]d.y exists and by condition 1 of the hy- 


(2.8) 


3 At the suggestion of the referee, the form of the first part of this argument has 
been modified slightly, so that reference to the Fredholm resolvent kernel could be 
postponed to a later stage of the paper. 
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` potheses, Z(t) satisfies the conditions placed on xo(#). (2.8) becomes: 


foe + y]dey 


u exp (- f opas) f cla exp (2 f oazo Jisa 


Applying (2.7) and changing the variable of integration on the right 
to y so that confusion with x(#) in (2.2) may be avoided, we get 


cell = f cle+ sla 


wy 
(2.9) =æ- f rore) f ebla 
-exp (2 f zoa) duy. 


Next we shall consider the transformation 
1 
y(t) = u(i) +f K(t, s)u(s)ds = Flu| è]. 
0 


By another theorem of Cameron and Martin [3], if K satisfies hy- 
potheses 2-7, and if H[y] is any measurable functional for which 
either member of (2.10) (below) exists, then the other member exists 
and the equality holds: 


(2.10) [Abies = 12 fale = fx ales] 


-exp (— &(u)) dum, 


where (u) is defined in (2.4). 

Now in (2.10), let H[y]=G[y] exp (2f¢2"(s)dy(s)) since from (2.9) 
we know that JY G[y] exp (2/5 2’(s)dy(s))dey exists and since Wiener 
integrability implies measurability, this value of H[y] is a measur- 
able functional. We obtain , 


f cble Cf POO) dey 
| = |p f st G[F(s| - J] ex(2 f z'(s)dF [u |] - a )a vt, 


which reduces, on applying (2.6), to 
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f G [y |+] exp (2 f = 90) day 
=|D| f KO exp (2 f *# (Oa | s]= D 


Putting together (2.9) and (2.11), we get 


Gle|#] =| D| exp (- f g otas) f xo 
-exp (2 f zorlu] s] - x) det. 


(2.11) 


But, by (2.5), x(#) =G]e| t] is the solution of (2.1) and our theorem is 
proved. 

3. Reduction to linear form. This solution can be put into a form 
in which the Wiener integrals are simpler, although the solution is a 
more complicated function of the integrals. The process, particularly 
as regards justification of some of the steps, is somewhat laborious 
hence we shall only summarize the argument. 

If, in (2.1), (4) be replaced by Az(#), the solution x(#) will be re- 
placed by Ax(#). Hence ' 


1 w 
Ax(t) =| D| exp (-»f wota) f u(t) 
(3.1) Re 
‘exp (af s'(s)dF[u| s] — sa) dei. 
0 
It can be shown that differentiation under the Wiener integral sign 


is justifiable provided that 3’’(s) is continuous. If we assume 3’’(s) 
continuous, and differentiate both sides of (3.1) with respect to A, 


sx) =|D| e(a f DOSE f olas} 


f u(t) exp (a f Warte) s] — 304) ) das 


+] D| exp (xf poas) f o 


en (a f * (dF [u] s] — 5) [2 f torte | dott 
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“Now (3.2) is an identity in-A which holds in particular when A= 0, 


hence 
(3.3) x(d = 2|D| f u(t) pi z'(s)dE(u | J exp (— E(u))den. 


Now F[u|s]=u(s)+/iK(s, Hu(£)dt, so that we obtain by substitu- 
tion in (3.3) 


x(t) = 2 | DI fm) [f rot] exp (= Ea))dun 


(3-4) +2lD] fund fr) l [se putea |as} 


-exp (— (#))d,u. 
Substituting /$2'(s)du(s) =s'(1)u(1) — fiu(s)d[s’(s)] and 


af El Dult)de/ds = f "aK(s, 8)/asu(e)de + I(s)u(s), 
‘we get 
= 2D] f wofun ao 
ee 
3.5) RUE f vo f ap ug] ash 
ea 
+210] f nof f ZOA} exp adeu 


Interchanging the order of Wiener integration and ordinary integra- 
tion (which can be justified by the mixed Fubini theorem), we obtain 


z = 2| Dife f woua exp (— )d,u 
-f Son) exp (Dundra) 


(3.6) +f “¥6) | f ae f ulul) exp (—B)duud |as 


+ f vor | f ou exp (— Da as} 
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= 2|D| fewa, 1) -f W(t, s)d[s’(s) ] 
(3.6) = iR zo| f ee d wa, pa ds 


ay f , ZOJOWG, Re 


where W(t, s) = [Yu(t)u(s)/exp (- B(u))dsu and z’’(s) is continuous. 
It will be shown later that W(t, s) is continuous in s, hence this 
may be written (since W(t, 0) =0) 





a(t) = 2| D| { f roate, s)] 
GN +4 f zo| T= = 2 ya, dar] as 


É T „OIOWE, a ; 





4. Expression of D and the Fredholm resolvent kernel in terms of 
Wiener integrals. 


THEOREM II. If, in addition to satisfying the conditions of Theorem I, 
Kilt, s) and K2(t, s) have continuous partial second derivatives with re- 
spect to t, then 


Ka 24 f “exp (= Bu) dau ee 


(4.1) 


ð? 1 
+f 26 awe, pas 
for all s, t except s =t, where 


W(t, s) = f wus exp (— &(#))d ws 


and R(t, s) is the resolvent kernel 


Proor. Equation (3.6) holds if s’’(s) is continuous; let us restrict 
2(s) still further, so that 3’(0)=0. Then 


Fl) = f HOU 


Moreover, we can write 
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f "WG, s)de'(s) = f "Ws s)e"(s)ds, 


1 aK.) pi, et, Rd 
f roa f ef Ki 





= x0, 820) = f "Es, De"()ds — TOs!) 


(integrating each integral by parts and then recombining into a single 
integral). Hence 


f #(s) [ [= È wq, pa] ds 
= |f za ‘W(t, dar | fi ewes 


- fro f, ze oma pala- f wa arora 





Thus, (3.6) can be written 

s) = 2|D| f {MG 1) — WG s) 

(4.2) x 
+f [ka - KG, 0176, pa} ds. 


But also, under the conditions of Theorem I, we have, by ordinary 
Fredholm theory, 


ee f ” RG, s)a(s)ds. 


Now a(t) = fis’(s)y(t, s)ds, where 


“ i OSs Si, 
vl s) 0, i<ssi. 


Integrating by parts and noting that the indefinite integral of y(t, s) 
` with respect to s is 


in (4, 5) f iss, 
min (#, s$) = 
5, tS 5s, 


we obtain z(t) =tf} s’’(s)ds—Jo 3’’(s) min (t, s)ds. Finally, let 
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Rili 3) = f RG, 968, Rats) = f Rule, Dats 
0 0 


then fl R(t, s)e(s)ds=Ri(t, 1)e(1)— fo Rilt, s)2’(s)ds. Integrating by 
parts again, and replacing z(1) by 


1 1 
f s"(s)ds — f sitas, 
0 0 
we get 


f ” RG, s)e(s)ds = Ri(t, 1) | f 700 & f ses] 


-Rai D) f odst f Re dr’ 
and 
2) = f HOR nine Vt REDAS S) 


— R,(t, 1) + Rat, s)}ds 


(4.3) 


which gives us, when combined with (4.2), 


2} D| f exc fwa, 1) — Wt, s) 


(4.4) +f [K(1, £) — Ks W(t, pa} ds 


= [vot — min (t, $) + Rift, 1)(1 — s) 


— R(t, 1) + Rat, s)} ds. 
Transposing, we get 


[ro {2 |D| WE 1) — 2| D| WG, s) 


ago e f [K(1, 9 — K(s, 9]W6, dat 


— t+ min (t, s) — RiG, 1)(1 — 5) + Re, 1) — Rall, 9} ds =0. 


Now (4.5) holds for g(s) any function satisfying the conditions: 
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(a) 3(0)=3’(0)=0, 

(b) 2(#) continuous, OS/S1, 

(c) 3’(t) is of bounded variation on (0, 1), 

(d) s’’(#) continuous on (0, 1). 
Condition (d) implies (b) and (c); moreover, given any function 
z’’(t), the constants of integration can be so determined that (a) 
will be satisfied. Hence 3’’(s) can be any continuous function. Next 
_ let us write (4.5) in the form 


1 
(4.6) f issis = 0, 

0 
that is, ¢(s) represents the expression in brackets in (4.5). We see that 
(s) will be continuous if W(t, s) is a continuous function of s. But, 


by (2.10), (2.2), (2.5) and (2.6), 


Wit, s) 


f ow exp (— @)dyu = tr. [o| #]G[o| s]d.o 


z Di [for RC, pote | 
Joo + f “RO, DEAE | dus 


Multiplying out and interchanging order of integration, we get 


Wi, s) = Tari, won +f Re, D [veo e)dnds 


+f reaf “n(s)0(é)dende 


o 


te f i f ” RU, t)R(s, n) f v(@)e(n)dndtdn 


(4.7) 


I! 


1 : : f 
pr (t, s) +f R(s, &) min (t, &)dé 
-+ f "RC, t) min (s, &)dé 
+f fx &)R(s, n) min (£, natant 


? Using here the fact that the solution of (2.1) can be written alternately as 
x(t) -Gleli] or x(t) =s(t) +h RG s)s(s)ds, so that these two expressions are equal. 
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Since R(t, s) is continuous at any point of continuity of K(t, s), the 
right-hand side of (4.7) is continuous Thus W(é, s) and, therefore, 
&(s) are continuous on (0, 1). Now 2’’(s) may, in particular, be any 
of the complete orthonormal sets of polynomials on (0, 1). From (4.6) 
and definition of completeness, d(s)=0. Therefore 


2p] {wa D wes +f Ixa,9 - K6, 01M, dar} 


(4.8) — + min (, s) — Rili (1 9) 


+ R(t, 1) — R:(t, s) = 0. 
Now for every ts we note that each term in (4.8) has a derivative 


with respect to s except possibly W(t, s); hence 9W(t, s)/ds exists. 
Differentiating, we get 


oW (t, 
ie 





ð pf! í 
+— |, renwa pa} +79) 
0 
+ Rit, 1) = Rill, s) =(. 
Differentiating again, we get 


(4.9) -alp {=e N un Z f ze oma Da} — Re, s) = 0. 


As in the previous step, we infer the existence of 0°W(t, s)/ðs? from 
the existence of the derivatives of all other terms in the identity. 

Finally, we can express D in terms of Wiener integrals, If, in (2.10), 
we set H[y]=1, then 


1= | D| f exp (— B(u)) du. 


o 


ID {f “exp (= 2dan} 


Theorem II then follows directly from (4.9). 


Hence 
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ON THE SOLUTION OF ORDINARY DIFFERENTIAL 
EQUATIONS OF THE FIRST ORDER INVARIANT 
UNDER CONTACT TRANSFORMATIONS 


MARIO O. GONZALEZ 


In the classical Lie theory it is shown how to construct a dif- 
ferential equation invariant under a given group, and how to solve 
an equation when a group leaving the equation invariant is known. 
However, little is said about the problem of determining the group 
for a given differential equation, which is by far the most interesting 
problem. 

In the present paper, necessary and sufficient conditions for the 
existence of an infinitesimal contact transformation leaving a given 
equation invariant are determined along with the general form of the 
characteristic function of the group. It will also be shown how to 
reduce, by a proper change of variables, the infinitesimal contact 
transformation to a point transformation. This enables one to solve 
the transformed differential equation by Lie’s methods. Passing 
back to the original variables, a new differential equation is obtained 

s which combined with the original equation gives its solution in para- 
metric form. 

Let 


be the symbol of the infinitesimal contact transformation leaving in- 
variant the differential equation 4=F(p), with u=u(x, y, P), 
v=u(x, y, P), p=dy/dx, and F such that the equation G(x, y, p) 
=u— F(v)=0 satisfies the various conditions for the existence of 
solutions (but otherwise arbitrary). Throughout this paper we shall 
assume that: 

(A) Both u and v have first derivatives with respect to x, y and p, 
at least in some region R of the (x, y, p)-space. 

(B) The Jacobians 


u O(#, v) = alu, v) (u, v) 
Te ae) 


have in R derivatives of the first and second orders, while J; and J? 
have also derivatives of the third order with respect to x, y and 2, 
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as are involved in the discussion. 
(C) The functions # and v are not in involution, that is, 
Up tha + piy 
[wo] = 
Dp Vat Pu 


Since u and v are to be invariants under Bf they will satisfy the 
partial differential equations 


= J; — pJi Æ 0. 





from which we obtain 
E a 7 _ T S 
alu, 0)/A(y, p) Ale 0) /A(p, Ka 9) 
o=o(x, y, p) being the common ratio. This can be written 


(1) E= oJ, n = Ja, T = aJs. 


F, 


If W is the so-called characteristic function of the infinitesimal 
contact transformation, we have also 


(2) W = p — 1 = o(pJi ~ Ja). 
Now to find o we recall that! 
en WW 
Op Ox oy 


As a consequence of (1), (2) and (3) we obtain the system of equa- 
tions 


dts aa I =) ar 
(Ji — Ja) ap ? ¢=0, 
` do do 
(4) (Ji — J) — + pOJ — Js) — 
Ox oy 
+|( Os; =) 4 ( Os; =) +35] = 
a Ox 0% EAF oy oy ee ee 


This system may be written in the homogeneous form 


INTER 
Ban Ale 


ù 


1 See Cohen, An introduction to the Lie theory of one-parameter g 
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ô ô 
afer eu,” = 0, 
(5) Op dc 
ô ð ð 
iaa te 0, 
Ox oy do 
in which 
ôJı/ðp) — (dJ2/0 
an — o ZOI) = (87/00) 
pJı — Ja 
(p(0J1/dx) — 8J2/8x) + p(p(0J1/dy) — 8J3/8y) + Js 
(NM) Mis — o ——— ee 
pJı — Ja 
é Adjoining to the system (5) the equations 
ð ð ð ð 
(8) Af = (di4) f = Ay (AM: — Aue I Me =a Vy 
oy do 0% dc 
of 
(9) Af = (A1Aa)f = (A.M, ZZ AM) ao = 0, 
Co 
ôf 
(10) Asf = (4:43)f = (AM: — AM3) el 0, 
o 
we see that the equations 
(11) AiM; — A;Mı = 0, AM; — AM; = 0, 


are necessary and sufficient conditions in order that the system (4) 
have a solution. The system (5)-(8) implies the Jacobian complete 
system 


a a 
Ky- 2 + an- puy =o, 


af af 


12 Kaif =—+ Ms— =0, 
(12) af a tae 
af af 

Rips N: 

af ae 0 


Either we may solve (12) or the equivalent total differential equa- 
tion 


(13) (Ms — pMs)de + Mady + Midp — do = 0. 
If f=Y(x, y, p, o) is the solution of (12), then 
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will be the solution of (13), and conversely. Equation (14) determines 
o in terms of x, y, and p. Since o enters as a factor in Mi and Mg, it is 
also a factor of M,.? Hence, equation (13) can be written 


da/o = du(z, y, p), 
and so g has the form 
(15) o = ketwsp, 
Several special formulas for « may be found. For instance, if 
Mi=¢i(p)o, Ma = dalz)o, 
then M,=0, and equation (13) reduces to 
ga(x)odx + oi(p)odp — do = 0, 
from which we obtain 


o= kexp( [oer + f alade); 


Therefore, the characteristic function takes the form 


(6) W = ($J — Js) exp ( f sd) + f plada) 


by virtue of (2). This special case will be of use in some examples to 
be considered later. 
We summarize our results in the following theorem. 


THEOREM. The characteristic function W of the infinitesimal contact 
transformation leaving invariant a given differential equation u=F(v) 
can be found by the formula 


W = kJa — Jaen) 
if, and only if, the equations 
AiM,— AMı=0, 4Mı- AMı=0 
are both satisfied for all values of x, y and p. 


Now, to solve the differential equation «=F (v) invariant under 
the known group 

3 If Mi=oMN,, MamoN;, then My=A1My—AiM,=0(8N2/ap —ON1 /dx—paN1/By). 
This relation, together with (11), are the conditions in order that (13) be an exact 
differential when divided by ø. 
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a mt of 
(17) Bf =~ Wr (pW, W) ay (W: + pWy) ap. 


we consider two cases: 

(A) Both =W, and »=pW,—W are free of p. This case occurs 
when W is linear in p. Then Bf represents an extended point trans- 
formation and the equation may be solved by introducing canonical 
variables. 

(B) Either £ or n, or both, contain p. Then Bf represents a general 
contact transformation. 

In this case we may show that by a suitable change of variables the 
transformation reduces to a point transformation.’ To this aim, let 
us define a finite contact transformation 


(18) X= X(x, y, $) VY=V(x,y,~), P= P(x,y, p) 


in the following manner: X=u, YÆX in involution with X, that is, 
such that [X Y]=0, or 


(19) PL aad (Xa+ ox) 0 
P On cory z m D 


and P by the equation P= Y,/X,. The symbol for the transformed 
group will be 


„ of af of of of of 
20) Bf = E— + 3 — + #— = BX— BY — + Bp. 
00) B-boy tis tr ax | PY ar + BP ap 
But $=BX=Bu=0 since u is invariant under Bf. Since E=Wp 
this implies that W is free of P. Also, we find that 4 does not contain 
P because 7=>PWp—W=-—W. Hence, Bf is an extension of the 
point transformation group 


(21) Uf = — W(X, Y) x I 


This group can be reduced further by introducing the canonical 
“variables 


ar 
x*= x, ed ras st 


Then the symbol of the infinitesimal transformation assumes the 


® Cohen, loc. cit. p. 195, proves that the contact transformation reduces to a point 
transformation by assuming the corresponding differential equation solvable for p 
in the form p=«(x, y). 
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simplest form 


of 
ay* 





Utf = 


The equation u=F(v) when written with the variables X, FY, P 
takes the form 


(22) (X, Y, P) = 90. 


This is also a differential equation, that is, P=dY/dX, since the 
relation dY—PdX =\(dy— pdx) which holds for any contact trans- 
formation implies dyY—PdX=0 whenever dy—pdx=0. Since (22) 
will be invariant under (21) we are in position to solve (22), either 
directly or by introducing the canonical variables X*, Y* [this last 
step reduces the equation to the form dY*/dX*=G(X*)]. Let 


(23) W(X, Y, )=0 


be the solution of (22). Passing back to the original variables we get a 
second differential equation 


W(x, y pc) =0 


which together with u= F(v) determines the integral curves of the 
latter in terms of the parameter p. 
Examples. I. Consider the differential equation ' 


(24) p+ y9/p = F(x + 29). 


Here u=p+y/p, v=x+2p. Hence, it follows that Jı=2/p, Jı=1 
—y/p*, J= 1/8, ph-Jı=1+3y/P®, Mı=20/p, M=Mı=0. 

Formula (16) can be applied with ¢:(p),=2/p, a(x) =0. Therefore, 
the characteristic function of the group is 


W = R + y/p%)p* = kt 9). 


Since a constant factor is irrelevant, we see that equation (24) is 
invariant’ under the infinitesimal contact transformation 


of of of 
Bf = pr (p? — N Pap 
By taking X =v=x%+2p equation (19) reduces to 
os en 
Ox oy Op 


The corresponding system of ordinary differential equations is 
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2 2% 1 0” 


from which we obtain Y=p?+y as a particular integral of (25). 
Finally we have P=2p/2=p. Introducing the new variables in (24) 
we get dY/Y=dX/F(X). Hence, we have 


Y= ce%®, G(X) = fox . 
F(X) 
Passing back to the variables x, y, p we obtain 
(26) B+ y — celti) = 0, 


The system (24)-(26) furnishes the solution of the equation (24). 
For instance, if F(x+2p)=tan (x+2p), equations (24) and (26) 
are respectively 
b+ 9/p = tan (w+ 2p), p*+y =csin (x + 29). 
Solving for x and y we find 
x = — 2i + arc cos (#/c), 
y= — Ë t (a - mın, 
which are the parametric equations of the solution, where t= is the 
parameter. 
II. To apply the method to find the group leaving invariant some 


familiar types of ordinary differential equations, let us consider first 
the homogeneous equation 


$ = F(y/z). 

We have u=p, v=y/x, Jy=—1/x, J= —y/x*, Jx=0, pIhı-Js 
=(y—px)/x?, Mı=0, My=20/x, M;=0. By using formula (16) with, 
pı) =0, b2(x) =2/x, we get (taking k= —1) 

W = pz- y. 


Since W is linear in p we obtain the point transformation with 
symbol 


ð 
Uf=x—+y—,; 
Ox 
which corresponds to the so-called homotetic transformation. 


For the linear equation b+P(x)y= F(x) we have u=p+Py, 
=y, Jı=0, J=1, J= —P, pJı— J= —1, M=0, M:= —o P,M;=0. 
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By putting ¢1(p) =0, a(x) = —P, ine 1 in formula (16) we obtain 
W = - exp (— f P22), 
Hence the symbol for the group has the form 


ae: 


III. Finally, we shall give a short table of some general types with 
the corresponding characteristic functions.‘ 


Differential Equations Characteristic Functions 
y = px + F[x9(P)] kzo(p) 
y = px + Fiye] . kyp6(P) 
y + gl) = pF E + f TORII kly + o(6)] 
epla + y + p) = Fle + 1)] kela + y+ 2) 
y + selb) _ '(p)dp 
EST k ; 
p F eA) ar iog “+ f p+ en] Br] 


Havana UNIVERSITY AND 
UNIVERSITY OF ÄLABAMA 


4] am indebted to my former students Miss C. Santana and Dr. R. Peña for the 
fourth and fifth types shown in the list. 


NOTE ON REGIONS OMITTED BY UNIVALENT FUNCTIONS 
A. W. GOODMAN 
1. Introduction. Let § denote the set of functions 


(1) w = f(z) = Don la|= 1, 


which are regular and univalent in E, the open unit circle. A classic 
result due to Koebe! states that if f()E% omits v for z in E, then 
|>| 21/4, and that equality occurs (essentially)* only for the func- 
tion 
z 

(1 + 2)? 
Hence the problem for a single omitted value is completely solved. 

It is natural to inquire into the situation when the set of omitted 
values contains a region or a number of regions. This can be special- 
ized in two ways. In $2 it is assumed that f(z) omits all the values 
inside a circle of radius R, and a sharp upper bound for R is obtained. 
In §3 the area of the intersection of E and the set of omitted values 
is considered. The result obtained is not sharp. 


2. The largest circle of omitted values. We shall make use of the 
following theorem due to Pick? and Nevanlinna,‘ and since a short 
proof can be given, it is included here for completeness. 


THEOREM 1. Let h(z) EY omit y in E. Further suppose that |h(z)| 
<M for z in E. Then 


(3) | y| = 24° — M — 2M(M? — m), 
with equality (essentially) only for the function 


(2) Rg) = 


(4) h(z) = MK l; Kea) | 





Received by the editors January 24, 1948, and, in revised form, April 14, 1948, 

1 Titchmarsh, The theory of functions, Oxford University Press, p. 211. 

3 We use “(essentially)” to denote that all other functions for which the equality 
sign holds can be obtained from the one given by subjecting both planes to appro- 
priate rotations, 

*G, Pick, Sitzungsberichte der Kaiserlichen Akademie der Wissenschaften, Vienna, 
Abteilung Ila, vol. 126 (1917) pp. 247-263, 

*R. Nevanlinna, Oversigt a Finska Vetenskaps Societetens Forhandlinger vol. 62 
1919). 
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where K(g) denotes the inverse function of k(2). 
Proor. Without loss of generality take y>0. Clearly 


h(z) 

5 Sa) 
z JO = TE O/M) 
is in $ and omits the positive value 

Y 

6 p = ——. 

2 arm) 


Apply Koebe’s Theorem. Since, for fixed M, (6) is an increasing func- 


ZL 





Us 


tion of y in the interval 0Sy SM, the inequality v21 /4 implies 
- YZYa the least positive root obtained by solving 


(7) 


Fig. 1 


Y a 1 
(1+y/M)} 4 
This yields for ye exactly the right side of (3). Since k(e) is (essen- 
tially) the only function for which v=1/4, it is easy to see that (4) is 
(essentially) the only function for which the equality sign holds in 
(3). The function given by (4) maps E onto a circle of radius M with 
a slit along-the positive real axis from M to Y. 


THEOREM 2. Let f(z) EŞ, Let c be fixed and suppose that for z in E, 
f(s) omiis all Ẹ for which 
(8) |- c| SR. 
Then 
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4|c| -1 

ale +1 

with equality (essentially) only for the function which maps E onto the 
enitre complex plane except for the closed circle of prescribed center and 
radius, and a radial slit running from the point c+(c/ |c|)R to the 
point at infinity (see Fig. 1). 


Proor. Without loss of generality take f’(0)=1 and c>0. Since 
f(0)=0, c-R>0. Let 


(9) Rzle| 


R 

(10) g(2) = jaan 
Then for z in E, g(z) is regular, univalent, | g(s)| <1, and g(z) +0. 
Also g(0) = — R/c, and g’(0) = R/c?. Next set 
(c? — R*)(g(z) — g(0)) 

RC — g(z)g(0)) 
Then A(s) satisfies the conditions of Theorem 1 with 
(12) M = (c? — R¥)/R) y = (c? — RY)/c>0. 
We write (3) in the form 
(13) 2M(M? — M)U? > 2M?— (M+ y). 


Now M>1 and M>y show that the right side of (13) is positive, 
and so we may square both sides and obtain 


(11) A(z) = 


(14) 4M*y = (M +y). 
Using (12) in (14) and simplifying, one finds 
(15) 4c(c -R) = R+e, 


and this is equivalent to (9). 

To see that the inequality is sharp and to obtain the (essentially) 
unique function, reverse the steps of the proof. Take h(s) as given 
by (4) with M determined by (12) and R determined by (9) with the 
equality sign. Then (11) together with the requirement that g(0) 
= —R/c gives g(a). Finally (10) defines f(s), and it is not difficult to 
verify that the f(s) so obtained has all of the required properties. 


THEOREM 3. Let h(z) CR omit y in E. Further suppose that in E, 
R(k(2)) > —c, c>0. Then 


|y] = ¢ — (4e — 2013/2 
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with equality only in the case h(s) maps E onto the half-plane R(w) > —c, 
slit along the real axis from —c to —c+(4c?—2c)"?/2. 


The proof of this theorem is similar to that of Theorem 2, and will 
be omitted. 


3. The area question. Instead of the point set mentioned in §1, 
it will be more convenient and completely equivalent to consider the 
set ‚Sy, the intersection of E and the set of values assumed by f(s) 
for sin E. Let A; be the area of this set and let A denote the greatest 
lower bound of fAs} for f(z) CF. Roughly speaking, 4 measures the 
amount of the unit circle which must always remain covered by the 
map of E under any normalized univalent function. We shall prove 
the following theorem. 


THEOREM 4. 
(16) ‚50007 S A < .7728r. 


In establishing the lower bound use will be made of the rather ele- 
mentary lemma: 


Lemma 1. Lei k>0. Let $(0) be a positive continuous function for 
0s#<s2r, and 


(17) f cyan Sc. 


Then 





ir we) Pt 
(18) f ee) 


$*(6) c? 
with equality if and only if (0) =c¢/27. 


The Holder inequality for’ integrals® states that if a, ß, f(x), 2(x) 
are positive and a+$=1, then 


a  Sroenas|f goa) S T eoa]. 


Takea=1/k+1,8=k/k+1, 2(9) =(0), f(0) = (@(0)) 1! = *(8), and 
obtain 


"0 1 gute 
20 2r Ss Lf | cP D, 
(20) aE EET 


5 Hardy, Littlewood, and Pólya, Inequalities, Cambridge University Press, p. 140. 
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This gives (18). Since equality occurs in (19) only when f(#) and g(6) 
are proportional, equality occurs in (20) only if #(#) is constant. 
To establish the lower bound for A consider, not f(s), but f(rs)/r 
=f,(2), 0<r <1. This insures the regularity of f,(2) on the boundary 
of E. To simplify matters, assume that the boundary of Sy, is given 





Fig. 2 


by R=¢,(6), a continuous single-valued function for 0<6 S27. Then 
1 ir 2 
(21) An =f oa. 
wo 


Hence the set of points omitted by 1/f,(2), which lie outside the unit 
circle, has area 


(22) o--[ "2 
2 Jo (6) 
But by the Faber-Bieberbach® area theorem O<r and so 
3r do 
(23) f axs 
o #6) 
By Lemma 1, with k=1 
2r (2 r)? 
(24) 24,= f 0d an 


0 


It is easy to remove the restriction that ¢,(0) be single-valued and 
continuous. The details will be omitted, but it should be noted that 


$ Titchmarsh, loc. cit. page 209. 
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for the functions f,(z) each ray through the origin intersects the 
boundary of Sy, in at most a finite number of points. Finally taking 
the limit as r—-1 presents no difficulties. 

To establish the upper bound we construct, by combining the five 
simple functions (25), a function w=f(z) which maps E onto the 
shaded region shown in Fig. 2. 





n = Klck(e)], 0<c<1, 
+ 
adre -1<% <0, 
fon +1 
1+i 
(25) u = =, 
1 — it 
p= urelr, 0Sa<m, 
ey + eiar?) 
SS 0<B<r. 


3 
0 + ei(r-a/2+8) 


The first mapping takes E into E with a slit with length depending 
on the parameter c. The second preserves E and introduces a param- 
eter fo which is later determined by the condition f(0)=0. The 
third mapping takes E into the right half-plane, and the fourth takes 
this half-plane into the entire plane except for a wedge of angular 
aperture a symmetrically located about the negative real axis with 
apex at the origin. The slit in E becomes a circular arc slit of unit 
radius and one end on the upper boundary of the wedge. Finally the 
fifth mapping takes this region onto the shaded region of Fig. 2. 

The constant c is determined by requiring that the slit end go into 
the point at infinity. Using subscripts to denote the images of the 
points in the w-plane it is easy to verify the following. 








to = ef, bo = — (e+), 
2r — a 2 
Un = e*t», i Pa = — (e-=), 
2r— a 2 
(26) 
sin yo u sin Wo 
ee rer 


sin (Yoo SA vo)/2) 


= — _, = 4kln.). 
mia ee 
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This gives the two parameters c and { as functions of & and £. 
Finally 





2r—a 

(27) | (0) | = - 4k(n.) cos Yo. 

x sin B 

Setting | f (0)| =1 gives a transcendental equation which determines 
a as a function of 8. Fortunately, however, it is not necessary to 
carry the precise analysis any further to secure a valid upper bound 
for A. The particular selection a=28°, 8=90° gives |f’(0)| >1.0015 
and A,<.7728r. 

To place our conclusion on a completely sound basis it must be 
remarked that by a well known lemma’? |f’(O)|, for fixed £, is a 
strictly decreasing function of œ. Further | F (0) | is a continuous 
function of a. So with 8 =90° there is a unique a’ for which | fo) | =1 
and a’>28°. 


RUTGERS UNIVERSITY 
poem oot ea 

TIf f(z) and g(s) map E onto F and G respectively with f(0)=g(0) and FCG, 
then |f’(0)| <|g’(0)|. 


ON SONINE’S INTEGRAL FORMULA 
AND ITS GENERALIZATION 


HSIEN-YU HSÜ 


1. Introduction. Let J,(x) denote Bessel function of order v and let 
v> —1/2. The value of the integral 


(1.1) S(v; a, b,c) = S DIOs, 


where a, b, c are positive parameters, was evaluated by Sonine [8, 
p. 411]! and given by his formula 
Qr-lAw-1 
(1.2) S(v; a, b, c) = —— ~ or 0, 
T(1/2)T@ + 1/2)(abe)’ 


according as a triangle can, or cannot, be constructed with sides a, b, c- 
The area of the triangle is denoted by A. Derivation of (1.2) may be 
established by means of a limiting process from either Dougall’s 
integral formula or Dougall’s expansion formula, both of which in- 
volve the product of three ultra-spherical polynomials [5, pp. 379- 
382]. It has further been remarked [5, p. 375] that a proof of Sonine’s 
theorem (1.2) can also be given by a procedure similar to that 
employed for the proof of the latter of Dougall’s results by making 
use of Hankel’s inversion formula. 

In this paper, (a) we shall show the content of the previous remark 
with detailed explanations. (b) By use of the result (2.7) and Sonine’s 
formula (1.2) a generalization of Sonine’s integral (3.6) can be ob- 
tained. (c) Similarly, a generalization of Dougall’s expansion formula 
may also be derived, which will contain (3.6) as a limiting case. And 
(d) we shall further give an explicit expression of the generalization 
of Dougall’s integral formula, whence by means of a limiting process 
we also get the same generalized Sonine’s integral. For v=0, the well 
known Nicholson result [8, p. 414] can be displayed as a special case 
of (3.6). 

2. Derivation of Sonine’s integral (1.2) by means of Hankel’s in- 
version formula. We shall assume that the area of the triangle as 


constructed by the given lengths a, b, c is greater than zero. For the 
special case when the area A is zero, then we may replace the expres- 


Received by the editors March 6, 1948.. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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sion A®-1 in the right member of (1.2) by 0, 1/2 and + œ for»>1/2, 
v=1/2 and v<1/2 respectively [7, p. 685]. When the construction of 
the triangle becomes impossible it is easy to show that the value of 
the integral (1.1) vanishes [8, p. 413]. 

Let us consider a plane triangle with two fixed sides 6 and y, and 
that the angle & between ß and y should vary from 0 to r. Then the 
opposite side a to the angle ¢ of the triangle can be evaluated from 
the cosine law, namely: 


(2.1) a? = B? + y? — 28y cos d. 
The addition theorem for Bessel function of order v [8, p. 363] gives 


J, = J m J m v 
(a) = 2T(v) SS oHm) Trah) rral) PE (cos $), 
a m=) (By)’ 
which is valid for all values of 8, y and ¢, and for all values of » with 
the exception of? 0, — 1, —2, - + +. Hence we have by integration 


(2.2) 





an TABI) ag 
(2.3) a A 


= ery + ien LEO | 


(By) 


The above formula (2.3) holds true even when v=0 (see footnote 2). 
Now we introduce « instead of ¢ as the variable of the integration. 

Since 

(2.4) By sin $ = 2A1, 

where A; is the area of the triangle with sides a, 8, y; and since 

By sin ddd =ada, we find for the left member of (2.3) 


T & 2r—1 B+ »(a gis 
(2.5) f O aini g sin dh = = en Ar ada. 


After this transformation, (2.3) can be written in the form 








(2.6) 


wl Ir—1 
im 2 Jla)Aı ada = JBJ (Y). 


eyi T(1/2)T + 1/2) (8y) 
Put a=Rx, 8=bx, Y=cx, we obtain 
2 In case y=, the addition theorem is given by (2.2) Jola) = Dor un Jul Im{r) 


-cos md, where eml; en=2, m21. By integration, we have (2.3’) (1/n)f"Jo(a)d¢ 
= Jp) Jy), which is indeed the particular form of (2.3) when »=0. 
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f ta 27 (Rey 
| 


b-el Tan a ar = |. HEN ABA) EAR 


(2.7) = 2S (bx) I,(cx), 


where A; is the area of the triangle with sides R, b, c and where we set 


»—1 3-1 
2 As 
Tet/MT lv L 1/9\(Rhe) b-ci\ SRS 
(2.8) (R) = {T(1/2)T(» + 1/2)(Rbe) | c| SRSb+ce, 
us R<|b-c|orR>b+.e. 


Now the function f(R) as defined above in (2.8) satisfies the condi- ` 
tion that 


f j f(R)R7dR 


exists and is absolutely convergent for v> —1/2. Therefore we can 
apply Hankel’s inversion formula [8, p. 456] and have 


(2.9) - Sb; a, b, ¢) = fantasy) [NRTARSRaR} ae 


1 
= — {Ke — 0) + fe +0} = fo), 


provided that the positive number “a” lies inside the interval in 
which f(R) is of bounded variation. This is actually satisfied because 
of the fact that f(R) has a bounded derivative for the whole interval 

- except the end points R=|b—c| and R=b-+c, at which points the 
area of the corresponding triangle vanishes. 


3. Generalization of Sonine’s integral formula. We are given four 
positive parameters a, b, c, d, say a2b2c2d and let 20=a+b+c+d. 
When a quadrilateral can not be constructed with lengths a, b, c, d 
as sides, the value of the integral 


(3.1) Soja, b,c d) = f ” ola) Io(b2)To(cx)Io(dx) 2° da 


may easily be shown to vanish [8, p. 413]. Moreover, from the well 
known asymptotic formula for Bessel functions [8, p. 199] 


(3.2) 42) = (=) (#- 7-4) +o) LI, 
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the principal part of (3.1) will become 


2\ 1 2 m r 
(=) aol pi» feos (a -—- =) 
a/ (abcd)? J o 2 4 
(3.3) cos (« - =~ =) cos(a- - =) 
2 4 2 4 
cos (a LTE =) di. 
2 4 


We can point out without difficulty the conditions under which the 
integral (3.1) diverges. Recalling the identity 


VR T VET is 
lee) 


= cos (m + n + p + Do — (2 + 1)r 
+ cos fotota- mp — re 2) 


i (3.4) tes (ot tm mem) 
+ cos {G+ m+n~ p-m- 


-+ cos {mtn 2-6 


+ cos (m+ n— $ — 96 
+ cos (m + p — n — q) + cos (m + q — n — p)ẹ, 


we readily see that, for the special case when s =a, namely, a rigid 
quadrilateral with area zero, the integral (3.1) is properly divergent 
for v <0; however, for y=0, it converges (and =0). We further note 
that for the case when e =a+d=b+c, (3.1) diverges for » SO. 

For the subsequent considerations we shall assume that a quadri- 
lateral is constructible, and notice that the construction may be 
arranged in several ways. Let us consider one of the arrangements, 
say, the quadrilateral is formed by sides a, b, c, d which are con- 
nected with one another in the related order. One of the diagonals, 
which is denoted by R, divides the quadrilateral into two triangles 
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AabR and AcdR. Since the diagonal R is of variable length, we let 
R=c+d-2i (or 'R=a-+5—2u) where t (or u) isa variable. We further 
denote the area of the two triangles by Aar and A.ar respectively. 

For sake of definiteness, suppose c—d Sa—b; when the equality 
sign is used we remember that v»>0. Replacing b by c, and c by d 
in (2.7), multiplying both sides of the modified equation by 
x! J,(ax)J,(bx) and then integrating with respect to x from 0 to 
©, we obtain 


Siebe f "7,(02)J,(2) 


l a e) 
oa T(1/2)r(> + 1/2)(Red)” 
(3.5) 7 otd Kee 
= P(1/2)0 + 1/2)(cd)’ Ja RO 


. f f TADIR säs} dR. 


Here the interchange of the above integrations is permissible for 
y>—1/2, since the improper integral S(v; a, b, R) is uniformly con- 
vergent in general with respect to R in the interval c—d to c+d; and 


f 7 (RAA 
aa T(1/2)T(»p + 1/2)( Red)’ 


is a continuous function of R for the range c—dSRSc-+4 [4, p. 473]. 
Write R=c+d—2t and by Sonine’s formula (1.2) we may rewrite 
(3.5) as follows: 


S(v; a, b, c, d) 


2%-—1 oa fc + d En 2 1-2 
oo) {To + el ( Ards ar eh 


which we shall call the generalized Sonine’s integral formula. 


4, Generalized Dougall’s expansion formula. Similar to the re- 
lated line of reasoning, we use instead of (2.7) the known result 
[5, p. 378] : 


PÈ (cos a)(sin a sin 8 sin VE A sin” ada 
(4.1) Id-rl 
„Ia+D „® a) 
a{ra)} Tq FD) Pa (cos ß)P» (cos y), 
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where PP (cos 6) denotes ultra- spherical polynomial. In (4.1) we 
note that 8 and y are two fixed sides of a spherical triangle: 0<ß<r, 
0<y<7; a is the third side; that 


(4.2) E= sin TOT ig ENE ig MOTE, STAM, 


and that B =8 +y if B+yS7; or B=2r—8—y, if Bty>z. 

Suppose a2=8 27264, and for sake of definiteness let y —5Sa—B. 
For the latter relation when the equality sign is used, we consider , 
only A>1/2. Now replacing £, y, a, E, B in (4.1) by y, ô, p, Eysp, B’ 
respectively; multiplying both sides of the modified equation by 


inn {ore 


2 0 a 
Team P, (cos a)P, (cos ß), 


and then summing with respect to n from 0 to œ, we finally ob- 
tain 
DÀ; a, B, Y, ö) 
T(n + 1) 
Zenit 
T(n pA a 
Pe (cos a) P? (cos B) PČ (cos yP (cos 5) 


1 a3 I'm + 1) @) 
5 POP D+» tiem PD (cos a) P” (cos 8) 


Il 


(4.3) 
B’ 
(sin p sin y sin ô)” ape (cos p) sin” pdp 
4-5 x 
B’ 


1 en 
— {ra} | (sin p sin y sin 8)" "Ein sin” p 


2 1-3 
a 


pe (cos a) P? (cos p) Pe (cos a dp. 


Here the interchange of the infinite series and the integration is per- 
missible for \ > 0, since the infinite series is uniformly convergent with 
respect to p in the interval between y—ö and B’; and the integral 

B’ 


—1 
Exp sin pdp 
8 
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is absolutely convergent [2, p. 495]. By the result of Dougall’s ex- 
pansion formula we may rewrite (4.3) as follows: 


DÀ; a, B, y, ô) = 21-a {T(A)}— {sin a sin ß sin y sin 5} 1a 


B' E E A—1 
(4.4) S E, ap, 
7-5 sin" p 
which we shall call the generalized Dougall’s expansion formula. We 


shall remark that by means of a limiting process [5, p. 380] the gen- 
eralized Sonine’s integral formula (3.6) may also be derived from 


(4.4). 


5. Generalized Dougall’s integral formula. Bailey [1, p. 284] has 
attempted to generalize Busbridge’s formula [3, p. 95], which in- 
volves products of Hermite polynomials, by evaluating the integral 


Di; m, n, p, g) 


=) = fa 2 Ph (a P (a) PP (a) PP? Mar, 


He did not give an explicit, elementary expression for this generalized 
integral, but remarked that the result is complicated and involves a 
well-poised series of the type uFio with unit argument. 
By the known result of Dougall’s integral formula [5, p. 374] we 
immediately have 
i a 
iP, a 
(5.2) PPPE (a) = Dawe Pprenla), 
Te) 
where 
airo  P+q9—%t+rATH+9q— 2r +1) 
fr = — 0 
p+a-r +a To+tg-rtD 
T +g- r + 2a) 
Tp +g- 2r + 2d) 


portrA—-1\f¢a—-rta-l r+A-—il 

ee a Ge, 

l t+g-r+-—i l 
( Pret ) 


-Now by an analogous method, as employed by Bailey in dealing with 
Hermite polynomials, we may obtain an explicit expression for the 
value of the integral (5.1), namely: 


(5.3) 
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DA; m, n, p, q) 

2a mab m T(k-r+2) pt+q—2r ta 
{ray}? Ae kor ba (k-ti) ptg—r-bn 
P(p+g-r+1) T(p+g—-2r-+2\) 


p—r+A—1\ fg—rtr—1\ /r 1 

Euren 

an 
( tar ) 


Er ) as D wur ) 
k=p-gtr 








(5.4) 


k—n—r 
Su 
k-r 


F(A; m, n, $, q), 


k—m—-r 


2-2 min (¢,4—m) 


ror & 
where we let 2k=m-+n+p+q and m2n2p2g, k being an integer 
not less than m; otherwise the integral is zero. For \=1/2, the explicit 
expression for the integral involving product of Legendre polynomials 
was given by Shabde [6, pp. 31-32]. We may further remark that by 
means of a limiting process [5, p. 379], (5.4) will contain the same 
generalized Sonine’s integral formula (3.6) as a special case. 

We finally note that Bailey [1, p. 282] also remarked that for any 
four positive numbers, say m2n2p2q, there are several ways of 
obtaining the value of the integral (5.1). It is easy to show, for ex- 
ample, with n and g interchanged in the related order and following 
the analogous argument for the evaluation, that we have 


Dia; M, n, $, q) = D(A; m, q, $, n) 


(5.5) 21a kom 
2 Fm q, p,n). 
ITA) } 7 remax (0,k—m—q) 
Making use of a limiting process and particularly for the case when 
v=0, we have, if 12922a4>0, and w=as:-+a3— 2x, 








00 4 
S(O, a1, Gs, 0,0) = f II Jo(a,é)edt 
(5.6) p amai 
1 a a + a3 — 2% 


= — — dx 


2r? max(0,0—a)—ay) AayaywAagage 
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We obtain 
min (agt az, 4ta) 

S(0; Gi, Ga, 03, G4) = =f [{(a1 + a)? — o? } 
aa 


-{(aı — a)? — wt} {Caa + 09)? — a} { (a2 — as)? — WR} Pade, 
which is the well known Nicholson’s result [8, p. 414]. 


(5.7) 
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YENCHING UNIVERSITY 


A NOTE ON THE ERGODIC THEOREMS 
YAEL NAIM DOWKER 


Introduction, definitions and remarks. The purpose of this note is 
to give an example of a measurable transformation of a measure space 
onto itself for which the individual ergodic theorem holds while the 
mean ergodic theorem does not hold. 

Let S be a measure space of finite measure, m the measure defined on 
the measurable subsets of S, and T a 1-1 point transformation of S 
onto itself which is measurable (both T and 7! transform measur- 
able sets into measurable sets). Let the points of S be denoted by y 
and let f(y) be any real valued function defined on S. We denote by 
F,(y) the average (1/h) > 9 f(T). 

We shall say that the individual ergodic theorem holds for f(y) if 
the sequence of averages { Fi(y)} converges to a finite limit almost 
everywhere. If the individual ergodic theorem holds for every inte- 
grable function fELı(m) we shall say that the individual ergodic 
theorem holds (with respect to m).! 

We shall say that the mean ergodic theorem holds in L,(m) (p21) 
for a function fEL,(m) if Fagy) EL,(m) for h=1, 2, - - and the 
sequence { Fi(y) converges in the norm of L,(m). If the mean ergodic 
theorem holds in L,(m) for every function f(y) &L,(m) then we shall 
say that the mean ergodic theorem holds in L,(m). 

The following relations between the two ergodic theorems are 
known: If T is measure preserving, both the individual [1] and the 
mean [4]? ergodic theorems hold. Without assuming that T is measure 
preserving, the mean ergodic theorem in L,(m) for any p21 implies 
the individual ergodic theorem for all functions in L,(m) ([2, p. 1061], 
see also [3, p. 539] for the case p=1). 

The question arises whether, conversely, the individual ergodic 
theorem implies the mean ergodic theorem in b,(m) for some p21. 
This question has significance only when L,(m) is transformed into 
itself by the transformation induced on it by T. For in this case and 
only in this case is it true that for any fEL,(m) the averages { Fy} also 
belong to L,(m) for h=1, 2, 3, ---.? We answer this question in 


Received by the editors April 9, 1948. 

1 The words in the parenthesis will be omitted if there is no reason for ambiguity. 

Only the case p=2 is proved in [4]; see [2, p. 1053] for all p21. The numbers in 
brackets refer to the bibliography at the end of the paper. 

> It is easy to give examples for which the individual ergodic theorem does hold 
while Z,(m) is not transformed into itself. Such an example for instance is given if T 
is periodic while m is non-atomic and JT" is singular. 
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the negative by constructing for each given p21 an example of a 
transformation of a measure space (S, m) onto itself for which (1) the 
individual ergodic theorem holds, (2) the mean ergodic theorem does 
not hold in L,(m), and (3) every function in L,(m) is transformed 
into a function belonging to L,(m). 

REMARK. Even though the individual ergodic theorem does not 
imply the mean ergodic theorem with respect to the original measure 
m it is known [2, p. 1059] that in case the individual ergodic holds, 
it is possible to introduce a new measure u defined on the measurable 
sets of .S such that u has no more null sets than m and up is also in- 
variant under T. It follows then from the statements made above 
that the mean ergodic theorem holds in L,(u) for every p21. 


The example for p=1. Let S be the totality of all points on the 
circumferences cı, ca, - + - of a sequence of circles. Let the length of 
Cn be 1/2”. Let the measure m and the family of measurable sets in 
S be the obvious ones determined by the Lebesgue measure on each 
of the circumferences. On each circumference c, we fix the polar 
coordinates p= (1/2*-2r)-e®. Let x=0/2r. Let us divide c, into 
2n+2 arcs, the end points of the arcs being x<=0, x=1/2, and 
x= +1/2*+!, k=1, 2,---,n. The arcs are 


1 Sus 1 
M =o pee 





2 


=2z220 
ktl 





Aandi 2 , 
while if n+2sks2n+2, An» is the reflection in 6=0 of Agana 
We define T as follows: For the points of Aa, let T be the unique 
transformation given by «’=ax+6, a>0, which transforms A», onto 
An 1 for R=1,+-+,2n—1,and An; onto Aaa for k=2n+2.T is 
clearly a 1:1 point transformation of S onto itself. Moreover it is 
easily seen that T is measurable and pointwise periodic with the 
period of 2n-++-2 for the points of c,. T also satisfies the following two 
conditions: 
(1) m(T—'A) S2m(A) for every measurable set A in S. 
(2) The set of ratios 
E 1 27—11 (T-A) 
Ri = ; D 
2n +2 i m(A) 





where n=1, 2, - + and A varies over all measurable sets A CS is not 
a bounded set of numbers. (1) follows from the fact that T-! is de- 
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termined by a linear transformation with a stretching factor of at 
most 2. (In fact, it is either 1/2, 1, or 2.) 

To prove (2) consider the sequence of sets Anny. Since 
U#5'm(T-iA ang) =n we have that 


2n—1 . 1 


: Tii iN at 
In +2 2 m ESI 


On the other hand m(Aa,n41) = (1/2"*) - (1/2") and hence 





Qatl 


on +2 


n 
Ranatı = 


which is an unbounded sequence. 

We can now show that the above example satisfies the required 
conditions specified in the introduction. 

(a) The individual ergodic theorem holds. In fact let f(y) be any 
real-valued function defined on S, then since T is pointwise periodic 
the sequence {FO} converges to a finite limit for every y, that is, 
the individual ergodic theorem holds for every real-valued function 
defined on S. A fortiori it holds (with respect to m). 

(b) Lı(m) is transformed into itself by T: In fact, it can be easily 
seen that m(A)=m(T”!A) is a completely additive non-negative set 
function (that is, a measure) defined on the measurable sets of S. It 
can also be shown by considering approximating sums to the integrals 
that if fELı(m) then 


J sen lam = f 170) | on 


By (1), #(A) s2m(A) for every measurable set A and hence 


ff \rolam f | fo) |am < © 
8 8 


from which follows that f(Ty) €Lı(m), that is, Lı(m) is transformed 
into itself by T. 

(c) The mean ergodic theorem does not hold in Li(m). To prove 
this statement we use the following result due to Miller and Dunford 
[3, p. 539]: Suppose that the mean ergodic theorem did hold in 
Li(m); then there would exist a positive constant c independent of A 
and k such that 


(i) £ > m(T-'A) < c-m(A) 
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for all measurable sets A and h=1, 2, - - - . But (i) is in contradiction 
with (2) above. Hence the mean ergodic theorem does not hold in 
Ii(m). 


It is possible to prove the last statement also directly by exhibit- 
ing functions in Li(m) for which the mean ergodic theorem does not 
hold in Li(m). In fact let f(y) be defined as follows: f(y) =2* on 
Agni, n=], 2, +++, f(y) =0 everywhere else on S, then Fly) &Lı(m) 
but {Fr(y)} is not convergent in L,(m), for if it were then the limit 
function f*(y) of {Fa(y)} would have to belong to Lı(m). But f*(y) 
is seen to be equal to (1/2n+2)-2" for yGc,. We have 


fJ lF0)| an = È (1/20 + 2) 


which is a divergent series, that is, ff&Lı(m) and hence { Fi(y) } is 
not convergent in Lı(m). 


The example for p21. Let p be a fixed integer 21. Let S be the 


same sequence of circumferences cı, ¢:,--+as before. We divide 
each ca into 2(n-2?—n-+1) arcs, the end points being x=0, x=1/2 
and zer/2#rtHl, k=1, 2,+-+,,r=1,2,---, 2?—1. Again we de- 


fine T by the transformation given by x’=ax+b, a>0, which trans- 
forms each arc into the next adjacent one. 

T is again seen to be a 1-1 measurable pointwise periodic trans- 
formation of S onto itself with the period 2(n-2?—n+41) for the 
points of c,. As before it follows that (a) the individual ergodic 
theorem holds. (b) L,(m) is transformed into itself since there is a 
bound (the bound being 2?) on the stretching factor of T-1. (c) The 
mean ergodic theorem does not hold in L,(m). To prove this last 
statement we use the following generalization of Miller and Dun- 
ford’s result stated above: Let # be any real number 21, then if the 

„mean ergodic theorem holds in L,(m) there exists a constant C in- 
dependent of A and k such that 


1 k-1 t 
(ii) [> Emra | <C-m(4). 


The proof is almost the same as for the special case {=1. If, however, 
we consider the sequence of sets Ang, where g=n(2?—1)+1 and 
where the enumeration of the arcs on each c, is analogous to that 
used in the case p=1, we can easily see that the sequence of ratios 


R= | E merited | / (ted 


q imo 
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is an unbounded sequence. This is in contradiction with (ii) for t=). 
Hence the mean ergodic theorem does not hold in Z,(m). Again the 
statement made in (c) may be proved directly by exhibiting functions 
in L,(m) for which the mean ergodic theorem does not hold in L,(m). 

Let p; be any fixed number not less than 1. Let p be the first integer 
not less than pı. Then the example constructed above for p is also a 
valid example for pı, for the individual ergodic theorem clearly holds 
and L,,(m) is transformed into itself for the same reasons as before, 
while it follows from the fact that m(A) s1 for every measurable set 
A and the fact that p2p, that the same sequence of sets which 
violates (ii) for the case =p also violates (ii) for =p. Hence the 
mean ergodic theorem does not hold in Lp, (m). 


r 
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RADCLIFFE COLLEGE 


ORTHOGONALITY PROPERTIES OF C-FRACTIONS 
EVELYN FRANK 


1. Introduction. It has been indicated in the work of Tchebichef 
and Stieltjes that the denominators D,(z) of the successive ap- 
proximants of a J-fraction 


bo by bs 
dte-d+zs-—dy+s—--- 


constitute a sequence of orthogonal polynomials. The orthogonality 
relations which exist between the D,(z) may be expressed in the fol- 
lowing way (cf. [4, 7]).! Let S’ be defined as the operator which 
replaces every 2° by c, in any polynomial upon which it operates, 
where the {cp} are a given sequence of constants. Then the ortho- 
gonality relations 


(1.1) 











=0 for pq, 


(1.2) SOOM te pn 


hold relative to the operator S’ and the sequence {ep}. The poly- 
nomials D,(z) are given recurrently by the formulas D(z) =1, 
Ds(2) = (dp+2)Dp«(8) —bpaDya(z), P=1, 2, + - - (Die) =0). 

In this paper orthogonality relations similar to (1.2) are developed 
for the polynomials B¥(z) which are derived from the denominators 
B,(z) of the successive approximants of a C-fraction 


0184 098% G33 
1+ 1+ 1 +, 


where the a, denote complex numbers and the œ, positive integers 
(cf. [3]). In fact, conditions (1.2) for a certain J-fraction are shown 
to be a specialization of the orthogonality relations for a C-fraction. 
Furthermore, necessary and sufficient conditions are obtained for the 
unique existence of the polynomials B}(z) in terms of the sequence 
{cy} (Theorem 2.2). 


2. Orthogonal polynomials constructed from the denominators 
of the approximants of a C-fraction. Let A,(s) and B,(z) denote the 
_ numerator and denominator, respectively, of the pth approximant 


(1.3) 1+ 








Presented to the Society, December 31, 1947, and February 28, 1948; received 
by the editors March 31, 1948. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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of a C-fraction (1.3). The recurrence formulas 
Al) =1, Are) =1-+ az, 
Aprils) = Ayla) + Gpp snd p-i(s), 


(2.1) 
Bos) =1, Bu) = 1, 
Boyyils) = Boz) + 0:18 HB p-1(2), p=1,2, 
show that A,(z) and B,(z) are polynomials of the form 
An Fast tms, 
(2.2) j m a 


Bs) =1+61 et + By 2 
From the determinant formula 
A,(2)Bp1(2) — Apa(z)Bp(z) = (—1)?aiga > > > appagato: tarn, 
it follows that there is determined uniquely a power series 
(2.3) P(e) = 1 + ast cgt t e 


such that the power series expansion for A,(2)/B,(2) agrees 
term by term with the power series P(z) up to the term in- 
volving gatat: tert, that is, 


P(e)Bz(2) — Ap(z) = (—1)?aida 012 rast test, 


This uniquely determined power series is called the corresponding 


power series. 
In [3] it was shown that the algorithm 


1 


(2.4) (Cn, Cnt) Cra ° © © ) [Bs 


Oif'agtart:::tap<n<atart::: tapi 
=] (Do +++ Gpp if n = ao tarts: + ep, 
p=0,1,--++ (ao = 0), 


combined with formulas (2.1), gives the ap and ay of-(1.3) correspond- 
ing to the power series P(z) (2.3). Conversely, the coefficients cp of 
the power series expansion P(z) are determined by (2.1) and (2.4) 
when the corresponding C-fraction (1.3) is given. 

Let the polynomials B,*(z) be defined as follows: 
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B*(s) = 3 "B,(1/2) =z?” + ie at ok Boge sree, 
(2.5) ie if sp2 ty, 
f where np = i 
tp if sp < ip p=0, Le =. 


Let S be defined as the operator which replaces every z” by cpp in 
any polynomial upon which it operates, and let the sequence 


(2.6) fep}: C1, Ca, C3, °° * (co = 1, a = 0,4 < 0), 
be the coefficients of the power series (2.3) corresponding to the C- 
fraction (1.3). From the algorithm (2.4) 
pti 
=0 for £=0,1,---, a— ny — 2, 
(i) S@*B5(2)) = 

ptt 
#0 for k=} u — nm -— l; 

i=l 


(2.7) oy 
(ii) S(s*Bs(z)) = (-1)?010 ap for k= P ai— n -— 1, 

i1 
p= 0, 1, ar ie 


Let B&le) sr Hp Par 14B@ gr 24 ... be one of the poly- 
nomials defined by (2.5). From (2.7) the following orthogonality re- 
lations hold between B,*(z) and B (2) relative to the operator S and 
the sequence fcp} : 


ptt 
2 0 for tg =0,1,--+, Das — mp — 2, 
f1 


(2.8) S(Bp(s)By(z)) = (—1)?a102 +++ dpi #0 


ptl ; 
for m=} ai- n — l, p=0,1,. 
iol 


Consequently the following theorem holds. 


THEOREM 2.1. Let the C-fraction (1.3) be given. By the algorithm 
(2.4) the sequence {cp} (2.6) of coeficients of the corresponding power 
series (2.3) can be computed. Then the polynomials B¥(2), which are 
found by (2.5) from the denominators B,(z) of the successive approxi- 
manis of (1.3), satisfy the orthogonality relations (2.8) relative to the 
operator S and the sequence {ep ` 


From formulas (2.4) or conditions (2.7) there follows directly a 
condition necessary for the existence of the polynomials B,(s) and 
consequently the polynomials B,*(z), namely, that 
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A(0, 0) = 0,40, 4) = 0, i = 1, 2,+++,51— 1,4(0, sı) #0; 
A, — 1, Sp) = 0, Ap — 1 + 4,5, + Ñ =0, ' 


pt. 
(2.9) $=1,2,°++, Da—-h—-sp-1, 
ul 


pH pH 
A(Z a-si haut), Pt Nel ea 
i= 


Ck-j Cr-44-L “..,0 


C , C vet, . 
AG VE WE N j,k =0,1,+-- 


Ck, Chit, °° * 5 Chef 


(cf. [3, (3.2) ]). In fact, the coefficients 2,0 of (1.3) may be found in 
terms of the determinants A provided conditions (2.9) hold. 

Conversely, given a sequence {ep }- for which conditions (2.9) hold, 
one can construct a unique system of polynomials B,*(z) such that 
(2.7) hold, and consequently (2.8), and the B,*(z) are given by 
formulas (2.1), (2.5), and (2.7) (ii). For, by conditions (2.9), A(0, 0) 
=co=1, A(0, t)=0, t=], medh s&—1, or &= +: =¢,,170, and 
A(0, s1)=¢.,~0, it follows that s;=a1, since ¢a,;~0. Then equations 
(2.7) (i) hold, that is, S(z*Bé(s))=0, R=0,--+,ai1—2; if Be(s) 
= Bo(s)=1, and S(zi1B (ge) =a: if ca, =a1. Thus a1 and a are de- 
termined. Suppose now B#(z)=s+ pie pMenr2+ ... get is 
computed by (2.1) and (2.5). By the algorithm (2.4) 


= a) : 
(2.10) Dd can =0, jelh.,a-1, 
m0 
a (1) 
(2.11) È Cartapi = — Gm. 
i=0 


These equations are exactly conditions (2.7) for m:=a. But since 
equations (2.7)(i) may be solved for the coefficients 8% uniquely be- 
cause (2.9) hold, the polynomial B*(z) as determined by (2.1) and 
(2.5) is the unique polynomial which satisfies (2.7). The value of az 
may be determined from (2.11) and the value of ay from (2.9). In 
exactly the same way one may show for p=2, 3, |» - that, from a 
given sequence {cp} for which conditions (2.9) hold, unique poly- 
nomials B,*(s) may be found by (2.1), (2.5), and (2.7) (ii) such that 
(2.7) hold and consequently conditions (2.8). This completes the 
proof of the following theorem. 
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THEOREM 2.2. Let {cp} be a given sequence of constants. There exists a 
unique sequence of polynomials B;*(z) (2.5) which satisfy conditions 
(2.7) and consequently relations (2.8) relative to the operator S and the 
Sequence fcp} if and only if conditions (2.9) hold. These polynomials 
are determined by the recurrence formulas (2.1), (2.5), and (2.7) (ii). 

The polynomials B,(z) (2.1) are the denominators of the successive 
approximants of the C-fraction (1.3) corresponding to the power series 
(2.3) with coefficients cp. 


If conditions (2.9) hold for p=1, - - - , m, then a finite sequence of 
orthogonal polynomials B,*(z) may be constructed. On the other 
hand, if (2.9) hold for all values of m, there exists an infinite sequence 
of orthogonal! polynomials B,*(z). 


3. Special C-fractions. The C-fraction (1.3) (and its corresponding 
power series) is called regular if all of its approximants are Padé ap- 
proximants (cf. [5]). In [3] necessary and sufficient conditions for 
regularity are found in terms of the s, and tp (cf. (2.2)). There is a 
special class of regular C-fractions called «-regular, in which the con- 
dition of regularity depends only upon the exponents «,, that is, the 
@, must satisfy the relations 

ait ast ees + aii = Sapper 2 w+ 1+ kn 


(3.1) 
ao H a + e +0 = hp = Sap — , p=0,1,---, 


where w is an integer. In [3] it is shown that necessary and sufficient 
for a-regularity are the conditions 


Aliw + 1+ = 0, i=0,1, e, kiowa, 
A(kı — w — 1, hi) #0; 
A(h, — w — 2, hp) Æ 0, Alh —-w-1+i4,h4,+1+9) =0 
(3.2) #=0,1,::+,g,-hpto— i, 
A(gyp — 1, 8p + w+ 1) # 0; 
AH — 1, 8p +o) #0, Alen +i, gp totit+s) =0, 
4=0,1,-+-, Apt — gp — w — 2, 
Alky — w — 1, hpp) #0, f p=1L2°'-, 
where go=0, gp=Qataut +++ +a, pm =aıtas+ +++ Hai. Con- 
ditions (3.2) reduce to (2.9) when s, and t, satisfy (3.1). 


For a-regular continued fractions, let the polynomials B¥(s) be de- 
fined as follows: 
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(3.3) Brpia(s) = s4*4Bapsx(1/s), Bine) = serteBa,(1/e), 
$ = 0, 1, eee, 
Then the following theorem is a corollary to Theorem 2.2. 


THEOREM 3.1. Let {cy} be a given sequence of constants which are the 
coeficients of an a-regular power series. There exists a set of unique 
polynomials B3(s) (3.3) which satisfy the orthogonality relations 


0 for mg < g&o — 1, 
S(Bipea(2) Bale) = | (—1)3?+aya9 «+ + aspa 3 0 


for n = — 1; 
(3.4) En 
0 for u < hp —w — 1, 


S(Bzy(2)Ba(e)) = 1 (—1)??a109 - +» depp 0 


for na = hr —w—-1,p=0,1,-°-, 


relative to the operator S and the sequence fcp}. These polynomials are 
determined by the recurrence formulas (2.1), (3.3), and the relations 


S(s*Bepta(z)) = (—1)?"*1e14, “or Gapis for i= fr — 1, 
(3.5)  S(stBip(2)) = (—1)??a1ag ++ - arpıı 
for t=hypr-o—1,p=0,1,--- . 


The polynomials B,(z) (2.1) are the denominators of the successive 
. approximants of an a-regular C-fraction. 


It may be remarked that for an a-regular C-fraction the orthogo- 
nality relations (3.4) depend entirely on the exponents a, of the C-frac- 
tion and the integer w, and are independent of the coefficients Gy. 

A second special case of the orthogonality relations (2.8) is ob- 
tained from the denominators of the approximants of a certain con- 
tinued fraction (1.1). If one specializes the C-fraction (1.3) by put- 
ting a,=1, i=1, 2,+--,and then replacing g by 1/z, the even 
part (cf. [5, p. 201]) of the resulting continued fraction after certain 
equivalence transformations is 


G1 0303 G405 


+ ‘ 
Gy + z — (G3 + ay) +s — (as +a) tz—--- 








This is a J-fraction for which the orthogonality relations (2.8) reduce 
to the known conditions (1.2). 
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4. Analogue to the Christoffel-Darboux formula. The denominators 
D, of the successive approximants of a J-fraction (1.1) are con- 
nected by the identity (cf. [1], also [2]) 


Do(#)Do(w) + Di(s)Di(w) + +++ + Dy(z)Dp(w) 


u Dy41(8)D p(w) — Dp(2)Dpi1(w) 
z—- Ww f 


p=0,1, >. 


A similar relation for the denominators of the approximants of a C- 
fraction is shown in the following theorem. 


THEOREM 4.1. The denominators B, of the approximants of a C-frac- 
tion (1.3) are connected by the identity 


Byti(z)B p(w) — By(2)Bp+1(%) 
= Gp41By-1(2) Bps(w) [sorts — warts | 
+ Gp410pBp-a(2) By 2(w) [eerw — wrga] 
+ 62410501 Bp-3(8) B pal W) [tt werzerı — wortigarypar- | 
+- + Gpp’ + + G2Bo(s)Bo(w) [ser wee - 
— wariga... |, 


(4.1) 


Proor. (4.1) is derived from the recurrence formula (2.1) for 
B,. For Bp41(2)B (w) — By (2) Bois(w) = B,(w) [B,(z) +app27 By i(z)] 
— B, (2) [Bp (w) + apyw" Bpa (w)] = apn [z"t1B, (w) Bya (2) 
— wetBy (2) By (w)] = dp1By_1 (2) Bp-i (w) [22041 — warts] +d pyidp 
- [seetiw>B, 1(2)By_2(w) — wertigerB, 1(w)By_a(z) ]. By a repetition of 
this process, formula (4.1) is ultimately obtained. 
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_ UNIVERSITY OF ILLINOIS 


CONVERGENCE OF CONTINUED FRACTIONS 
IN PARABOLIC DOMAINS 


H. S. WALL 


1. Introduction. The principal object of this paper is to establish 
the following theorem. 


THEOREM A. Let cı, C2, Ca, -> + be a sequence of complex numbers 
such that, for p=1, 2,3,++-, 


(1.1) | ce | — R(cyer(¢rtorts)) < 2r cos dy cos brti(l — gp1) 8p, 





where r, di, ba, 3, ** ©, Eo, Eu Ea, + + + are real numbers satisfying the 
inequalities 
GA SS Hee Sipe halle (0 < c < 7/2), 
0 S gS 1, p=1,2,3,---, 
cand r being independent of p. The continued fraction 
(1.3) = N a Gan 
1+ ĉi pat. 1 
ajm 63 
Ute I” 


converges if, and only if, (a) some c, vanishes, or (b) c0, 
p=1, 2, 3, - - - , and the series lal diverges, where 


(1.4) del dus 





=1,2,3,-°-. 
Cody 3 


We note the following particular cases of Theorem A. 
(a) The continued fraction 








So al 109 a er (ertertı) 
K — = —— » @=1, ¢,=———_, 
pai kpet?r Rye! pm 1 Rpkprı 


in which k,>0, —r/2+c Sp S +r/2—c, 0<c <m/?2, converges if, 
and only if, the series I ,k, diverges (Stieltjes [6] (#,=$); E. B. Van 
Vleck [8]).! For an extension of this theorem in a direction different 
from Theorem A, see Scott and Wall [5]. 


Presented to the Society, September 10,1948; received by the editors April 8, 1948, 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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(b) If 
| Cy | — R(cye**) S 2-47 cost ¢, p=1,2,3,---, 
where 0<r<1, —r/2<¢ġ < +r/2, then the continued fraction (1.3) 
converges if, and only if, (a) some cp vanishes, or (b) c,0, 
p=1, 2, 3,---+, and the series Ela, defined by (1.4), diverges 
(Paydon and Wall [3]). The case $=0 of this theorem holds with 
r=1 (Scott and Wall [4]). 
(c) Inasmuch as 
1g eo] +1 dml 
ee a en 
( | Cp | a 2 
it follows from Theorem A that a sufficient condition for convergence 
of the continued fraction (1.3), satisfying (1.1) and (1.2), is the di- 
vergence of the series I,(1/ (| ep] )¥/?) (Wall and Wetzel [7]). This 


sufficient condition is not necessary, as is shown by the example 
dopi=1, d,=s?, 0<s <1. 


2. Preliminary theorem. Let x,= X,(3) and x,= Y,(s) be the solu- 
tions of the system of equations 


(2.1) tl — Gpp = 0, =p = 1,2,3,---, 
under the initial conditions x= — 1, «:;=0 and x9=0, xı=1, respec- 
tively. We suppose that &=1, a1, Ga, a3, - - - are constants not zero, 
bi, ba, bs, © + - are constants, and #1, 23, 23, °° - are parameters. The 
theorem of invariability [2, 5] states that if the series 

(2.2) 2 ee 

converge for zp=hp, p=1, 2, 3, - : - , then they converge uniformly 


for | Zp —hp| < M, for every finite constant M independent of p. The 
determinate case is said to hold for the continued fraction 


© 





—a 
(2.3) ay ees 
pot Op + Zp 
if at least one of the series (2.2) diverges for 2,=0, p=1, 2, 3, *'. 


In the contrary event, the indeterminate case is said to hold. 


THEOREM 2.1. If |b,| SM, p=1, 2, 3,-+-, where M is a finite 
constant independent of p, then the determinate case holds for the con- 
tinued fraction (2.3) tf, and only tf, the series Dla; | dwerges, where 


1 
(2.4) d=1, dpm =) p=1,2,3,-°-. 
Opty 
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Proor. From the condition imposed upon bp, and the theorem of 
invariability, it follows immediately that the determinate case holds 
if, and only if, at least one of the series (2.2) diverges for ,=—b,, 
b=1, 2,3, - ++. On putting these values of the g, in (2.1) we find that 

X,(z)| r | Ya (2)| a | Xap41(2)| ? and | Vepir(z) | ? take on the values 
| ‚0,0, and [dr , respectively. Therefore, the determinate case 
holds if, and only if, the series >| dg | is divergent. 

It is easy to see that when we drop the condition that the l be 
bounded, then the determinate case may hold when the series | dg | 
converges. It seems likely, however, that the divergence of the series 
lad, | implies the determinate case whether or not the |d,| are 
bounded. 


3. Proof of Theorem A. Let 5>0 be chosen sufficiently small in 


order that 
T 2 
rfi + ô sec (= — e)] Si. 


Determine numbers a) by means of the equations 
apel trte) 
= 3) 
(1 + 6 sec ġp)(1 + 8 sec p41) 


Let the partial numerators a} in (2.3) have these values, and there 
take 





| ae ER 


Cp 


Zp = 46, bp + 2, = ie*¥r(1 + 6 sec op). 


Then that continued fraction and (1.3) are equivalent, except for an 
unessential factor. Moreover, by (1.1), 


| a; | = R(a,) s 2B pl 1 E Ep~1)£p, p = 1, 2, 3, pe Bay 


where 8,=I(b,)=cos ¢p>0. Thus, the continued fraction (2.3) is 
positive definite [7, 1]. Since I(zp) =8> 0, it follows that the continued 
fraction (2.3) converges if (a) some a, vanishes, that is, some c, 
vanishes, or (b) 0,0, p=1, 2, 3, -- - ‚and the determinate case 
holds. Since the |d,| are bounded, it follows from Theorem 2.1 that 
the determinate case holds if the series I)|d/ | defined by (2.4) di- 
verges. We note that this series diverges if, and only if, the series 
PDEA! defined by (1.4) diverges. Therefore, the continued fraction 
(1.3) converges if (a) some cp vanishes, or (b) cp¥0, p= 1, 2,3,---, 
and the series Dial, defined by (1.4), diverges, If, on the other 
hand, this series converges, then, the continued fraction diverges by 
virtue of a theorem of von Koch. 
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THE UNIVERSITY or TEXAS 


REMARKS ON THE NOTION OF RECURRENCE 
J. WOLFOWITZ 


We give in several lines a simple proof of Poincaré’s recurrence 
theorem. 


THEOREM. Let Q be a point set of finite Lebesgue measure, and T a 
one-to-one measure-preserving transformation of Q into téself.1 Let 
BCACAQ be measurable sets such that, if bDEB, T*bEEA for all positive 
integral n. Then the measure m(B) of B is 0. 


Proor. First we show that, if i <j, (T*B)(T’B) =0. Suppose cE T%B; 
then from the hypothesis on B it follows that j is the smallest integer 
such that T-icEA. Hence cET'B. Now if m(B) =6>0, Q would con- 
tain infinitely many disjunct sets T"B, each of measure ô. This con- 
tradiction proves the theorem. 

The following generalization of the above theorem is trivially 
obvious: The result holds if we replace the hypothesis that T is 
measure-preserving by the following: If m(D) >0, lim sup; m {T*(D) } 
>0. 


Received by the editors April 3, 1948. 
1 For a discussion in probability language see M. Kac, On the notion of recurrence 
in discrete stochastic processes, Bull. Amer. Math. Soc. vol. 53 (1947) pp. 1002-1010. 
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Another obvious generalization is this: Let C be the set of all 
points c of A such that T"cEA for only finitely many n. Then 
m(C)=0 (for CC È £o T-"B). 

The following is a simple derivation of Kac’s theorem on the mean 
recurrence time.? 


THEOREM. Let T above be metrically transitive. Let aC A — B, and 


n(a) be the smallest positive integer such that TraC@A. Let m(A)>0. 


Then \ 


Í n(a)dm = m(Q). 


Proor. Define A= {n(a)=k}. Let i<j, i’<j', jj’. We notice: 

(a) (T'A) (T"4;)=0. For T has a single-valued inverse and 
A;Ay=0. If T'A, and TA; had a point sin common, then T-'sCAy, 
I-"sGA;, in violation of the definition of j and 7’. 


(b) So = m( 2 5 TAs), 


(c) Metric transitivity implies that almost every point in Q lies 
in some T'A,, that is, m( >> X T'A) =m(Q). 
This proves the desired result. 


CoLUMBIA UNIVERSITY 


? Kac, loc. cit. Theorem 2. 


N 


THE NORMAL APPROXIMATION TO THE POISSON 
DISTRIBUTION AND A PROOF OF A a 
CONJECTURE OF RAMANUJAN! 


_TSENG TUNG CHENG 


‚8. Summary. The Poisson distribution with parameter X is given 
by 


n Ar 
(1.1) F(x) = >>, where p= rede n= [z], 
r=0 r 
for ~20. It is well known that F(x) converges to the normal distribu- 
tion as A—>œ. We shall prove the following theorem. 


THEOREM I. Let x=d-"?(n—A+1/2). Then 


n Ar X z 
Lo = (mn f euD rg 
rad ! —o 


(1.2) | 
+ (1/6) (2a) U 1 — em, 


where 5 satisfies the inequality 
(1.3) [ê| < .076X-1 + .043-8/2 + „131, 


This formula is analogous to Uspensky’s [1]? estimate of the error 
term in the normal approximation to the binormal distribution and 
our proof consists in an adaptation of Uspensky’s method. 

At the same time we verify the following conjecture of Ramanujan: 
for every positive integer n the value of 0 which satisfies the equation 


a1 


a ee eee 


(n — 1)! nl : 
lies between 1/2 and 1/3, and tends to 1/3 as n>». A proof of the 
above statement was given by Szegö [3]. We give a more elementary 
proof, using only standard tools, for the following theorem. 


THEOREM II. For n27 the root of the equation (1.4) in 0 lies between 
37 and 1/3. 


Finally, we shall obtain the following asymptotic expansion of @: 


Recerved by the editors March 15, 1948. 

1,This paper contains the results of a master’s thesis done under the direction of 
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(1.5) 6 = 1/3 + (4/135)n- + (8/2835)n-2 + O(n). 
2. Proof of Theorem I. From the characteristic function 
m0 
we get 
(2.1) f "Cl MDG = ep, 
From (2.1) it follows that 
E p= (m f "(ain ya) 
r=0 0 
-exp [Alcos # — 1)} sin [(m + 1/2)E — A sin t|dt 
+ anf (en 1/2)! exp {A(cos # — 1)} sin (Asin £+ t/2)db. 
0 


The second integral is independent of X, since its derivative with 
respect to A vanishes, as may easily be verified. Putting A=0 we see 
the value of the integral is 1/2. Hence we have 


n Ar 1 T 
E RA f (sin 4/2)-1 


rm rl 2 


(2.2) «exp {A(cos # — 1)} sin [(m + 1/2) — A sin é] de 
=]. 


To estimate the integral I we introduce 


l= (m) f e#12(4/2)-1 sin [As + ACE — sin dat. 
0 
Then 
|Z =| S (2x) f EAP 12(t/2)—1d 


(2.3) n af r fea ma? 1/8 (gjn ¢/2)-1 — A 12(¢/2)-1} de 


= Ji + Ja + Js, 


where the integrals J} are defined and estimated as follows: 
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Ji = (2x) f : fed mn? 1/3(sin 4/2) cos 4/2 — e"/9(t/2)-1} de 


— (2r)! f tnad < 0; 


(2.5) Ja 


(27) f e#713(¢/2)—-ldt < (32r)! f Bere, 
Ja = (2r) | Bois Hasin ¢/2)-1(1 — cos t/2)dt 
0 


< (2m) f eB sin? 0/2. (sin 4/2) 
0 A 


(2.6) 


in? £/2 2 
fees (1 — cos #/2) sin? 2} a 


2 T 
< (8r)! f te Idt + (327)! f pedt d, 
0 0 
It follows from (2.3)-(2.6) that 


17-1] < Gay f iatna + any f "paid 
(2.7) r ’ 
= (mA) + (4?/256)N-* < (84d)! + 13473. 


Now we write 


wW 
Iı = mf ner’. sin \1/24¢-cos Ad — sin idt 
: I 
+ mf plet. cog Agi sin A(t — sin Di 
0 


(2.8) = {mi f piet sin Agidi + n} 
0 


w 


© he 
+ {rf len. cog aa dt + n} 


0 


> 1 
= (dm) f eind + NL + Tet In 
0 


where 


J= mf ttet cos A(t — sin #) — 1] ¢#, 
0 
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2 M 
Js= mf plet cos Agt. [sin AG — sin A — at 
0 


Upper limits for | J| and |Js| are obtained as follows: 


= A(t — sin į? 
[newt [rest e 
0 


2 
(2.9) 
oo a6 
< =f MIR. — di = (Sad); 
A 12 
o AR 
|s] < mf resend] I — A(t — sin n| 
0 
(2.10) le) te alta 


© rib A3 
<x! f rau + — 
0 120 6 
= (2m) A82 [1/40 + 35/432] < 0431-272, 


From (2.7)-(2.10) and the inequality (8x)—!-++ (9r)-1<.076 the re- 
quired result follows immediately. 


3. Proof of Theorem II. Solving (1.4) for 0 and using the formula 
(2.2), we get 


(3.1) 20 — 1 = —I'/(n*e-*/nl), 


where 


r= (maf (sin +) ep {n(cos t — 1)} 


delle) 


2 3 fi B\U 
= mf bles 72. sin nf 2 arc sin — — (1 — x) Je 
0 2 4 


By Maclaurin expansion, 
2 arc sin #/2 — #1 — P/4)Y? = #/6 + 1/80 + 38/1792 + PIO, 
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where f(é) is an increasing function in the interval 0S#S2. Hence 
sin [2 arc sin #/2 — #1 — #/4)¥/3] 
< sin (né?/6 + mé®/80) + 3nt?/1792 + ni°f(2) 
S (nt*/6 + nt®/80) — (nb?/6 + n1°/80)°/6 
+ (nt?/6 + nt®/80)5/120 + 3nt7/1792 + .0024nP. 


Assume n27. Then the last expression is positive when ¢>2, and 
therefore 
ni? nië 1/në y 


/ rl” = — —~{—_ +. — 
0 arten 
(3.2) 


nÈ ni Inf 
+, (+ y rt. „024m at 
< (Qen)-¥/2{1/3 — .087n1 + „01202 + 1.877 

+ 4-1n-4 + 6n + 50° + 2n}. 


In obtaining the last inequality we have, as before, used the familiar 
relation: 


Hik am f Pee Ode = 1:3. - -(2E — 1). 
0 


Taking in (3.2) n27 we get 
(3.3) I < (29n)-14(1/3 — .03n71). 
On the other hand we can write 
2 arc sin #/2 — 41 — 8/4)! = 18/6 + igli) 
= 8/6 + .0578, 
because g(#) increases and g(2) <.057. Hence 


2 ne 
I> wtf ple aaa {sin a ost} dt 
0 


> if” ram f 2 -42 =) - ost dt, 


Therefore 
(3.4) I’ > (2rn)-/2(1/3) — .505n-1) > .26(2rn)-!?, when n & 7. 
From (3.1), (3.3), (3.4), and Stirling’s formula, 
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(2rn) nren < nl < (Amn)!inrertlllan, 
it follows that 20—1 < —.26, or 0<.37; and 
20 — 1 > — en. (2an). (2mn) (1/3 — .03/n) 
> — (14.091) (1/3 — .037-) 
= — 1/3 + .0027n-2 >. — 1/3, 
and therefore 9> 1/3. 


4. Proof of the equation (1.5). It can be verified without difficulty 
that - 


T = (2an) ™2{1/3 — 47/5400- + 71/60480} + O(n-7/2), 


- From a modified form of Stirling’s formula due to Feller [2], 
namely, for »2=4, : 


1 1+6 
nl = (2rn)!!?n" exp {- at \, 


12n  360n3 [al < 1/6, 


it follows that 
28 — 1 = — [1/3 — 47/540n— + 71/6048n-? +--+. ] 
-[1 + 1/1202 + 1/2122)» +--+. ] 
= — 1/3 + 8/135n! + 16/2835n? + O(n-). 


An obvious reduction then gives the equation (1.5). 
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CORNELL UNIVERSITY 


SPACES OF CONTINUOUS FUNCTIONS 
S. B. MYERS 


Let X be a completely regular topological space, B(X) the Banach 
space of real-valued bounded continuous functions on X, with the 
usual norm |[d||=supsex|b(x)|. A subset GCB(X) is called com- 
pletely regular (c.r.) over X if given any closed subset KCX and 
point xo€X—K, there exists a bEG such that b(xo)=|lbl| and 
supsex | b(x)| <|loll. A topological space X is completely regular in 
the usual sense if and only if B(X) is c.r. over X. 

A Banach space B is said to act completely regularly (c.r.) on X if 
B is equivalent to a closed linear subspace of B(X) which is c.r. 
over X. It is known [6]! that if X is compact,? a closed linear sub- 
space of B(X) c.r. over X determines the topology of X. By this is 
meant that if X, and X, are compact, and a Banach space B acts c.r. 
on both Xı and X,, then Xı is homeomorphic to X3. If B acts c.r. on 
X (compact or not), X is homeomorphically imbeddable in the sur- 
face of the unit sphere in Bj, the conjugate space to B under the 
weak-* topology, and for each bE B and EX we have the formula 
b(x) =infrer [||+e|| [a] ], where T= {+E B| e(x) =la}. 

If we weaken the definition of complete regularity so that G is c.r. 
over X means that for every closed set KCX and point »CX—-K 
there is a bEG such that d(x») = |], supsex b(x) <[dll, then a closed 
linear subspace of B(X) c.r. over X does not necessarily determine the 
topology of X. For example, if X consists of just two points, xı and 
xa, then the subspace G of B(X) consisting of allbEB(X) such that 


b(x1) = —b(xs) is c.r. over X according to the weakened definition, 
yet it is equivalent to the space B(Y), where Y consists of a single 
point. 


Proper closed linear subspaces of B(X) which are c.r. over X exist 
_in general for both compact and non-compact X, and may contain 
the constant functions. This is in contrast to the situation when 
B(X) is made into a normed ring (Banach algebra) R(X) or into a 
Banach lattice L(X); if X is compact, no proper closed subring of 
R(X) containing the constant functions can be c.r. over X [8], 
and no proper closed sublattice of L(X) containing the constant 
functions can be c.r. over X [4]. 

Since topological properties of X must be reflected in metric and 


Presented to the Society, February 28, 1948; received by the editors April 5, 1948. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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algebraic properties of B(X), and in such properties of every closed 
linear subspace G of B(X) which is c.r. over X, it would appear to be 
fruitful to investigate the possibilities of existence of a G of a particu- 
larly simple sort, for example, separable, or finite-dimensional, or 
reflexive. Such a study is made here. 

In the next few paragraphs necessary and sufficient conditions are 
proved that for a given Banach space B there exists a compact X 
such that B acts c.r. on X. Later, we point out that B(X) is itself 
rarely separable, finite-dimensional, or reflexive, and the existence of 
a c.r. subspace of B(X) with such properties is investigated. 

Let B be any Banach space; by a T-set, we mean a maximal sub- 
set T of B with the property that for any finite subset bı, - - - , ba of 
T,|| D».|= D||d.||- Every bEB is contained in such a T-set. 

Let E# be the solid unit sphere in B$, and let S$ be the surface of 
E*. It is known that E% is compact [1]. 





THEOREM 1. Given a Banach space B, the following conditions are 
necessary and suficient that there exist a compact X such that B acts 
cr. on X: 

(1) For each T-set in B, there is a unique point xrE Sà such that 
xr(t) = ||: for alliET. 

(2) The set MCSE of all such xr is closed in BB. 

(3) M is the union of two disjoint closed antipodal subsets Q, — R. 


Proor. The necessity of the conditions follows directly from [6, 
Theorem 4.1 and Lemma 2.3]. To prove the sufficiency, we' show 
that hypotheses (1), (3) imply that B acts c.r. on Q. Consider the 
linear mapping C(B) CB(Q), which assigns to each BEB the function 
b(x) defined by the formula d(x)=x(b) for all «CQ. It is clear that 
C(0) is the function =0 over Q. Also, if C(b)=C(0), then b(x)=0 
over Q, hence over M, and in particular b(xr) =0 where xr is the point 
in M which corresponds by hypothesis (1) to the 7-set containing b; 
hence ljali =0. It follows that C is one-to-one. Since MCS*, Tal 
<b(x)<S||dl| for all 6€B and all xEM, and since b(xr) =||dl] and 
b(-xr) = —||bl|, we see that löll=sup.ea |b(x)|. Thus C is norm- 
preserving, hence an equivalence. Since B is complete, C(B) is com- 
plete and hence closed in B(Q). It remains to show that C(B) is c.r. 
over Q. Let xo be any point in Q, let D be any closed subset of Q not 
containing xo. Let K=DU-D; K is closed in M. Let T be the T-set 
in B such that xo(t) =|[¢|| for all :ET, and let X be the closure of K 
in E*; K does not contain xo. For each xEK, there is a {ET such 
that t(x) ae ; for if x is in Sf, this follows from (1), and if 
[|= <1 then ¢(x) <||#|. Since K is compact, and i(x) is a continuous 
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function of x for every iC B, there is a finite set h, +--+, „ET such 
that for each x€ K, at least one t; has the property #,(x) <||#,|]. Hence 
if we let F= Di, suprex Hx) <|lZll, in particular supsex I(x) <lill. 
Since K=—K, we have sup,ex |Hx)| <|lé|, hence supsen |i(x)| 
<|lZl|. Thus B acts c.r. on Q. The compactness of & follows from (2), 
(3) and the compactness of E*. 

Condition (1) of Theorem 1 could be replaced by the equivalent 
condition that for each T-set in B the functional Fr(b) =inf,er 
[ld+:|—||i]|] be linear over B (see [6]). Furthermore, when (1) is 
satisfied, xr = Fr. 

The following three results, the first two of which are stated with- 
out proof since they are known, indicate properties which B(X) in 
general fails to have. 


THEOREM 2. If X is completely regular, B(X) is separable if and only 
if X is compact and metrizable [5]. 


THEOREM 3. If X is completely regular, B(X) ts finite-dimensional if 
and only if X conststs of a finite number of potnis. 


THEOREM 4. If X ts completely regular, B(X) ts reflexive if and only 
if X consists of a finite number of points. 


Proor. If X has only a finite number of points, B(X) is reflexive 
because it is finite-dimensional. Now suppose X completely regular 
and infinite, and B(X) reflexive. Let X be the Cech compactification 
of X. Then B(X) is equivalent to B(X), hence reflexive. Therefore 
the unit sphere E in B(X) is weakly compact. We obtain a contradic- 
tion by constructing a sequence in E with no weak limit point. Let 
{x} be an infinite sequence of distinct points of X, and let x be a limit 
point of {x} not a member of {x}; let b, be an element of B(X) with 
the property that | b.l =1, b (x)=1, b.(x,)=0 for j&t; b, exists due 
to the complete regularity of X. If b is a weak limit point of {b}, it 
follows that b(x)=1, b(x,)=0 for j=1, 2, -- -, contradicting the 
fact that b is continuous and x is a limit point of {x}. 


THEOREM 5. If E ts the unit sphere in any Hilbert (inner product) 
space H, there exists a closed linear reflexive subspace L of B(E) which ts 
c.r. over E and is isomorphic to H tf H is of infinite dimension and 
n+2-dimenstonal tf H is n-dimensional. 


Proor. Let c, d be real numbers, let ACH, let PCE. For fixed 

c, d, h the function f-,a,a(P) =¢||P||?+P-h4+d is a bounded continu- 

ous function over E. The set of all such functions as c, d range over 

the real numbers and kh ranges over H, with |fe.a.nl| =SUPpPER 
er (P)|, forms a linear subspace L of B(E). 























19491 SPACES OF CONTINUOUS FUNCTIONS 405 


Consider the mapping C(HıXHıX H) =L, where X denotes direct 
sum, C(c, d, kh) =f.,2,,, and H; is the euclidean line. C is clearly linear 
and continuous. C is also one-to-one, for if C(c, d, h)=C(é, d, K) 
then (c—é) ||P\|?+P-(h-A)+(d—d) =0 for all PEE; by taking 
P=0 we see that d=d, and by taking P=k(h—h), where k>0 is so 
small that k(h—h) is in E and kx1/(¢—c), we see that k=}, hence 
c=¢. To show that C=! is continuous, we must show that given 
e>0 there exists a 6 such that if supper | fe.a,a(P) | <6 then 
(c?-+-d?+|lhl|2)/2<e. Using 86/111, by taking P=0 we get |d| 
<e/11V?. By taking P=h/||h|| we get le+||]|+@| <e/11Y%, and by 
taking P= —h/||h|| we get c—||h|| +d] <e/111/2, hence |||] <€/114/2, 
Hence e<3e/11!1%, and (c?+d?+||Al|2) V2 <e. 

Thus C is an isomorphism between HX Hi XH and L. But HıX Hı 
XH is complete and reflexive, hence L is complete (and so closed in 
B(E)) and reflexive.’ 

If H is infinite-dimensional, H is isomorphic to HXHıXH, 
hence to L. If H is n-dimensional, 41H, XH is n-+2-dimensional, 
hence so is L. 

To show L is c.r. over F, let PoCE, and let K be any closed set in 
E—P». Then by taking c=—1/2, h= Po, d=2, we obtain Jea aP) 
= — (||_P—Pol|?)/2+2+|| Pol]?/2, which is non-negative over E, and 
has the properties 


fo,a,n(Po) = [fan sup | fora,a(P) | < fo.a,n(Po). 


COROLLARY. If X is imbeddable in a Hilbert (inner product) space 
H, there exists a linear subspace of B(X) which is c.r. over X, and which 
ts the linear continuous image of HiXHiXH (direct sum). 


If X is imbeddable in H it is imbeddable in the solid unit sphere E 
in H. Let p(X)CE be this imbedding. The. mapping F[B(E)] 
CB[p(X)], obtained by cutting down to P(X) each continuous func- 
tion on Æ, is clearly continuous and linear. If L is the linear subspace 
of B(E) furnished by Theorem 5, then F(L) is a linear subspace of 


3 A Banach space B isomorphic to a reflexive Banach space B is reflexive. For let 
Ibe such an isomorphism of B onto B, and let 7* be the induced isomorphism of B* 
onto B* defined by [I (x)](6)=x[I@)], where x@B*. Then if Fis a continuous 
linear functional on B*, we see that F(#) =@[I-1(b) | for all 2 B*, where b is the point 
in B such that F[I*(x)]=x(b) for all «CB* (b exists because B is reflexive). Hence 
B is reflexive. 

* X is imbeddable in a Hilbert space if and only if it is metrizable; this follows by 
combining recent results of C. H. Dowker (Duke Math. J. vol. 14 (1947) pp. 639- 
645) and A. H. Stone (Bull, Amer. Math. Soc. vol, 54 (1948) pp. 977-982), 
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BIp(X)] and clearly acts c.r: on X and is the linear continuous image 
of L, hence of A,X Mı XH. 


THEOREM 6. X is a finite-dimenstonal separable metric space if and 
only if there exists a finite-dimensional linear subspace of B(X) which is 
c.r. over X. 


Assume X is finite-dimensional separable metric, and let n be the 
smallest dimension of any euclidean space E* in which X is homeo- 
morphically imbeddable. Then X is imbeddable in the solid unit 
sphere E in Er; let p(X) CE be such an imbedding. Either p(X) lies 
on no spherical surface in E, or else p(X) (and hence X) is an (n—1)- 
sphere; for if p(X) is a proper subset of an (n—1)-sphere it is con- 
tained in the manifold obtained by removing a point from the (» —1)- 
sphere, which is homeomorphic to E*~', contradicting the definition 
- of n. 

Suppose p(X) lies on no spherical surface in E. Let F(L) be the 
linear continuous image of the linear subspace L of B(E) (furnished 
by Theorem 5) under the mapping F [B(E)|CB[p(X)] obtained by 
cutting down to p(X) each continuous function on E. F (L) is equiva- 
lent to a linear subspace of B(X), and acts c.r. on X. Now L is the 
space consisting of all functions on E of the form 


(1) foal) =o w+ Dt d 
1m1 tml 
where F= (fir, © © * , Ja) ranges over E" and (y) = (yı, °° * , Ya) ranges 


over E. L is closed in B(E), and is isomorphic to E*+?. The mapping 
Fis 1-1 over L; for if fo,a,3 = foa y over P(X), then fee a-a 7-7" (y)=0 
for yEp(X), which by (1) means that p(X) lies on an (n—1)-sphere 
or an (n—1)-plane in E*, contradicting hypotheses. Hence F(L) is the 
linear 1-1 continuous image of E***, hence isomorphic to E**?. 

If p(X) is an (n—1)-sphere in E, it is clear that (unless X con- 
sists of one or two points, in which case it is clear from the start that 
B(X) is finite-dimensional) by deformation of p(X) there is an im- 
bedding g(X) of X into E such that q(X) lies on no sphere, which 
reduces the problem to the case just treated. 

Now assume there is an n-dimensional linear subspace M of B(X) 
which is c.r. over X. A consequence of the complete regularity of M 
over X is that given x, 2EX there is a continuous function bE M 
such that b(x)b(#). Since M is n-dimensional, we can write b(x) 
= »asb,(x) where bi(x), + » b„(x) is a base in M and, for at least 
one value of 4, 5,(x) #b:(£). Then the mapping f(X) CE” which as- 
signs to each xCX the point in E* with coordinates bi(x), © + +, ba) 


1949] SPACES OF CONTINUOUS FUNCTIONS 407 


is one-to-one. It is clearly continuous. Also f-! is continuous, For let 
“EL, and let O(xo) be any open set containing x». Since M is cr. 
over X, there is a bEM and a 6>0 such that B(x) —b(x) >ô for all 
xEX—O(x). Suppose b= Y)a,b;, and let a=max la, . Then for all 
x such that |d,(x) —b,(%o)| <8/an we have |d(&0) — B(x) | <6, hence 
xEO(&o). Thus X is imbeddable in Er, so X is finite-dimensional 
separable metric. 





THEOREM 7. If X is completely regular, B(X) contains a separable 
linear subspace c.r. over X if and only if X is separable metric. 


First assume X is separable metric. Then X is imbeddable in or- 
dinary Hilbert space H. By the corollary to Theorem 5, there is a linear 
subspace L of B(X) which is c.r. over X and is the linear continuous 
image of H. Since the continuous image of a separable space is 
separable, Z is separable. 

Now assume X is completely regular, and B(X) contains a sub- 
space M both separable and c.r. over X. The unit sphere ES in Mt 
contains a subset X; homeomorphic to X. The points of Es form an 
equicontinuous set of linear functionals on M. According to known 
results (see [7, Lemma 3.2 and Theorem 4.1]), the weak-» topology 
on E* and the compact-open topology on E* as a set of mappings of 
. M into the real line are identical, and the closure of X 1 in E% is com- 
pact metric. Hence X, is separable metric, and so is X. 
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ON A THEOREM OF REPRESENTATION 
J. ABDELHAY 


Introduction. The main result of this paper is the characterization 
of the linear ring (BC) of all bounded continuous real functions de- 
fined in a locally compact Hausdorff space which vanish at infinity 
(see Theorem 5). This is done by making use of some of the properties 
of the functional $(x) =greatest lower bound of x, defined for the 
elements of (BC) (see §. 1 and §. 8). 

In this study we noticed that & could give to the linear ring (BC) 
both its structures of natural partial order and topology. We had then 
the idea of seeing when this could be done in general, that is to say, 
when is it true that for a partially ordered normed linear ring or a 
normed linear lattice there is a functional which could give both the 
structures of partial order and topology of the space. The rest of our 
paper deals with such a question. 

For the demonstration of our theorem 5 we made very much use of 
Professor Stone’s paper, A general theory of specira, I, the reading of 
which we recommend for having a clear understanding of this one. 

We are deeply indebted to Professors I. Kaplansky and M. H. 
Stone for many valuable suggestions and to Dr. L. Nachbin for kind 
discussions. , 


1. Definition of S-space. A linear space with real scalars V is said 
to be an S-space with respect to a real function (x), defined in V, 
if and only if 

(S1) ọ(x) SO for any xE V; 

(S2) d(x+y) 2¢(x)+¢(y) for any x&V and any yE F; 

(S3) d(Ax) =Ad(x) for any xE V and any real number \20; 

(S4) (0) =0; 

(S5) g(x) +#(-x) =0 implies x=0 (EV); 

(S6) the equations in the unknown w 


(E) ea) =0, ¢(w— 2x) =0 (z EV) 


have a solution x+G V which is such that any other solution x’€ V of 
(E) satisfies the condition d(x’—x*) =0; 

(S7) limpym+co dla —Xm)=0 implies the existence of an element 
xEV such that lim... 6(%,—%) = lims- $(%—%n) =0 Kia is a 
sequence of elements of V). 
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2. Examples of S-spaces. 
ExAMPLE 1. The set B of all bounded real functions defined in a 
topological space is an S-space with respect to the function 


I(x) = g. 1. b. (x) (x E B), 


where g.l.b. means “greatest lower bound of” and x_ is the negative 
part of x. 

Proor. (1) I(x) SO because x <0; (2) we have x+y- <S (x+y). 
and consequently I(x)+J(y) Sg.l.b. (x-+y-) SI(x+y); (3) we have , 
(Ax)=Ax_ for any real number A20 and so IAx)=A/(x) for A20; 
(4) I(0) =0 evidently; (5) we have I(x)+1(—x) Sg.l.b. (x_+(—x)_) 
=g.l.b. (— |x|) and consequently I(x)-+J(—x) =0 implies «=0; (6) 
we have (~4)_=(x4—x)_=0 where x4 is the positive part of x and 
consequently /(x;)=0 and I(x,;—x) =0. If x’ is such that I(x’) =0 
and I(x’—x)=0 then x’20 and x’>x. But now x’>x, and conse- . 
quently I(x’ —x,) =0; (7) Ian —xm) HI (£m x.) Sg.l.b. (— | En — n| ) 
and consequently I(xa—&%m)—0 implies (£»—%m„)—0 uniformly. But 
now there is an xEB such that (x«»—x)—0 uniformly. Consequently 
(xa—x)-—0 uniformly, that is to say, to each positive e there is a suit- 
able integer N such that —e<(x,—x)_<e for n=N. Consequently 


5 —eSI(x,— x) <e for n 2 N, 
which means lim I(*,—x) =0. Similarly we get lim I(x—x,) =0. 

EXAMPLE 2. The set C of all continuous real functions defined in a 
compact Hausdorff space is an S-space with respect to the function 
I(x) considered above (the proof of this is easily deducible from that 
of Example 1). 

EXAMPLE 3. The set L? of all real functions defined in a compact 
measure space which have integrable pth potence (p21) is an S-space 
with respect to the function 


1a) == (f cay)" (wer. 


Proor. (1) J(x) $0 evidently; (2) we have —x_-y_2 —(x+y)_20 
and consequently ({(—*_—y_)?)"? = (f(— (x<+y)_)r)Ur. But we know 
from the theory of the integral that ({(—x_)?)"*+(f(—y_)?)"» 
=({(—*-—y_)?)"? and consequently we have — J(x)-JI(y)= 
—J(x-+y), that is to say J(x+y)2J(x)+J(y); (3) we have for 
X20, Ax)-=Ax_ and consequently J(Ax)=AJ(x) for 20; (4) 
J(0) =0 obviously; (5) J(x)+J(—x)=0 means in our case J(x) =0 
and J(—x)=0 and consequently x_=0 and (—-x)_=0. But then we 
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 havex>0 and —x20 and therefore <=0; (6) see (6) of the proof of 

example 1; (7) we have J(%_—%m)+J(tm—%n) S — (J(— (&a-in)- 
— (Xm —2n)—)?)U? = — (f| £n — xm] 2)? SO. Therefore, J (£a —xn) 0 im- 
plies f | KK] ?>0. Consequently there is an «CL? such that 
Slxn-x|r—0. But -— (—x)_S |x.—x| and - @-)-S lx.-x]. 
Consequently J(x,—x)-20 and J(x—2_)—0. 

ExAMPLE 4. A Hilbert space is an S-space with respect to the func- 
tion H(x)= —||x_||, where ||x|| is the norm of x. 

EXAMPLE 5. The set of all bounded real functions defined in a topo- 
logical space which vanish at some point of the topological space is 
an S-space with respect to the function 


I'(x) = g.lb. (x), 
where x is a generic member of the set of functions. 
3. Structure of linear lattice for an S-space. 


PROPOSITION 1. An S-space with respect to p(x) is a linear latisce 
if we put: x20 if and only if d(x)=0 and positive part of x=x* 
(see axtom (S6)). 


Proor. (1) x20 and y2=0 imply $(x-+y)=0 and consequently 
x+y20; (2) «20 and AZO imply (Ax) =0 and hence Ax 20; (3) 
x20 and —x 20 imply d(x) =¢(—x) =0 and then «=0; (4) by (S6) 
we have x+20 and x+2x and if x’20 and x’2-* then x’2xt. 

PROPOSITION 2. In an S-space with respect to ġ we have: 

x zy implies (x) 260). 

Indeed, we have x=y+(x—y) and therefore $(x) z(y) +¢(#—9). 
Then, from the hypothesis x2 we get (x) 26(). 

COROLLARY. It ts true that d(x_) S(x) and d(x-+Y-) S$o((#+y)-). 

4. Norm for an S-space. 

PROPOSITION 3. Given an S-space L (with respect to $), if g(r, $ 
is any symmetric real function defined for -»<rs0, — ©<sS0 
such that 

(D1) g(r, s)> for (r, s)7£(0, 0); g(0, 0) =0; 

(D2) gQr, As) =Ag(r, s) for any real number \20; 

(D3) g(r-+r’, sts’) Sel, s)+e(r’, 5‘); 

(D4) g(r, s) is monotone nonincreasing in each variable, 

‚ then the real number g(b(x), 6(—x)) is a norm for L and we have 


(N) OS#Sy imply |alls|»l- 
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Proor. (1) For any x0 we cannot have simultaneously $(x) 
=¢(—x)=0 (by (S5)) and so, by (D1), ||x||>0 for «50; for 
x=0 we have obviously ||x|| =0; (2) we have by (S3) and (D2): 
EAr), b(—Ax)) =Ag(o(x), $(—x)) for X20 and consequently 
g(6(—Ax), d(Ax)) = —Ag(b(x), 6(—x)) for A<O. But g is symmetric, 
then lasl] =|] læ]; (3) we have by (D4): g(@(x+y), 6(—x—y)) 
Se(o(*) +40), 6(—*)+4(—9)). Then, by (D3), æ+] S||x]|+]|>]]. 

Let us prove now property (N): We have l|x|| =g(d(~), ¢o(—*x)) 
=g(0, ¢(—«)) for x20 and similarly ||y||=g(0, ¢(—y)) for y20. 
If xSy, then ¢(—x)2¢(—y) and consequently g(0, ¢(—x)) 
<g(0, (—y)) (by (D4)), which means ||x|{ <]|y]|. 


5. Indices for an S-space. A real function ¢(x) defined in a linear 
space .L is said to be an index for L if L is an S-space with respect to 
¢. Two indices of an S-space are said to be eguivalent when they give 
rise to the same ordering and equivalent topologies. 

An S-space L with respect to an index ¢ satisfying the condition 


(S8) &(&) >0 and ¢(—4,) > 0 imply #(- ||) — 0 
issaid to be a regular S-space. 


PROPOSITION 4. A regular S-space with respect to an index & can be 
normalized in such a way that it becomes an S-space with respect to an 
index W(x) equivalent to d(x) and such that W(x) = W(x). 


Proor. The properties D1, 2, 4 of the function g(r, s) considered 
above (see §4) imply that g(r, s)—0 implies (r, s) (0, 0) and re- 
ciprocally (r, )—(0, 0) implies g(r, s)—0. We shall prove that the 
real function W(x) =¢(x-) is an index for our space and that W is 
equivalent to ¢. In fact: (1) W(x) <0 obviously; (2) we have W(aty) 
=d((&+9)-) 2¢(x_+y_) because (x-+y)_2*_+-y_ and consequently 
Waty)2We)+Wy); (3) WAx)=AW(x) for A20 obviously; (4) 
W(0) =0 evidently; (5) We have W(x) s#(x) and so W(&)+W(-x) 
=0 implies ¢(x)+¢(—x)=0, hence x=0; (6) we have W(x) 
= W(x.—x)=0 obviously. If x’ is such that Wx’) = W(x'—x) =0, 
then «’20 and x’2x obviously. Then x’2x; and consequently 
W(x!’ —x+4) =0; (7) W(en—%m)—0 means $((x%,—2m)_)—0 and conse- 
quently ¢(x,—*m)—0. Then, by (S7), there is an x such that 
$(%n—x)—0 and ¢(x—x_)—0. By (S8) we have then ¢(— |x.—x] )—0. 
But (x,—x).2—|xa—x|, then W-x)0. Similarly we get 
We). 

Let us prove now that W is equivalent to ¢. Indeed: (1) W(x) < p(x) 
and so W(x)=0 implies $(x) =0; reciprocally, $(x)=0 means x20 
and then W(x) =0; (2) we have by (D4) 
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0 < g(¢(x), #9) S g(W(x), W(—2)) = gldla), ((—2)_)). 


-~ Then, when g(W(x), W(-x))>>0 we have that g(d(x), ¢(—x))-0. 
Reciprocally, if g(@(x), &(-x))—0, then, by our hypothesis, &(x) 
and d(—x) tend to zero. By (S8), 6(— |x|)—0. But d(x._) >6(-|x |) 
and d((—x)_) =¢(—|x|). Then ¢(x_)-0, ġ((—x)-)—0 and so 
g(W(x), W(-x)) tends to zero. 

Finally, W(x_) =¢(«_) = W(x). 


PROPOSITION 5. For a regular S-space we have: 
(N1) l-l] = Ill, 
(N2) le + 9- s lls- + ol]. 


Proor. (1) we have |l- || =g(W(2-), 0) =g(W(x), 0) Sg(W (x), 
W- —x))=||x]|; (2) we have —(x+y).S —(x_+y_), then, by (N), 
=el sll e-+] and so [æ+] sle- 


6. Regular S-spaces and quasi Banach lattices. A quasi Banach 
lattice is a linear lattice which is also a Banach space with respect to 
a norm | || satisfying conditions (N1) and (N) (see §4). 


THEOREM 1. A linear space L is a quasi Banach lattice if and only if 
` Lisa regular S-space. 


Proor. We shall prove first that a regular S-space is a quasi 
Banach lattice. Indeed: (1) by Proposition 1, a regular S-space L is 
a linear lattice; (2) by Proposition 3, Z is a normed space; (3) by 
‘Propositions 3 and 5, the norm satisfies conditions (N) and (N1). 
Then, all we have to do to prove that L is a quasi Banach lattice is to 
show that L is complete in the norm. Let {xa} (n=1,2,---) bea 
sequence of L and suppose ||¢n —2m{| 20. This means (see §4) that 
2(b(Xn—Xm), B(&m—%n)) 0. But now if we take g such that g(r, s) 
tends to zero implies (r, s) (0, 0) and reciprocally, we get: o (£n — x) 
tends to zero. By (S7) there is an xEL such that ġ(x„—x)—0 and 

o(x—x_)—0 and so glġ(xn— 2), o(s- £a)) =||x„—x||—0. 

Let us prove now that a quasi Banach lattice is a regular S-space; 
precisely we shall prove that the function ¢(x) = —||x_|| is an index 
for the space and that this space is regular: (1) (x) <0 obviously; (2) 
(x+y) 2o(x)+(y) is easily deducible from (N2); (3) For X20, 
p(x) =Ap(x) obviously; (4) 6(0) =0 evidently; (5) (x) +(—x) =0 
means in our case +20 and —x2£0 and consequently x=0; (6) 
see (6) of the proof of exam 1, $1; (7) we have d(an — Xm) 
Holen an) =~ (|en) [le m DS-Ilen-salll. Conse- 
quently ¢(x,—*m)—0 implies || | xn — £n] ||—0. But (%a—%m)+ 


1949] ON A THEOREM OF REPRESENTATION 413 


—. 
—0, 


S|x,—2xm| and —(%.—%m)_S | £n —x.| , hence, by (N), |en Xm 
Now there is an x such that ||x„, —xl||—0: Then, by (N1), || (£a —x)- 
that is to say, ¢(xn—x)—0. Similarly, we get (x —xą„,)—>0. 

Let us prove now that our S-space is regular. Let ¢(x„)—>0 and 
8(—x2)—0. Then, |(«)-||—0 and {| (—xn)-| 0. Consequently, 
[|| #0] l|>0. But —|]|0| || =- |z|); then ¢(— |x,1)0. 


CORỌLLARY. A Banach lattice, that is to say, a linear lattice which ts 
also a Banach space with respect to a norm ||-|| such that 


(N4) [=| S| y| impies ||al] < lll, 
is a regular S-space. 








Indeed, we have |x_ 


< | x| and so IES] S|l-ll, which is (N1), and 
0x Sy imply ||x|| S|ly 


|, which is (N). 
7. Continuity of the operations in a regular S-space. 


PROPOSITION 6. (a) x—xo and y—yo imply (c+y)—(&o+Y0): (b) 
xx implies |x| >| xo]. 


Proor. (a) we have («+») _ (xo+yo)|| <|x-xo|| +lly— yol], which - 
proves part (a) of our proposition; (b) we have by (N1): Ilx] <|«| 
and ||(—#)_|| <||x||; consequently, lial S2\|x||, which proves part 
(b) of our proposition. 





COROLLARY 1. The operations xy and x(\y are continuous. 


Bas we have ay =(x+y)/2+|x—y| /2 and xy = (x+y)/2 
—|x—y| /2. 


COROLLARY 2. xSy, X, yy imply x0 So. 


Indeed, «Sy means x=xNy and consequently x)=x0/\yo which 
says that xo Syo. 


COROLLARY 3. x%aSyn, m=1, 2,+++, DoPxa=x, Yrya=y imply 
“sy. 


8. Definition of S-ring. A linear ring with real scalars R is called 
an S-ring with respect to a real function ¢(x), defined in R, if and only 
if: 

(R1) ¢(x) satisfies conditions (S1)-(S5) and (S7) (see §1); 

(R2) (x34 2ux) +p? 20 for xER and any real number u; 

(R3) o(«)+u20 and ¢(y)+r 20 imply ġ(xy+rx-+uy) +u 20 for 
any real‘numbers u and » and zER, yER. 

ExAMPLE 1. The set B of all bounded real functions defined in a 
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topological space is an S-ring with respect to the function &(x) 
=g.l.b. (x). 

Proor. We have already proved that ¢ satisfies (R1) (see example 
1 of §1). Let us prove then that ¢ satisfies (R2) and (R3). In fact: 
(x?+-2px)_ +p = (x+ Que tu?) Aw? 20, hence g.l.b. ((0?-+-2ux)_-+y?) 
=g.lb. (+2) _ +20; o(x)-+u20 gives x_+u20, hence x+p 
20 and #20. Similarly we have y+v=0 and v20. Then xy-+yx 
+uy2—w and consequently (xy+rx-+puy)_= —w because —yy is 
negative. 

EXAMPLE 2. The set C of all continuous real functions defined in a 
compact Hausdorff space is an S-ring with respect to the function 

(x) =g.l.b. (x). 

This is clear from the example 1. 

EXAMPLE 3, The set (BC) of all bounded continuous real functions 
defined in a locally compact Hausdorff space which vanish at infinity 
in an S-ring with respect to d(x) =g.l.b. (x). 

Proor. It is clear that we have to prove only (R2) and (R3); (1) 
we have 2 +2uxc +42 0, hence g.l.b. (<+2ux) +p? 20; (2) d(x) Fu 20 
and d(y)+»20 give x+y20 and y+v20, hence sytrx+uytw 20 
and then g.l.b. («y+rx-+uy)tw20. 

COUNTER-EXAMPLE. The set L is not an S-ring with respect to 
(x) = [x_dt. Indeed, for Osis1,x=—t/2, y=t,u=1/4,v=1/2, con- 
dition (R3) is not satisfied, since d(«)+u=0, d(y)+»=1/2 and 
b(xy-bextpy) tw= — 1/24. 


9. Partial order and norm for an S-ring. 


Proposition 7. In an S-ring with respect to d(x) we have: (i) 
(x?) =0; (ii) p(y) =0 implies (xy —yp(x)) =0. 

ProorF. (i) is easily deducible from (R2) by putting „=0; (ii) is 
deducible from (R3) by putting u= —¢(x), v=0. 


PROPOSITION 8. An S-ring with respect to (x) is a partially ordered 
normed linear ring by defining x20 if and only if $(x)=0 and ||x|| 
‘= g(b(x), p(—x)), where g(r, s) is the function iniroduced in $4. 


This is clear from Propositions 1, 3 and 7. 


PROPOSITION 9. In an S-ring, with respect to p, which has a unit “e” 
we have: 

(EI) ¢(-e) 2-1; 

(E2) nx+e20 for any integer n>0 implies x20; 

(E3) x—(x)e20; 

(E4) Ne-+x20, Ae-x20 imply N= max (—¢(x), —$(—*)). 
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Proor. (1) (E1) is clear from (R2) by making x=e and u= —1; 
(2) we have nx = —e+nx-te, hence, by Proposition 2, (nx) —d(—e) 
2o(nx-+e). Since by hypothesis d(nx-+e)=0 for any integer n>0, 
we get (nx) 2¢(—e)=—1 and consequently ¢(x) = —1/n for any 
n>0, which says that ¢(x) =0, hence «20; (3) (E3) is clear from (ii) 
of Proposition 7; (4) we have x+Ae—\e=x, hence, by Proposition 
2, pl +e) So(x) —p(—ze) =p (x) —AG(—e) S(x) +); consequently, 
&(x-+Xe) =0 implies d(x) +A 20. Similarly we get d(-x) +) 20. 


10. Sub S-ring of an S-ring. 


PROPOSITION 10. If R’ is an S-ring with respect to d(x) which has 
no unit and if R ts the set of all pairs (x, u) (xCR’, u a real number) 
with algebraic operations defined by (x, uw) +(y, v)=(x+y, u+»), 
(x, u) (y, ») = (xy+rx+uy, u), A(x, u) = (Ax, Au), then R ts an S-space 
with respect to W(x, w)=min (0, d(x)+) and R has a unit, precisely 
the element (0, 1). 


The proof is trivial, and it is easily seen also that R’ is a maximal 
ideal in R. 


11. L-space, M-space and ring of continuous functions. 


THEOREM 2. An S-space V with respect to a & such that o(x+y) 
=(x)-+@(y) for x <0, y S0 ts an L-space.! 


Proor. We have seen that an S-space is a Banach space with 
norm | -|| defined by =! =g(¢(x), #(—x)), where g(r, s) is the func- 
tion introduced in §4, hence, in particular, V is a Banach space with 
norm defined by ||| = —¢(x)—¢(—«x); (2) V is a linear lattice (see 
Proposition 1); & Syn, &n—%, Yay imply x Sy because y-x>y—x 
+n Ym hence $(y—x) =$(y—Iq) +b (¢n—x) 2 "Ele: 
finally, x20, y20 imply ||*+y|| = -6(-&-3) = -8(-%)-6(-9) 
=|| +l]. 


THEOREM 3. An S-space with respect to a $ such that 
(M) ¢(—«*—y) = min ($lx — y), (y — x)) fors Ny = 0 
is an M-space.? 
Proor. (1) Let V be the S-space in question; then V is a Banach 


15. Kakutani, Concrete representation of abstract (L)-spaces and the mean ergodic 
theorem, Ann. of Math. vol. 42 (1941) pp. 523-537. 

2S. Kakutani, Concrete representation of abstract (M)-spaces, Ann. of Math. vol. 
42 (1941) pp. 994-1024. 
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space with norm defined by «Il =max (—¢(x), —$(-:x)) and also a 
linear lattice; (2) x, Syn, Xa—%, Vay imply «Sy because ġ(y >x) 
=(y—In) +82) = lly yal] -llel (3) let xOy=0, then 
\|x+y]| = —6(—«—y) = -min (6(x—y), 6(y—x)) (see (M)) =||x—9|; 
(4) let x\y=0, then —x—yS—xS—x+y, —x-yS—yS—ytx, 
hence $(—x—y)S$(—2x)So(y—*x), $(—-x—y) Sbl-Y) SO(@—9). 
Consequently, ¢(—x—y)Smin (d(-x), ¢(—y)) Smin (d(&—9Y), 
o(y—x)), hence —||x-+y|/Smin (—|lx||, -liD s -lx-yl| = 
—|lx+y]. From this we get x+yl| =max (| xl, I»I). 


COROLLARY. An S-space (with respect tod) V which has an element 
1 such that (i) EM) =0, 6(—1) = —1, (ii) —ọ(x) S1 implies —x £1 ts 
an M-space and the element 1 is a Kakutant unit for the space V. 











Proor. All we have to prove is that condition (M) holds 
in V. Indeed, we have —x—ySx—y, -—x—ySy—x, hence 
(8-3) So(x—y), 6(—*—y) Sy — x) and consequently ¢(—x—¥y) 
Smin (¢(¢—¥y), o(y—<x)). Let us prove now the inverse inequality. 
This is obvious if k=min (ġ(x—y), d(y—x)) =0, since in this case 
x—y=0 and therefore x =y=0 because x/\y=0 by hypothesis. Sup- 
pose then k<0. As we have d(x-y)zk, d(y—x)2R, we get 
—$((%—y)/k) S1, —$((y—«)/k) S1, then, by hypothesis, (x—y)/k 
<1, (y—x)/kS1, hence lx—y| S|a|1. Consequently ¢(—|x—y]) 
. 2=¢(—|k|1)=|2|¢(—1) =k, which means, since — (x+y) =- |x—y], 
that ¢(—x—y) Zk. 

Finally we have: (1) {||| =—¢(—1)=1, 130 because (1) =0; (2) 
‚ let ||x|| $1, that is to say, max (—(x), —¢(—x) $1; then —¢(x) S1, 
—ġ(—x) £1, hence —xS1, x31, then «| sl. 


THEOREM 4. An S-ring with unii Ris a Stone normed ringt and con- 
sequently a linear lattice.’ i f 


Proor: (1) Risa linear ring and is partially ordered (see Proposition 
8); (2) if “e” is the unit of R, then nz+e20 for any integer n>0 
implies x20 (see Proposition 9, (E2)); (3) Ae=x20 for some real 
number X (see Proposition 9, (E3)); (4) R is complete in the norm 


|| «|| = inf A; Aw + e 2 0, àx — e 2 0), 
which turns out to be II] =max (—¢(x), —¢(—<x)) (see Proposition 
9, (E4)). 


3? S. Kakutani, Ibid. p. 997. 

t M. H. Stone, A general theory of spectra, I, Proc. Nat. Acad. Sci. U.S.A. vol. 
26(1940) pp. 280-283. 

sM. H. Stone, Ibid. pp. 280-281. 
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COROLLARY. An S-ring R’ without unit is a linear lattice. 


In fact, by Proposition 10, R’ is a maximal ideal of the ring R de- 
fined in $10 (see Proposition 10) and so, by Theorem 4 and Stone’s 
result,® R’ is a linear lattice, precisely a sublinear lattice of R. 


THEOREM 5. An S-ring without unit R' whose index & ts such that 
(x) =b(x_) is equivalent (=ssomeiric, ring and laitice isomorphic) to 
the set (BC) of all bounded continuous real functions defined in a locally 
compact Hausdorff space which vanish at infinity, and d(x) =inf (f2(J)), 
where inf means greatest lower bound of and fa ts the correspondent func- 
tion of the element xCR’. 


Proor. (1) R’ is a maximal ideal of the S-ring R defined in §10 
(see Proposition 10). This S-ring R is a Stone normed ring (see 
Theorem 4) and so equivalent to the set C of all continuous real func- 
tions defined in a compact space.’ This compact space is the set M of 
all maximal ideals in R (with an appropriate topology) and the cor- 
respondence between R and C is that one which associates to each 
wER the real function f,(Z), defined in the space M, such that 
fo(De—wEl (eis the unit of R).? Then, if wR’ we have fo(R)e—w 
ER’, hence f.(R’) =0, that is to say, if fs is the correspondent func- 
tion of an element x of R’ then f,(R’) =0. We have, therefore, that R’ 
is equivalent to the subset (BC) of C formed by all functions of C 
which vanish in R’EM. Let us take off R’ from M: we get a new 
topological space M’ which is locally compact and has R’ as the point 
at infinity. We have also that now (BC) is the class of all bounded 
continuous real functions defined in M’ and which vanish at infinity; 
(2) let us prove now that ¢(x) =g.l.b. (fs(T)): we have «| =supre w 
| CH], fs being the correspondent function of xER. Suppose now 
that x belongs to R’, then ||| =max (-d(x), —ġ(—x)) and so 
max (—$(x), -6(-x)) =suprem|fo(I)|. If —x 20, then f_.=—f.20, 
¢@(—x) =0 and consequently —@(*) =suprem (—f2(Z)), that is to say 
(x) =infrem (fz(I)). For any xER’ we have, by hypothesis, $(x) 
=$(x_) and so $(x)=infrew (f(Z)). But fe=(fs)-, so (x) 
=infrem ((f:(I))-). The function fs vanishes at least once (at in- 
finity), hence inf ((fs)_) =inf (fs) and therefore $(x) =infreu (fs(D)). 
But inf IEM (fz) =infre sr (fz), and so d(x) =infre a (fs(Z)). 
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"M. H. Stone, Applications of the theory of Boolean rings to general topology, 
Trans. Amer. Math. Soc. vol. 41 (1937) pp. 321-364; in particular, Theorem 80. 

M. H. Stone, loc. cit. footnote 5. = 

8 M. H. Stone, loc. cit. footnote 6, Theorems 76 and 80. 


ON THE GROUPS OF REPEATED GRAPHS 
ROBERT FRUCHT 


In a recently published paper! Kagno showed that Pappus’ graph, 
consisting of the 9 vertices 4, B, C, D, E, F, G, H, I, and the 27 arcs 
AD, AE, AF, AG, AH, Al, BD, BE, BF, BG, BH, BI, CD, CE, CF, 
CG, CH, CI, DG, DH, DI, EG, EH, EI, FG, FH, FI, has a group of 
order 1296 which may be generated by the following set of eight sub- 
stitutions: (ABC), (AB), (DEF), (DE), (GHD), (GH), (ADG) (BEB) 
(CFI), (AD)(BE)(CF).? Kagno's proof of this fact (Theorem 5)! is 
straightforward, but somewhat lengthy, and it seems of interest to 
note that this theorem follows at once from a more general and almost 
self-evident theorem on the groups of repeated graphs, if we apply 
to Pappus’ graph the following lemma, also due to Kagno:! “If G’ 
isthe complement of G, then G and G’ have the same group.”* Indeed 
the complement Il’ of Pappus’ graph contains the 9 arcs AB, AC, 
BC, DE, DF, EF, GH, GI, HI; hence I’ is not connected, but con- 
sists of three triangles (or complete 3-points) ABC, DEF, GHI; that 
is, II’ is a threefold repeated triangle. To such a repeated graph we 
can apply the following theorem, which is of interest in itself apart 
from the use made of it here. 


THEOREM. If G ts a connected graph of n veritces, having no simple 
loops, with a group © of order h, and if T is the graph consisting of m 
copies Gi, Gn +++, Gm of the same graph G, then the group of T is 
Pölya’s “Gruppenkranz” ©,,[G|, that is, the group of order m!h” and 
degree mn, whose substitutions may be described briefly as follows * Let 


Received by the editors March 19, 1948. 

11, N. Kagno, Desargues’ and Pappus’ graphs and their groups, Amer. J. Math. 
vol. 69 (1947) pp. 859-862. 

2 It may be remarked that the same group might be generated by other sets of 
fewer elements, for example, by the following one containing only 3 substitutions: 
(ABC)(DE), (ADG)(BEH)(CFD, (AD)(BE)(CF). 

3 Here the complement G’ of a graph G (without loops) is to be defined as follows: 
Let J? I5 =1, if and only if the vertices p and q are joined by an arc, otherwise let 
= fn. Now, if for any pair of vertices p, g in G, I,=1, then in G’ let R=0, and 
if r =0 in G, then in G’ let I?=1. In other applications. of this lemma some ‘difficulty 
may arise from the fact that ‘the complement of a graph may contain isolated points; 
for example, the complement of a triangle (or complete 3-point) consists only of three 
isolated points with no arcs connecting them. 

4G. Pólya, Kombinatorische Ansahlbestimmungen für Gruppen, Graphen und 
chemische Verbindungen, Acta Math. vol. 68 (1937) p. 178. The same groups have 
also been studied by other authors. We mention only the following papers: 

Wilhelm Specht, Eine Verallgemeinerung der symmetrischen Gruppe, Schriften des 
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the vertices of G; (t=1, 2, - - +, m) be denoted by the letters Zu, 8.2, °°, 
Zin, and form the rectangular matrix 
311 212 Bin 
231 Baa Zan 
. . ; 
Smi mr’ '' Smn 


then the substitutions of Sn [G] may be characterised as permutations of 
the rows of the matrix, followed by permutations of the letters in each row 
according to some substitution of the group 9. 


As the proof is fairly obvious and can readily be supplied by the 
reader, we shall omit the details. It is evident that the graph T (con- 
sisting of m copies of the connected graph G) is mapped into itself by 
the substitutions of the “Gruppenkranz” &,[$]; but, since G is a 
connected graph with group §, there cannot be substitutions other 
than those of Sn [H] which map T into itself. 

In the case of the complement II’ of Pappus’ graph we have 
m=3,n=3, Ó= ©; (symmetric group on three letters) with h=6; the 
group & [©] is of order 3!6°=1296, and is obviously the same as 
that obtained by Kagno. 

As another example let us consider the graph called His by Kagno 
in a previous paper,® that is, the graph consisting of six vertices 
a, b, c, d, e, f, and the nine arcs ad, ae, af, bd, be, bf, cd, ce, cf. Its com- 
plement, having the arcs ab, ac, bc, de, df, ef, consists of two triangles; 
hence its group is the “Gruppenkranz” &|[&;] of order 216°=72. (In 
Kagno’s paper'—cf. his Theorem 3.17—this group is called Hu 
= (abcdef) n.) 

A third example’ is furnished by the graph formed by the vertices 
and edges of the regular octahedron; its group is &|[&;] of order 
312?=48. (In Kagno’s paper this is the graph Hs with the group 
Öa= (abedef)ıs; see his Theorem 3.4 in the corrected form.) 








Mathematischen Seminars und des Instituts fur Angewandte Mathematik der Uni- 
versitat Berlin, vol. 1, 1931. 

Oystein Ore, Theory of monomial groups, Trans. Amer. Math. Soc. vol. 51 (1942) 
pp. 15-64. 

R. Frucht, Coronas de grupos y sus subgrupos, con una aplicacion a los determinantes, 
Union Matematica Argentina, Publicacion No. 24, 1942, 

51. N. Kagno, Linear graphs of degree S6 and their groups, Amer. J. Math. vol. 
68 (1946) pp. 505-520. See also Corrections on page 872 of vol. 69 (1947) of the same 
Journal. 

° Pólya, loc. cit. p. 214. 
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Finally it may be remarked that a theorem analogous to our theo- 


rem would hold for the automorphism groups of “connected systems” 


other than graphs, for example, for connected partially ordered sys- 
tems, for certain functions of several variables, and so on. (Thus the 
group &;[&;] might also be characterized as the largest permutation 
group on 9 variables x1, x3, - + + , X, under which the function xıXaX3 
+x%%+%7X%8%, is invariant.) 
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A CLASS OF TOPOLOGICAL SPACES 
EDWIN HEWITT 


1. Introduction. It is a classical theorem of set-theoretical topology 
that a one-to-one continuous mapping of a bicompact Hausdorff 
space onto a Hausdorff space is a homeomorphism.! Stated in some- 
what different terms, this theorem asserts that any bicompact Haus- 
dorff topology on a given set E is a minimal Hausdorff topology. If 
B is the family of open sets in this topology, then no proper subfamily 
of B can be the family of open sets for a Hausdorff topology on E. 
When this phenomenon is observed, a number of questions immedi- 
ately present themselves: 

(1) Under what conditions will a minimal Hausdorff space be bi- 
compact? 

(2) Are there any minimal Hausdorff spaces which are not bicom- 
pact? 

(3) Is there any simple way of characterizing those topological 
spaces which have one-to-one continuous images which are bicompact 
Hausdorff spaces? 

Question (1) was answered completely by Katétov [6, p. 40], who 
proved that a Hausdorff space is bicompact if and only if it is mini- 
mal and satisfies the Urysohn separation axiom (that is, every pair of 
distinct points possess neighborhoods whose closures are disjoint). 

Question (2) can be answered in the affirmative by modifying a 
space constructed by Urysohn (see [2, p. 22]). Let the space Xo be 
defined as the set of all points (x, y) in the Euclidean plane such that 
0<x?+y?si, together with two adjoined points pt and p~. Let 
neighborhoods of all points (x, y) in Xo be the usual Euclidean neigh- 
borhoods; let U,(pt) be prUE[(x, y), 0<x?+y?2<1/n, y>0]; and 
let U,(p-) be p-UE[(x, y), 0<x?+y?<1/n, y<0]. As the index n 
assumes all positive integral values, the neighborhoods U,(p+) and 
U,(p~) describe a complete family of neighborhoods for p+ and p-. It 
is obvious that, under this definition, X, forms a Hausdorff space 
which fails to satisfy the Urysohn separation axiom. It is easy to 
prove, moreover, that Xo is a minimal Hausdorff space. Katétov [6, 


Presented to the Society, April 17, 1948; received by the editors March 22, 1948, 

1 See, for example [1, p. 95, Satz III]. It is interesting to observe that this result 
was stated in 1893 by Jordan for bounded closed subsets of n-dimensional Euclidean 
space (see [5, p. 53]). Numbers in brackets refer to the references cited at the end of 
the paper. 
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p. 40] has proved that a Hausdorff space is minimal if and only if it 
is semi-regular (that is, sets of the form A~’~’ form a basis for the 
open sets) and H-closed (that is, closed in any Hausdorff space which 
contains it as a subspace). H-closure is equivalent to the assertion 
that every covering by a family of open sets admits a finite subfamily 
` whose closures form a covering [1, p. 90, Satz X]. Since the space Xo 
. is obviously semi-regular and H-closed, it must be minimal. It is 
obviously not bicompact, however, being irregular. One may ob- 
serve also that the set of points {(1/r, 0)}s.1 has no limit point. 
The purpose of the present note is to answer question (3). 


2. Rings of continuous functions. If X is any topological space, we 
designate the set of all real-valued continuous functions on X by the 
symbol &(X, R) and the set of all bounded continuous real-valued 
functions on X by the symbol &*(X, R). These sets of functions are 
algebraic rings of a very special type, and have been studied in detail 
by a number of authors. (See, for example, [7, pp. 453 et. seg.] and 
[4, passim].) We propose to use properties of these function rings in 
solving our present problem. In considering rings @*(X, R), we may 
limit ourselves to bicompact Hausdorff spaces, since, to every com- 
pletely regular space X, one may assign a uniquely determined bi- 
compact Hausdorff space 8X which contains X as a dense subspace 
and which has the property that &*(8X, R) is algebraically isomorphic 
to &*(X, R). A subring of a ring €(X, R) is said to be an analytic 
subring if it is closed in the uniform topology for the ring EX, R) 
and contains the constant functions. In comparing topological proper- 
ties of a bicompact Hausdorff space with algebraic properties of its 
function ring &*(X, R), the following facts become evident. 

(4) Every analytic subring of €*(X, R) is isomorphic to some ring 
&*(Y, R), where Y is a continuous image of X which is a (necessarily 
bicompact) Hausdorff space. Conversely, if Y is a bicompact Haus- 
dorff space which is a continuous image of X, then the function ring 
@*(Y, R) is isomorphic to an analytic subring of G*(X, R). 

(5) If X is any completely regular space, and if Y is a completely 
regular space which is a continuous image of X, then the ring €(X, R) 
contains an analytic subring which is isomorphic to the ring &(Y, R). 

(6) If X is a bicompact Hausdorff space, every maximal ideal in 
@*(X, R) is the set of all functions in €*(X, R) vanishing at some 
point of X. 

Statements (4) and (6) were proved by Stone [7, Theorems 81 and 
80]. Statement (5) is obviously true. It may be noted that the con- 
verse of (5) is false. As an example, consider the space R consisting of 
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the real numbers in their usual topology, and let ® be the analytic 
subring of Œ(R, R) generated by the constant functions and the func- 
tion f(x) =x. It is clear that $ is a proper subring of &(R, R), since it 
does not contain, for example, the function e”. It can readily be shown, 
using methods developed in [4], that P cannot be isomorphic to the 
ring G(X, R) for any topological space X. If ® were isomorphic to 
such a ring, then one could obtain a space X such that § is isomorphic 
to G(X, R) by considering all maximal ideals M in B such that 
P/M is algebraically isomorphic to R and topologizing them in ac- 
cordance with [4, Theorem 9]. Upon carrying out this process, one 
simply obtains R in its usual topology, which produces an evident 
contradiction. 


3. Limitation of spaces considered. Since every bicompact Haus- 
dorff space X is normal, it is clear that for distinct points p and q in 
X, there is a function gEE(X, R) such that g(p) =1 and g(g)=0. This 
property being preserved upon passage to any stronger topology, we 
may evidently limit ourselves to spaces having this separation prop- 
erty. On the other hand, it is well known that any space with this 
property has a one-to-one continuous image which is completely regu- 
lar. (See for example [4, Theorem 4].) We may thus make a second 
limitation, and consider only completely regular spaces. 

Among completely regular spaces, we single out a certain class, 
namely, those spaces X whose topology can be completely described 
in terms of the algebraic structure of the ring &(X, R). This statement 
can be rendered more precise. An ideal 3 in €(X, R) is said to be real 
if €(X, R)/S is R, and $ is said to be fixed if ] ,esE[f(x) =0]0. 
The topology of a completely regular space X can be described in 
terms of the algebraic structure of &(X, R) if and only if every real 
ideal in G(X, R) is fixed. We call such spaces Q-spaces, and have in- 
vestigated their properties in [4]. We find it essential in the present 
discussion to limit our attention to Q-spaces. 


4. Main theorem. Our technique is to translate a topological prop- 
erty into a property of function rings and then to retranslate this 
algebraic property into a topological property. 


THEOREM A. A Q-space X has the property that there exists a bicom- 
pact Hausdorff space Y which is a one-to-one continuous image of X if 
and only if the ring ER, R) contains an analytic subring U such that 
every maximal ideal in U can be imbedded in precisely one real ideal of 
G(X, R). 


Suppose that Y is a bicompact Hausdorff space which is a one-to- 
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one continuous image of X under a mapping ®. Then the functions 
fö(x), where fEC*(Y, R), form an analytic subring A of C*(X, R) 
which is isomorphic to the ring &*(Y, R). By remark (6), the points 
of Y are in one-to-one correspondence with the-maximal ideals of 
&*(Y, R), and hence of 9%. Since ® is a one-to-one mapping, it is plain 
that the functions in any maximal ideal M of A all vanish at exactly 
one point of X. The ideal M, in €(X, R) consisting of all functions in 
&(X, R) vanishing at p is the unique extension of M to a real ideal in 
G(X, R).. 

Conversely, suppose that €*(X, R) contains a subring of the kind 
specified above. Then the set of all maximal ideals of X may be 
topologized (see [4, Theorem 9]) to form a bicompact Hausdorff 
space Y which is a continuous image of the space BX. BX is to be con- 
sidered as the space of all maximal ideals in €(X, R) (see [4, Theorem 
46]), and the continuous mapping of 8X onto Y is obtained by map- 
ping a given maximal ideal of 8X onto its intersection with 9. X being 
a Q-space, all of the real ideals in €(X, R) are fixed, and the hypoth- 
eses on A make it clear that the mapping just described produces a 
one-to-one continuous mapping of X onto Y. 


THEOREM B. A Q-space X has a one-to-one continuous image Y which 
is a bicompact Hausdorff space if and only tf the family? Z(X) contains 
a subfamily A such that: (1) given pg in X, there is a set BEA con- 
taining exactly one of p and q; Ilic is void; (2) any subfamily of 
A with the finite intersection property has total intersection nonvotd. 

We use Theorem A to prove the present theorem, showing that the 
conditions stated above are equivalent to the existence of a subring 
A of ©*(X, R) having the properties set forth in Theorem A. Suppose 
that such a subring exists. Let $ be the set of functions in X which 
vanish somewhere in X. It is plain that $ is precisely the set of func- 
tions in X not having inverses. The family -4= {Z(f) res is a family 
with the properties required. We may obviously exclude the trivial 
case in which X contains exactly one maximal ideal. Assume that 
condition (1) fails for points p and g in X. Then, the maximal ideal 
in X consisting of all functions in % which vanish at g is contained in 
the distinct maximal real ideals M, and M, of €(X, R), a contradic- 
tion. Next, let 7 be any subfamily of £ with the finite intersection 
property. The functions f in X such that Z (NET generate a proper 
ideal in X, which is contained in a maximal real ideal of G(X, R). 
Since X is a Q-space, it follows that 7 has total intersection nonvoid. 


2 Let Z(f) be the set of points where the function f vanishes. Then Z(X) is the 
family of all ZN), for fEG(X, R). 
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The converse is easily established. Let «4 be a subfamily of Z(X) 
of the kind described, and let X be the analytic subring of ©*(X, R) 
generated by all bounded continuous real-valued functions such that 
Z(f) EA. It is clear that every maximal ideal in X is contained in 
precisely one real ideal in €(X, R), and this observation completes the 
present proof. 


5. Examples. It is instructive to observe Theorems A and B in 
relation to certain common spaces. 

(7) No completely regular space of cardinal number less than 2% 
and devoid of isolated points can have a one-to-one continuous map- 
ping onto a bicompact Hausdorff space. This is obvious from the fact 
that such a bicompact Hausdorff space would have to be dense in 
itself, and such spaces are known to have cardinal number not less 
than 2», (See [2, p. 30, corollaire 1].)? 

(8) Any locally bicompact Hausdorff space X has a one-to-one con- 
tinuous mapping onto a bicompact Hausdorff space. Let p be any 
point of X, and let new neighborhoods of p be U (p)\UF’, where U(p) 
is a generic neighborhood of p and F is any bicompact subset of X. 
This new topology establishes the desired result. 

(9) Let {Xıhe a be a family of topological spaces each having a 
one-to-one continuous map onto a bicompact Hausdorff space Vj. 
Then the Cartesian product PycaX, admits an obvious one-to-one 
continuous mapping onto the bicompact Hausdorff space PyeaYy. 

We next illustrate Theorem A by examining a simple space. 

(10) Let T be the rational numbers in the closed interval [0, 1] in 
their usual topology. Theorem A and remark (7) imply that any 
analytic subring X of &*(T, R), such that for all ririn T there exists 
JEA with f(r) ¥f(r2), contains maximal ideals contained in no real 
ideal of &(T, R). (T is a Q-space, like every separable metric space.) 
Let Ẹ be the analytic subring of E*(T, R) generated by the constants 
and the function f(r) =r. Plainly this ring is isomorphic to @*(J, R), 
where J is the closed interval [0, 1]. All ideals M; in this ring, where 
t is any irrational number, are contained in no real ideal of CT, R). 
Next, let ¢ be any irrational number in (0, 1), and let ¢; be that func- 
tion on T such that ¢,(r) =1 for r<t and plr) =0 for r>#. Let Q 
denote the analytic subring of €*(I', R) generated by the functions 
sand the constant functions. It can then be proved that Q = E*T,R). 
Let F be any closed subset of I’. It is easy to see that F” is the union 

3 Katétov has observed (in a letter to the writer) that no countable Hausdorff 


space dense in itself can be H-closed, which is a stronger statement than the present 
remark, for countable spaces, 
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of disjoint open intervals (a, by) in T, where a, and b can be either 
rational or irrational. If a, and b are irrational, let g be the char- 
actetistic function of (ar, dx), defined only on I, of course. If a, and 
b are rational, let g, be 


tell) la )+r/2] 


in (a,, by) and zero elsewhere. If exactly one of a, and b is rational, 
say a, let g be equal to (x—b)/(ba—a) +1 in (a, ba) and zero else- 
where. The function f= > ag, is clearly in ©, and has the property 
that f=0 exactly on F. If Fy and F; are disjoint closed subsets of I, 
with functions fı and fs as just defined, then fı/(fi+-fs) is a function in 
© which vanishes on Fı and equals 1 throughout Fı. By a general- 
ized approximation theorem [3], it follows that Q=@€*(T, R). 
Clearly Q fails to meet the requirements of Theorem A, since the 
space of maximal ideals in Q can be considered as the space fT', 
which contains 2*° points. 
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REMARKS ON CYCLIC ADDITIVITY 
J. W. T. YOUNGS! 


1. Introduction. For the purposes of this discussion suppose that 
X and Y are topological spaces while G is a commutative, topological 
semi-group (with zero element) which, as a space, is Hausdorff. In 
other words, each pair (gı, gs) of elements in G uniquely determines an 
element (git-g2) in G; the operation + is associative and commuta- 
tive; there is a unique element 0 such that gEG implies g+0=g; 
finally, G is a Hausdorf space and the operation + provides a map- 
ping (=continuous transformation) from the product space GXG 
into G. Obviously, topological groups, and the space of non-negative 
real numbers compactified by the addition of œ, with the operation 
+ meaning addition, and the convention that a+ œ = œ +a = œ, 
provide examples of such semi-groups. 

It will be said that lm is a Peanian factorization of a mapping 
f:X—Y if and only if there are mappings m:X—¥ and 1:¥-Y such 
that X is a Peano space and the composition Im is f. The space & is 
called the middle space of the Peanian factorization Im of f. 

Let F be the class of mappings f: X>Y each of which has at least 
one Peanian factorization, and suppose that y is a transformation 
from Finto G. 

For each Peano space ¥ let E() be the class of true cyclic elements 
of ¥. (See Whyburn [6] for the Peano space theory involved in this 
paper.)? If EE E(X) there is a unique monotone retraction re: XE. 
(The double arrow indicates that re(¥)=@.) If {EF and Im is a 
Peanian factorization of f with middle space ¥, while EE E(X), then 
define fe=Irem. 

It is the object of this paper to investigate the statement 


(1) vf) = Lore), E E E(X) 


where the equality means that for each neighborhood U of y(f) there 
is a finite subclass Y(U) of E(¥) such that if $ is any finite subclass 
of E(¥) containing (U) then UD Irle), EEF, it being understood 
that addition over an empty class yields 0. 

In the event that (1) holds for each fEF and for each Peanian 
factorization of f, then y is said to be cyclicly additive. 

Cyclic additivity theorems of a weaker type have been considered 
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by Helsel [3], Radó [5] and others in connection with Lebesgue 
area. 


2. The theorems. The first object is to investigate consequences of 
the assumption that y 4s cyclicly additive. 

I. If fEF and has a Peanian factorization in which the middle 
space is a dendrite, then y(f) =0. 

This is an obvious consequence of the fact that a dendrite has no 
true cyclic elements. 

I.. If fEF and has a Peanian factorization in which the middle 
space is an arc, then y(f) =0. 

(It is understood that an arc may consist of a single point.) 

Before considering more substantial necessary conditions, suppose 
that ¥ is a Peano space and define $C P(X) if and only if $ is a Peano 
subspace of ¥ such that E(P) C E(X). Let QEQ(*¥) if and only if Q 
is a Peano subspace of ¥ having a finite cyclic chain approximation 
Gi, +--+, ©, such that either & is an arc, or EEK), R=1,--+,g. 
(See Whyburn [6, p. 73].) 

It is easy to see that (X) CP(¥)De4(X), where (X) is the class 
of A-sets in %. 

Given BE P(X), let Y=PUUE, where the union is taken over 
those elements ÇE E(¥) having the property that PAE consists of 
at least two points. It follows that TEe4(X), that xCU—F$P implies 
there is a unique EC EA) such that rCG, and if E(P) EE EM) 
then EN® is a dendrite. Since a dendrite is an absolute retract if 
E(P) PEGE), then there is a retraction pe:EG(ENFP). (See 
Borsuk [1].) Define 


z if ees, 
pel) if cE and ER) PEC EM. 


It follows that 6g is a retraction from A onto ®, but 6g is not uniquely 
` defined in terms of A and $. If ra: EZA is the unique monotone re- 
traction, and rg=6gra, then rg: ZB is a retraction. 

The retraction rg depends upon the retraction 0g which is not 
unique, however, if EGE(P), while se: PIE and re: XGE are’ re- 
tractions, then 


vols) = | 


(2) TE = Sarg. 


There may be retractions from % onto ® defined in other ways; 
however, the notation rg will always be used to indicate a retraction 
gra defined as above, hence rg is unique modulo the factor 0g. 

In this connection notice that if a is the maximum of the diameters 
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of the components of ¥—W, and $ is the maximum of the diameters 


of Œ for E(B) PECE(M), then 
(3) ur} Sate. 


If fEF and Im is a Peanian factorization of f with middle space 
& while BE P(X), then fg=Irgm is a mapping from X into Y having 
a Peanian factorization /(rgm) with middle space $. In other words, 
Ja GF. Different selections of rg will produce different mappings Ss; 
however, if ŒE E(P) then in view of (2) it is true that fe=lrem 
=Isergm= (fg)e=fge. Hence fgg is independent of the retraction rg in 
spite of the fact that fg is not. ‘ 

If. If fEF has a Peanian factorization Im with middle space %, 
while W,Ge4(%), s=1, 2, UN; is a point, and WUN = ¥, then 
YGa) +7 (fa.) =Y). 

Proor. If the theorem is false suppose that the sum on the left 
above is n=y(f), and select neighborhoods U and Us for y and Y), 
respectively, such that 


(4) UNDU = Ø. 
Let U; be a neighborhood of y(fa,), i=1, 2, such that 
Uit UC U. 


Note that EW)VEM)=ECR), and EM)NEM,) =Ø. Since e4(¥) 
CP(%) and y is cyclicly additive, there is a finite subcollection 
F(U,) of E(N) such that if ¥; is a finite subcollection of E(N,) con- 
taining 7(U,), then (understanding that M =£) 


UDE YU), EEe7, i= 0,1,2. 
If F is any finite subcollection of €(¥) containing F(U) UF(U})‘ 
UFU) let K=FNEN), i=1, 2, and note that 7AV%= 2 while 
FUVF=%7.Hence 
v3 [Z rl), ECF] 
= [Z r0 EEA] + [E vVe), ECE 7] 
EUi1+ UCU. 


Therefore UN Uo Ø in contradiction to (4). 

II,. The same as II except that the hypothesis is strengthened by 
the condition ¥ E9 (¥). 

III. If f€F and has a Peanian factorization Im with middle space &, 
then for each neighborhood U of y(f) there is a O.€9(%) such that 
OCPE P(X) implies that (fg) EN. 


tå 
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Proor. There is a finite subcollection (U) of E(&) such that if F 
is any finite subcollection of E(&) containing (U), then UD > (fe), 
EEF. The theorem will be proved if it can be shown that there is a 
QEF) such that €(Q) =F(U). 

If 7(U)=@ let O be any point in ¥. If (U), suppose 
G, +++, Œ are the elements in #(U). Define €* =, and join & to 
©* by an arc $ı with end points only in G*UG:. The arc $ı may bea 
single point. Let &= GU &.U UE where the union is taken over the 
true cyclic elements € in F(U) which have at least two points in 
common with $ı. . 

There is a first subscript m, if any, for which €,, is not in CUGE. 
Join €,, to 6* UG by an arc §& with end points only in EFUCFUE,.. 
Let &=€, U RU UE where the union is taken over the true cyclic 
elements @ in F(U) which have at least two points in common with 
Rs. 

This process stops after a finite number of steps m for want of a 
true cyclic element in (U) not in G*U--- UGE= Q. The Peano 
space © certainly has a cyclic chain approximation ©, - --, &, such 
that €; is either an arc or KEHWCER), R=1,---, 9. Hence 
QE) and €(Q) =F(U). 

III, If EF and has a Peanian factorization Im with middle space 
%, then for each neighborhood U of y(f) there isa 01€ Q(X) such that 
OCREL(K) implies ya) E U. 

The question of the sufficiency of these conditions is considered 
next. 


THEOREM. If y is a transformation from F into G having the proper- 
ties Ia, II, and III, then y is cyclicly additive. 


Proor. Let fGF and suppose Im is a Peanian factorization of f 
with middle space ¥. Suppose U is a neighborhood of y(f) and let Q 
be the space in Q(%) given by IIa. Define AU) = E(Q), and suppose 
¥ is a finite subcollection of E(%) containing F(U). 

If J=F(U) let R=Q. If FAF(U), the construction used in the 
proof of III shows that there is an REQ(X) such that E(R) =F and 
RDO. By IIL, yx) EV. 

But X has a finite cyclic chain decomposition @i, + +, ©, such 
that either @; is an arc or CE ECE), k=1, +--+, 7. Using the proper- 
ties of a cyclic chain approximation, together with I,and II, it follows 
directly that 


fe) = rl), . €E EM), 
= rl), EEF. 
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Therefore, 


UD di ve), ECF, 


and hence 


vf) = D v(fe), EE E). 


3. An application. Though greater generality is possible, suppose 
that X and Y are compacta, and for fixed q&0 consider the Čech 
cohomology groups H*(X) and H*(Y) where the coefficient group is 
discrete and does not change in the remainder of the discussion. The 
topology on H*(X) and H«(Y) is taken discrete and it should be 
mentioned that if g=0 one considers the reduced cohomology group. 

If fEF then there is an induced homomorphism 


Jr: HX) > Hl‘). 
Select any element yEH«(Y), let G=H*(X), and define 
vf) = f*(y). 


It will be shown that y és cyclicly additive; that ts, if Im is a Peanian 
factorization of FEF with middle space %, then for each yCH(Y), 


f(y) = È fey), EE EB). 


In view of the sufficiency theorem it is enough to check conditions 
I,, II. and III. 

In the event {EF and has a Peanian factorization lm whose middle 
space is an arc, then f is clearly homotopic to a point and hence 
f(y) =0. 

To check II, one will need the fact that: If X, and X4 are closed 
subsets of X, and X=X,UX, while #:X—>Y is a mapping for 
+=0,1, 2, such that fo=f, on X;,4=1, 2, and xE X, implies f,(x) =4o,a 
single point of Y, i, j=1, 2; 17; then fot =f* +f". (See Borsuk [2].) 

Suppose WErA(%), i=1, 2, and Ws is a point ro, while WUY 
=. Define X, =m!(U,) and f;=Iram, i=1, 2. Now Xi and Xy are 
closed subsets of X while X UX3=X. Moreover, if xEX,, then m(x) 
EW, hence ra,m(x) =m(x) and so f,(x) =Im(x) =f(x) ; however, f,(x) 
= Ira,m(x) =1(to) since ra, (U) =to, 8, j=1, 2; ij. Hence f*=f¥ +f 
and v(f) = ya) Hya) which showy that condition II and hence 
Il. is satisfied. 

To check condition III, recall "a there is an e(y) such that if 
61:X—>Y and ġ::X—>Y are two mappings with the property that 
p{ d(x), da(x)} <e(y), zEX, then o#(y) =4#(y). (See, for example, 
Hurewicz-Wallman [4, p. 140].) 
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Since } is continuous on a compact space there is a 6 such that 
oft s) <ò implies that p{I(t,), Kt) } <e(y). 

Let Ci} be a cyclic chain approximation to &, and select a so 
large that na implies that each component of ¥— X, has a diameter 
less than 5/2, where %,= UG, k=1,--+,. Consider W, and let 
R, be an arc whose end points are “end points” of €+, R=1,---,4. 
Let EEE if and only if EEE), d(€) <6/2 and ENG. for ex- 
actly one aia k=1,-+-,a. Define Q= [L-UE, EGCEJU[USK,, 
k=1,°--,a]. 

It is easy to see that DEI(%), in fact Ma is the smallest A-set 
containing Q, and if E(O)DEEEN), then END is an arc. 

Now suppose that OD RE Q(X). If A is the smallest A-set contain- 
ing R, then ADMa and hence each component of ¥—W is in some 
component of ¥— Ma. Moreover, if E(R) PECEM, then ECE or € 
is in some component of ¥— Ma. In either event d(€) <6/2. Hence by 
(3), p{x, r(x) } <ô. 

Since fa=/Irgm, the selection of ô shows that eff), fa) } 
<e(y), EX. Consequently f*(y) =fR(y); that is, v(f)=Y(fe). 
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ON FIBERING SPHERES BY TORUSES 
B. ECKMANN, H. SAMELSON AND G. W. WHITEHEAD 


1. Introduction. In this note we answer a question which was 
recently asked by H. Hopf, namely whether there exist fiber decom- 
positions of the n-dimensional sphere S”, or of the n-dimensional 
Euclidean space E*, with an s-dimensional torus T* (the product of 
s factors S!) as fiber. The answers are given in Theorems 1 and 2 be- 
low. The fiber decompositions are understood in the sense of fiber 
bundle [1],! with the group of all homeomorphisms as structure 
group, that is, we are given three spaces X, F and M (the bundle, 
the fiber and the base space), and a map 6:X—M, the projection; 
and for every point p of M there is given a neighborhood V, of p 
and a homeomorphism of ¢-1(V,) with the product V XF, such 
that ¢@""(g) is mapped onto gXF for every point qE Vp. The sets 
@—'(p) are called the fibers. 


2. Results. We now consider the case where X is either S* or 
E” (n>0), and where F is T* (s>0). We shall establish the following 
results: 


THEOREM 1. A fiber decomposition (in the sense of $1), with a (locally 
finite) polyhedron as base space, of the n-sphere S” with the s-torus T° 
as fiber exisis tf and only if n ts odd and s=1. 


THEOREM 2. For no n and s does there exist a fiber decomposition (in 
the sense of §1), with a (locally finite) polyhedron as base space, of 
Euclidean n-space E” with the s-torus T" as fiber. 


REMARK. We show in §7 (a) that Theorem 1 holds also if arbitrary 
separable metric spaces (instead of polyhedra only) are admitted as 
base spaces. The corresponding statement for Theorem 2 can be made 
only modulo a theorem concerning singular homology groups, which 
is probably true, but for which, as far as the authors are aware, there 
is no proof in the literature. 

We note for the if part of Theorem 1 that there exists a well known 
fiber decomposition of S?+1 with circles T! as fiber; the base space is 
the complex projective space K’ (of dimension 27) (see [2, p. 55]). 

The proofs of Theorems 1 and 2 are based on the consideration of 
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homotopy groups and singular homology groups and their connec- 
tions, in particular on the results of Hurewicz-Steenrod [3], Eckmann 
[4] and Eilenberg-MacLane [5]. 


3. Homotopy groups. Let (X, F, 'M, p) be a fiber bundle as in $1. 
With a fixed fiber Fo and base point go in Fo we form the absolute 
homotopy groups 72(X, go) or in short m,(X),and the relative homot- 
opy groups ma(X, Fo, go) or in short 7,(X, Fo); we set up the homot- 
opy sequence of X mod Fy [6, p. 463]: 


mr(Fo, qo) == wi(X, qo) =? we(X, Fo, qo) =? as-ı(Fo, qo) 


(1): 
es > m(x, qo). 

This is an exact sequence; the kernel of each homomorphism is the 
image under the preceding homomorphism. Furthermore, from Steen- 
rod’s results in [1, Theorem 9, p. 302] on the existence of a covering 
homotopy in fiber bundles, and from the reasoning of [3, Theorem 2], 
or from [4, p. 162, (4)], it follows that the groups of X mod Fy and 
the absolute groups of M are isomorphic (we put po=(go)): 


(2) mM, po) = mr(X, Fo, go). 


We now consider the special case of Theorem 1 and assume F= T" 
and X=" (for the time being we make the restriction n>2); we 
denote the base space by Mi (by hypothesis, Mi is a polyhedron). 
The first step in the proof of Theorem 1 is the determination, in 
equations (5), of the homotopy groups of Mı up to dimension »—1. 

Let Z; stand for the free abelian group of j generators. The follow- 
ing facts are well known: 


mil T’) = Zu 
(3) Dr 

(7°) = 0 for k #1; 
(4) x(S”) = 0 forO<k<n. 


The connectedness of T* implies that mı(Mı) vanishes: every closed 
path in Mı is, by the covering homotopy theorem, image of a path 
in S* with initial and terminal point in the same fiber, and therefore 
also image of a closed path in S*; moreover mı(S*) vanishes. For 
2<k<n it follows from the exactness of (1) and from (4) that the 
groups #(S", To) and m». 1(7°) are isomorphic (if in a “section of 
length 4” in an exact sequence the two outer groups vanish, then the 
two inner groups are isomorphic, cf [7, p. 687]). By (2), the groups 
mlS", TS) and a(M;) are isomorphic. It follows that (4M) and 
#s-ı(T*) are isomorphic for 2Sk<n; in view of (3) we can therefore 
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state the following equations: 
(5) mM) = 0 fro<k<nk#2, 
rı(Mı) = VAR 


4. Homology groups. Let H* be the ith singular integral homology 
group, and let 2° be the subgroup of spherical cycles. To prove our 
Theorems 1 and 2 we shall make use of Theorem II” of Eilenberg- 
MacLane [5] which says: If X is a space such that m,(X)=0 for 
i<m and m<i<n (m<n) then H(X), for i<n, and Hr(X)/Z"(X) 
are determined by the structure of the group m„(X); our equations 
(5) show that this theorem is applicable to the space Mı with m=2. 
In order to compute the groups H*(M1), i<n, and H*(M,)/Zr(M\}), 
we use a geometrical method; we construct a space P whose 
homotopy groups 7,(P) for #< are isomorphic with the correspond- 
ing groups of Mi, and whose homology groups are known; by the 
theorem just mentioned the groups of Mı will be isomorphic to those 
of P, for the appropriate dimensions. The space P is defined as the 
topological product of s complex projective spaces K', with / suff- 
ciently large, for example, />mn. For the homotopy groups of K’ the 
following relations are known: 


(6) m(K)=Z; mK) = 0, 0<i<U+1,i~2 
These relations are immediate consequences of equation (5), for 
n=21+1 and s=1, since, as mentioned in §2, K! is the base space of 
a fiber decomposition of S?!+! with fiber T!. The homotopy groups of 
a topological product are the direct sums of the homotopy groups of 
the factors; the relations 

(7) m(P) = «(M)), 0<i<n 


follow then from (5) and (6). 
The homology groups of Kt are given by the equations [8, p. 83]: 


(8) H2*(K) = Z,,for0 < k S71; H**""(K) = H244(K) = Ofor k > 0. 
The subgroups of spherical cycles are given by 
(9) 2K!) = HK); ZK’) = 0, ie, 


as can be seen easily from (6) and from the fact that the generators of 
E(K") and of mı(K?) are both given by the subspace K! of K!. The 
homology groups of P can now be found from (8) by Künneth’s 
theorem; we note that all groups of odd dimensions vanish, that the 
groups of even dimensions (not greater than dim P) do not vanish, 
and that nonbounding spherical cycles exist only in dimension 2: 


/ 
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MP) = 0,4>0; HP) < 0 for 0 < i < 2 dim P; 


(10) 
Z({P)=0 for é #2. 


5. Proof of Theorem 1. As noted above, equations (5) and (7) make 
it possible to apply Theorem II” of [5] with m =2; the following rela- 
tions between the homology groups of M, and P hold therefore: 


(11) Hi(M,) ~ Hi(P) for0 S i < n; Hr(Mı)/2rMı) ~ Hr(P)/Er(P). 


This amounts to a partial determination of the homology groups of 
M.. On the other hand, the homology groups of M, vanish for dimen- ` 
sions above n—s: since every point p of Mı has a neighborhood V 
such that VXT” is homeomorphic with the open subset ¢71(V) of 
E” it is clear that the dimension of the polyhedron Mı is n—s, and 
therefore the homology groups in higher dimensions vanish. We state 
the equation: 


(12) Him) = 0 fort >n— s. 


Theorem 1 follows now quickly from the properties of the homology 
groups of My, given by (10), (11), (12): 

By equation (12), the group H*(M;) vanishes. From (11) we see 
that therefore the subgroup Z*(P) equals the whole group H*(P). 
Comparing this with (10) we conclude that » must be odd, since ob- 
viously n<dim P (notice that we assumed »>2). But then Z"-!(P) 
does not vanish, again by (10). By (11) Zr-!(M,) does not vanish; 
by (12) we have n—1Sn-—s; it follows that s=1. This concludes the 
proof of Theorem 1 for »>2. For n=2 the only case of interest is 
s=1; it is easily seen that then the Jordan curve theorem for S? 
would imply that every point of the compactum M; is a cut point, 
which is impossible [9, p. 54]. For »=1 there is nothing to prove. 


6. Proof of Theorem 2. We now assume that we have a fiber de- 
composition of E” (x >0) with fiber T" (s>0) ; we denote the base space 
by Ma; by hypothesis, Ma is a polyhedron. The reasoning which leads 
to a contradiction is similar to that of §5. Equation (4) is replaced by 


(4) ai(E*) = 0, k>0. 


mı(Ms) vanishes, for the same reason as 7(Mj). The exactness of (1), 
and (4’) show now that mı(E*, To) and rı_1(T5) are isomorphic for all 
k22. We find, therefore, applying (2) and (3), 


(5) (Ms) = Zu Ti(M) = 0 for k # 2. 


We again consider the comparison space P, the product of s factors 
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K!, with >n. From (5’) and (6) it follows, as in §4, that 
(7) #,(P) = zı(M;) fori < 21+ 1; 


Theorem II” of [5], which applies again with m=2 because of (5°) 
and (7’), shows that 


(11) HP) = H‘(M,) fori < +1. 


By the reasoning which we used to establish (12), we see that the 
dimension of Ma is n—s and that the homology groups in dimensions 
above n—s vanish: 


(12’) H“M;) = 0 . fori >n—s. 


We now choose an even fo with n-s<%<2/+1; this is possible 
since }>n; from (10) we see that H%(P) does not vanish, but H(M:) 
vanishes because of (12’). This contradiction establishes Theorem 2. 


7. Remarks. (a) It would be desirable to prove Theorems 1 and 2 
with arbitrary separable metric spaces (and not only polyhedra) as 
admissible base spaces for the fiber decompositions. Now the only 
point where the polyhedral character of M, and M: has been made use 
of is in establishing equation (12) and (12’). We shall show how to 
derive (12), and so to prove Theorem 1, if Mı is assumed to be only 
separable metric: M; is compact, as image of S”. Consider a neigh- 
borhood V, of a point pEM\, for which V,XT* is homeomorphic 
with $-1(V,), under a homeomorphism h. Since T” is a product of 
one-dimensional factors, it follows from a theorem of Hurewicz [10] 
that V,, and therefore My, is of dimension n—s. In addition, M, is 
locally contractible: Consider an arbitrary ZET*; then h(V,X2) is a 
set in S” which is mapped by ¢ homeomorphically onto Vp. Consider 
a small spherical neighborhood U of k(p Xt), contained in ¢-1(V,), 
and let W=UNA(V,x%). Then ¢(W) is a neighborhood of p, con- 
tained in Vy. The set W is obviously contractible in U, and $ maps 
the contraction of W into a contraction of ¢(W), taking place in (U), 
and so in V,. It follows that the singular groups of M, are isomorphic 
with the Cech groups of M, (cf. [11, p. 107]), and so they vanish in 
dimensions above that of My. We have found: 


(12”) HKM) =0 fori >n-—s, 


and as noted above, this suffices to prove Theorem 1 under the 
weakened hypothesis. In the case of Theorem 2, assuming Ms separa- 
ble metric only, one sees, by the same reasoning as above, that M; is 
locally compact, locally contractible, and of dimension n—s. In order 
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to establish equation (12’) (and with it Theorem 2 under the weak- 
ened hypothesis) one would have to have a theorem to the effect 
that in a separable metric, locally compact, locally contractible space 
the singular homology groups and the compact Cech groups are 
isomorphic, and so vanish for dimensions above the dimension of the 
space. 

(b) Theorem 2 verifies in a special case the conjecture that E* can- 
not be fibered with any compact fiber (cf. [12; 13]). 

(c) Theorem 1 gives a topological proof for the fact (which is useful 
in determining which spheres are group manifolds (cf. [14])): If a 
sphere is a Lie group then its rank is 1. The rank is the dimension of 
a maximal abelian subgroup; such a subgroup is homeomorphic with 
a torus T”, and the cosets of the subgroup give a fiber decomposition 
of the group. 
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ON CONTINUOUS CURVES IRREDUCIBLE 
ABOUT COMPACT SETS 


GAIL S. YOUNG, JR. 


Some years ago, Leo Zippin [4]! raised the following question: 
Given a compact set K in a locally connected complete metric space, 
S, it is known that S contains a compact continuum M irreducible 
about K. What conditions on K are necessary and sufficient that M 
may be chosen locally connected? He showed that a necessary condi- 
tion is that K be a curve set; that is, the nondegenerate components 
of K are locally connected and form a null sequence. For K 1-dimen- 
sional, he proved the condition is also sufficient, and it was conjec- 
tured that it is always sufficient. Later Martin Ettlinger [3] gave 
other results tending to support this. In this note I give a partial 
solution. 


THEOREM. If K ts a compact curve set in a convex metric space S, 
then S contains a locally connected compact continuum irreducible 
about K. 


The recent announcement by R. H. Bing [1] of a proof that every 
finite-dimensional Peano space has a convex metric makes this result 
appear less special than it might seem otherwise. 

Proor. Zippin has shown in [4] that the proposition need be 
proved only for the case where K is a special curve set, which is a 
curve set with only a countable number of components, all but one 
being points forming a sequence converging to that one. His argu- 
ment is stated for S compact, but, however, is valid under our 
hypothesis. Hence, we may suppose K is the sum of a sequence {in} 
of distinct points and a locally connected continuum C. The sequence 
x, can be chosen so that d(%,, C)=d(xp41, C). For each n, let ya de- 
note a point of C such that d(x,, yn) =d(%,, C). Let T, denote a 
straight-line interval from x; to yı. Let x, be the first point of x, 
not in Tı, and let T; denote a straight-line interval joining x,, and 
ya; If Tı-Ta is not empty, replace the interval of T, irreducible 
about Yat Ti: T3 by the arc of Tı irreducible about yı+ Tı Ta, and 
let Tz now denote this new arc. It is easy to see from the triangle in- 
equality and the convexity of Tı and the original T; that this does not 
change the length of Ta. We now have that 7;:T; is either empty or 
is connected and contains yı. Let Xa, be the first point of x, not in 
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Tı+ Ts, and let T; denote a straight-line interval from x, to Yn, If 
(Tı+T:)- Ts is not empty, a modification of Ts similar to that of Ts, 
without changing the length of Tsa, permits us to assume that 
(Tı+ T3); T:is connected and contains one of yı and y„,. Continue the 
process indefinitely. We obtain a sequence T, of straight-line inter- 
vals such that (1) each point x, is contained in one; (2) each has a 
point of fx} for one end point, and a point of { Ya? for the other, that 
being its only point in C; (3) each is a shortest path between its end 
` point in {æn} and C; and (4) the intersection of each two is either 
empty or is connected and intersects C. Let M denote C+ Dole 
then M is obviously connected, and irreducibly connected about 
C+ J xn- We need only verify local connectivity. If x is a point of 
M--C, then only a finite number of sets T, have points more than 
2-1d(x, C) from C, so that x is in an open subset of M which is the sum 
of a finite number of locally connected sets. Hence M is locally con- 
nected in M—C. If U is an open subset of M intersecting C, and H is 
a component of U, then H-C is open in U-C, being the sum of com- 
ponents of U-C. Also H-(M-—C) is open in U, being the sum of 
components of U-(M—C). If a point y of H-C were a limit point of 
(U—H)-M, it would be in the limiting set of a convergent sequence 
T of sets T,. But then it is the sequential limiting point of T,-C, 
which contradicts the fact that H-C is open in C. Hence every com- 
ponent of U is open in M, which completes our proof. ; 


COROLLARY. If the compact curve set K ts finite-dimensional and les 
in a connected and locally arcwise connected metric space, S, then S 
contains a compact locally connected continuum irreducible about C. 


Proor. It is well known? that under our hypothesis S contains a 
compact locally connected continuum M containing K which is 
obtained by adding a countable number of arcs to K, and which is 
therefore also finite-dimensional. The corollary then follows from 
Bing’s result and the theorem. 

The reader interested in metric geometry will notice that the hy- 
potheses of the theorem could be weakened or altered by assump- 
tions about length, quasi-convexity, and so on. Such changes would 
have required more space without altering the essential nature of the 
argument. For such concepts, the reader is referred to Blumenthal 
[2]. In this connection, it seems to me that a large part of the possible 
interest in this note is due to its exploitation of metric methods in 
topology, which has not yet been systematically studied. 





2 See the references in [4], or the proof for Moore spaces in [3]. 
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Added in proof. Since this note was submitted, E. E. Moise and 
Bing have each announced solutions of the convexification problem, 
so that this note settles Zippin’s question. 
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A SIMPLE SOLUTION OF THE DIOPHANTINE EQUATION 
ty =g 


R. C. CAMPBELL 


1. Introduction. The problem of finding integral solutions for the 

` equation «*-+-y*=s?+# was evidently proposed by E. Miot [1]. A. 

Cunningham [2] noted the obvious solutions x=a?, y=b}, s=a%, 

i=b®. Additional solutions, some of which were obtained by setting 

xty=P, or x+y=m +n, and #—-xy+y?=p?+g, were also given 
by Cunningham. 

The equation has the obvious solutions <= — y, 3=1=0. These are 
considered of little interest and are not discussed here. However, 
should it be desired to include these solutions, they may be given by 
x=n, y=—n, 3=i=0. These same remarks apply to the general 
solution of x+y? = 2? given here as a direct consequence of the solution 


of L+ =z e. 
2. Solution. Let the equation first be written in the form 
(«+ Die — y)? + 3y*] = Ae + A). 


Hence, (x+y) (2x —y +6 32y) (2x —y—t 33y) =4 (e448) (s — 4t). 
Consider the system of equations, 


(1) nla + y) = 4s,. 
2) s(2a — y + i313y) = (p + mi + 9348 + 8734/7) (z + 48), 
(3) (p + mi + gt? + ir) (2x — y — i313) = n(z — ih). 


This system of equations will be satisfied in rational numbers if the 
following system, obtained from the system (1), (2), (3) by equating 
like components, is so satisfied. Hence, consider the system of equa- 
tions, 


(4) n£ + ny = 4s, 
(5) 2:2 — sy — pz + mi = 0, 
(6) sy — re — gi = 0, 
(7) ms + pi=0, 
(8) qz — ri = 0, 
(9) 2px + (3r — p)y — nz = 0, 
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(10) 2mz — (3q + m)y + nt = 0, 
(11) 2gu + (m — g)y = 0, 
(12) rx — (p + r)y = 0. 


Now, consider the equations (5), (6), (7). All solutions of this sys- 
tem of equations are given by: 


-s -p m 


(13) s=um|s -r -q4 pi(prs + ms — mgs + P’s), 


0 m p | 
2s m —p 
(14) yom 0 —4 -r | = 2u(prs — mgs), 
0 p m 
2s —s m 
(15) s=m | 0 s =g | = 2u1(ps*), 
0 0 $ 
2s —p ~s 
(16) t= m | 0 —r s | = — 2u[lms). 
0 m 0 


In order that (7) and (8) may have nontrivial solutions for z and # 
it is clear that 


(17) m= — pq/r. 
Hence 

a an 
(19) yoy FO, 

(20) z = 2ps, 

(21) i = 2u qs/r. 


For (9) to be satisfied by the values of x, y, z, given by (18), (19), 
and (20), direct substitution shows that, 
p PEG + 3r) 


sr? 


(22) 
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With the condition (22), it may now be verified that the values of 
x, Y, 8, é given by (18), (19), (20) and (21) satisfy equations (5) 
through (12). 

If equation (4) is to be satisfied by (18) and (19), it is found that 


45% 


"+ a(R + 3A + GD? 
Hence, 
(23) ge AOE a 
(B F 3r)(p? + 3r + 9%) 
ER 
(24) yae 
(p+ 3N + 3) + @) 
85374 
` (25) 3 = —— y 
(P + Sr + Sr? F g) 
(26) Sstrtq 


GERT + 30+ 


It is at once clear that s is completely at our disposal. Therefore, 
after choosing s = (p +3r) (p?+- 373) (r?-++@), making the obvious simpli- 
fications and introducing the customary A, we have 


(27) £= M(p + r) + 3r)(p? + 37%) (7? + g’), 
(28) Y = 2Ar(p + 3r)(p* + 317) (7? + 9), 
(29) z = Mr(p + 3r)3(p* + 3r*)*(r? + g), 
(30) E= Mq(b + 37)?(p? + 3r7)%(r? + g’). 


3. Completeness. Let A, B, C, D be any values which satisfy the 
original equation; that is, A?+ B*=C?+ D*, and set 


(31) A=M(>b + rp + 3r)(p? + 397)? + g’), 

(32) B = IM9(p + 3r)(p? + 3r7)(7? + 9"), 

(33) C = Nr(p + 3r)2(p? + 377)? + 9), \ 
(34) D = Nlp + 3r)?(p? + 3)’ + g). 


It will now be shown that there exist values for $, q, r, and X that 
will produce the given solution. In particular, if A, B, C, and D be 
integral, p, q, r are integral and X rational. To this end consider the 
ratio, 

C/D = r/q, 
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and choose r=A,C, qg=XıD. 
It now follows from the ratio A/B that 


AıC(2A — B) 
u 0 
Let ~M =B. Hence, 
(35) r= BC, 
(36) q = BD, 
(37) ż = C(24 — B). 


Substituting (35), (36), and (37) in (31), (32), (33), and (34) we 
have 


A = 160A BICC? + D*)3, 
B = 1602B*C4(C? + D), 
C = 64X BC (C + DW}, 
D = 64N B3CeD(C3 + DNY*. 


Choosing A=1/4BC4(C+D%, B0, C0, completes the proof. 
Moreover, it is clear that B and C may be chosen different from zero; 
for, if there be given solutions involving zeros, it is manifestly possible 
to set B and C equal to the nonzero members of these solutions, while 
A or D, or both A and D, may be chosen as zero. Hence, excluding the 
trivial solutions noted in the introduction, all solutions of the equa- 
tion x*+-y3=2?+# are given by (27), (28), (29), and (30). 

It is worthwhile to note that the general solution of the equation 
x+y =z now follows immediately. In (27), (28), (29) and (30) set 
q=0, and suppress the powers of r. Then, 


a = Np + r) + 3r)(p? + 37), 
y = Nr(p + 3r)(p? + 377), 
z = AM(p + 3r)2(p? + 3r°)?. 
The generality is at once clear, for (27), (28), (29), and (30) must 
give, in particular, all solutions of the form x*+7?=s'+0%. For a 
history of this case see [3, pp. 578-581]. 
The well known solution for the equation y*=z?+# also follows 


as a special case. In (27), (28), (29) and (30) set p= —r, and make 
the indicated reductions. Then, 


year, ser), t= Mar? + g). 
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SQUARE ROOTS IN LOCALLY EUCLIDEAN GROUPS 
A. M. GLEASON 


A possible attack on the fifth problem of Hilbert is to demonstrate 
the existence of one-parameter subgroups in any locally Euclidean 
group.! It is known that, provided there are no “small” subgroups, 
some one-parameter subgroups exist. One would like to prove, how- 
ever, that in a suitable neighborhood of the identity, every element 
is on one and only one one-parameter subgroup. If this is true, it is 
possible to extract square roots (that is, solve x?=a for given a) 
uniquely in this neighborhood, and the sequence of successive square 
roots a, al, (at), . . - converges to the identity. Conversely, it is 
easily seen that, if unique square roots exist, and if the sequence of 
square roots converge to the identity, then the one-parameter sub- 
groups can be found. In this paper we give a new proof? that square 
roots exist in a suitable neighborhood of the identity and show, in 
addition, that either they are unique or small subgroups exist. 

Throughout this paper we shall deal only with locally Euclidean 
topological groups of dimension n; consequently we may speak of an 
n-cell neighborhood of a point p, meaning a homeomorphic image of 
a Euclidean n-simplex containing the point $ in its interior. 

The proofs of Theorems 1 and 2 use the group property so sparingly 
that they can easily be restated as theorems on the involutions of a 7 
manifold. 


THEOREM 1. In a locally Euclidean group there exists a neighborhood 


Received by the editors March 26, 1948. 
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of the identity containing no elements of order two.’ 
Proor. Let C, be an »-cell neighborhood of the identity, e. We 


can easily construct a sequence, Ca-1, © *, Co (the subscripts are 
merely indices and do not refer to dimension), of n-cell neighborhoods 
of e such that C2C Cr (k=0, 1,---,2—1). We claim that there 


are no elements of order two in Co. 

Suppose, on the contrary, that there is an element aE Co such that 
axe and a?=e. We shall construct by induction a singular n-sphere 
in the cell C, (that is, a continuous function f mapping the unit sphere 
Sr of n+1 dimensional space into the cell C,) satisfying the relation 


(1) Tof=foA, 


where T is the group translation T(x) =ax, and A is the antipodal 
map of S” into itself. S” contains in a natural fashion the sequence of 
spheres S°, St, -- +, .S*-1, Sr, each being the “equator” of the next. 
Define f on S® by letting e and a be the images of the two points of S°. 
Evidently (1) holds and f(.S°)CCy. Suppose that k<n, and that f 
is defined on S? and f(S®) C Cp. Since Cx is aspherical in all dimensions 
we can extend f over one hemisphere of S**, the image being in C,. 
Then we may use the relation (1) to define f over the other hemisphere 
and, since T(Cz) CC, we shall have f(S*+!) C Cry. Thus we obtain 
the desired singular n-sphere. However, the Ulam-Borsuk theorem 
asserts, for any singular »-sphere in an r-cell, that there is a point x 
for which f(x) =f o A(x). By (1) we have To f(x) =f(x), a contra- 
diction since T has no fixed points. 


THEOREM 2. If C is a Euclidean n-cell containing the identity, e, 
then there extsts a singular (n—1)-sphere f in C— {e} such that 


(2) Tof=foA, 


where I is the inversive mapping, I(x) =x. Moreover, if f ts any such 
singular (n—1)-sphere, and tf CUCT!CD, where D is an n-cell con- 
taining a elements of order two, then f is an essential singular sphere 
in C—{e}. 


Proor. We proceed as in Theorem 1, choosing first the n-cells 
Ca—1 =C, Crs, * - -, Co where each is a neighborhood of the identity 
and CU C!C Ci Ce! C Cry. We can define f on S° so that (2) holds 
and f(S*)CCo— {e}. Since the sets C,— fe} are aspherical in the 
dimensions 0, 1, - - - , #—2 the inductive extension of f can be car- 


3 This theorem was first given by M. H. A. Newman, A theorem on periodic trans- 
formations of spaces, Quart. J. Math. Oxford Ser. vol. 2 (1931) pp. 1-8. 
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ried through n— 1 steps, using (2) in place of (1), to give the required 
singular (n—1)-sphere. 

Now suppose that the cell D exists and that f is a singular (n—1)- 
sphere in C— {e} satisfying (2). If f is not essential, extend f over a 
hemisphere of S* and complete the extension over S* by the relation 
(2). Then e€f(S")CD and, the latter being an »-cell, the Ulam- 
Borsuk theorem tells us that, for some x, f(x) =f o A(x). By (2) we 
have f(x) =[f(x)]“, but D contains no elements of order two and 
(x) %e; we have found a contradiction. 


COROLLARY. The degree of the inversive mapping about the identity 
ts (—1)*. 


Proor. With f as in the theorem above we have ðI XOf=d(Lo f) 
=0(f o A) =0f X0A, and we know that 0f0. Hence 0 =0A = (-1)*. 


THEOREM 3. If N is a given neighborhood of the identity, there is a 
neighborhood M of the identity such that every element of M has a square 
root in N. 


Proor. We can choose »-cell neighborhoods of the identity, B, C, 
and D, such that DCN, D contains no elements of order two, CJ C~ 
CD, and B?CC. By Theorem 2 we can construct a singular (n—1)- 
sphere f in B— {e} satisfying (2). Let Q be the quadratic mapping 
Q(x) =x7. Since I and Q permute, To Qof=QoTlof=QofoA. 
Hence Qof is a singular (n—1)-sphere in C—{e} satisfying (2). 
Applying the second part of Theorem 2, Q o f is essential in C— {e} 
and this implies that Q is an essential mapping of B— {e} into 

‘C- fe}. Hence every point of a sufficiently small neighborhood M of 
the identity is the image under Q of some point of B; that is, every 
point of M has a square root in BCN. 


COROLLARY. The same theorem ts true for roots of any order. 


DEFINITION. A topological group is said to have small subgroups 
if every neighborhood of the identity contains a nontrivial subgroup 
(that is, a subgroup with more than one element). 


THEOREM 4. If a locally Euclidean group does not have small sub- 
groups, then there are neighborhoods M and N of the identity such that 
every element of M has a unique square root in N. 


Proor. Let C and N be n-cell neighborhoods of the identity such 
that C contains no nontrivial subgroups, and NN-INCC. Since 
C-Int N is compact and contains no elements of order two, its 
image under Q is closed and does not contain e. With the aid of 


v2 
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Theorem 3 we can choose a neighborhood M of the identity such 
that MNO(C-Int N) is void and such that every element of M has 
at least one square root in N. The construction shows that, faE&M, 
any square root of a lying in C is actually in N. 

Suppose that xEN and yEN are distinct square roots of e€ M. 
It is clear (without using the hypothesis about small subgroups) that x 
and y do not commute, for then z =xy would be an element of order 
two. We shall show that all powers of z are in C. Since x?=y?, 
yx ey =y yy =e, hence st=y"x, and sx=xe. Then 3*x-3”% 
=x2-"g™y =a; that is, all the elements 3"% are square roots of a. We 
shall show by induction that all of these elements are in N. If m>0 
and s=mxEN, s™x=(2""x)yxCNNONCC, hence s*xCN. Then 
zt=ENNTCC for all m, and we have found a nontrivial subgroup 
entirely contained in C, a contradiction. 


HARVARD UNIVERSITY 


NOTE ON A THEOREM OF DICKSON 
HAROLD N. SHAPIRO 


Though the problems concerning perfect and multiply perfect 
numbers are among the oldest of number theory, very little progress 
has been made in the investigation of these numbers. A k-ply perfect 
number is one for which e(n) =kn where e(n) is the sum of the di- 
visors of n. The case k =2 is that of the perfect numbers. Though the 
form of the even perfect numbers is completely determined [1],! the 
question of whether or not there exists any odd perfect numbers is 
still a complete mystery. Sylvester [2] has shown that an odd per- 
fect number must have at least five distinct prime factors, and Dick- 
son [3] has proved that there are at most a finite number of odd per- 
fect numbers having any given number of distinct prime factors. 
More generally, defining “primitive non-deficient” numbers to be 
those integers n for which 


(1) a(n)/n = 2 


and such that (1) does not hold for any proper divisor of n, Dickson 
showed that there are at most a finite number of odd primitive non- 
deficient numbers having a given number of distinct prime factors. 
In this note we shall give a simpler proof of Dickson’s theorem; in 
fact prove a more general theorem which includes Dickson’s as a spe- 
cial case. 

DEFINITION 1. An integer n shall be called k-non-deficient (k any 
positive real number) if 


(2) o(n)/n ZR 


and &-deficient otherwise. 
DEFINITION 2. An integer n shall be called primitive k-non-deficient 
if n is k-non-deficient, and all proper divisors of n are k-deficient. . 
Our generalization of Dickson’s theorem may then be stated as: 


THEOREM 1. There are at most a finite number of primitive k-non- 
deficient numbers n such that 

(a) tf kis rational, n is relatively prime to the numerator of k; and 

(b) the number of distinct prime factors of n ts fixed. 


Proor. We assume that there are an infinite number of such primi- 
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tive k-non-deficient numbers which have s distinct prime factors. 
Writing each of these in the form 


ned DE <p, So Sh, 


we note that at least p¥#— œ over this sequence. Hence from these n 
can extract an infinite subsequence ny; such that 


i= ERES Pe Pet ++ Pe Berd «+ Pal 
where 
(I) pf are fixed independently of j for¢31,+--,7; 


(II) b; are fixed independently of j, and 
lim a, = © 
fro 


for s=r+1,-+-,# and 

(ITT) lim Pj = 0 
fro 

fort=it1,---,s. 


It is to be noted that any one of these sets may actually be empty, 
and all that we know a priori is that at least one of the two groups 
(II), (III) is not empty. 

Now first we shall show that the group (IIT) cannot be empty. For 
if it were, the primes dividing each n; are the same as those dividing 
no. Thus by taking j sufficiently large we obtain a 2, 1=1,°'*,5 
where the strict inequality holds for at least one 7; so that mo is 
a proper divisor of r,. But this contradicts the assumption that both 
mo and n, are primitive k-non-deficient. 

Since (III) is non-empty, and the n; primitive k-non-deficient we 





have T 
“url ayti 
Di — Et py =I 
TU eee TL 1 
“ay an am (dir — ar D aD (dir Lpa 
Then taking the limit as j>», we get 
atl a,+1 
ry i 3 —1 
ee LE N nl 
a (A — Dg ap pe- 1 a b-Du an p—1 
which in turn yields 
atl 


(3) Ne isis LI). 


od DM (II) (1) 
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If k is irrational, this gives an immediate contradiction. If & is ra- 
tional and group (II) is not empty, the fact that ]]m p: is rela- 
tively prime to the numerator of k implies that [Jan p; divides 
Ilm (#.-1). This is clearly impossible. On the other hand, if (II) 
is empty (3) becomes 

atl 


’ 1 ay 
fis. 


a i—i (1) 


But this in turn is also impossible since Į [œ #2 is a proper divisor 
of n, and must be &-deficient. This contradiction completes the proof 
of the theorem. 

By an entirely analogous argument the following generalization of 
another theorem of Dickson [4] may be obtained. 


THEOREM 2. For k rational, there are ai most a finite number of primi- 
tive k-non-deficient integers n such that 

(a) p| (numerator of k), and p||n implies a <C, a fixed constant; and 

(b) the number of distinct prime factors of n is fixed. 
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COMBINATORIAL HOMOTOPY. U 
J. H. C. WHITEHEAD 


1. Introduction. This paper is concerned with problems of realiz- 
ability, which were discussed in (I) (i.e. [1]).! In studying the realiz- 
ability of chain mappings we use the system of relative homotopy 
groups, Pan=T,( K", K*—1), of a (connected) complex, K, where »21 
and p1=71=(K!). The chain groups are defined as the relative homol- 
ogy groups, C,=H,(K*", K*-'), where K is a universal covering 
complex of K. The groups pa appear to be more useful than C, in 
problems concerning geometrical realizability. On the other hand the 
chain groups are convenient in studying concrete problems. Moreover 
they provide a means of applying Theorem 3 in (I). A large part of 
the paper deals with the relations between the two systems of groups. 

The system of relative homotopy groups, {pn} ,isa “group system,” 
as defined in [8]. It is a special kind of group system because each 
group is “free” in one of three different senses. More precisely, pı is 
a free group, pn is a free 71(K)-module if n>2 and ps is what we call 
a free crossed module. These conditions of freedom are important in 
realizability problems. We tentatively describe fon} as a homotopy 
system. It is essentially the same as what was called a “natural sys- 
tem” on p. 1216 of [3], redefined in terms of relative homotopy 
groups and free crossed modules. 


2. Crossed modules. It will be convenient to have a name for 
groups with the algebraic properties of relative homotopy groups, 
and to have proved some lemmas concerning them. We shall call 
such a group a crossed module, or, more explicitly, a crossed y-module 
or a crossed (y, d)-module.* By this we mean an additive, but not neces- 
sarily commutative, group, p, which is related as follows to a multi- 
plicative group y: 

(2.1) (a) p admits y as a group of operators. 


An address delivered before the Princeton Meeting of the Society on November 
2, 1946, by invitation of the Committee to Select Hour Speakers for Eastern Sectional 
Meetings; received by the editors September 22, 1948. 

1 Numbers in brackets refer to the references cited at the end of the paper. 

2 Anne Cobbe has pointed out to me that a crossed (y, d)-module determines a 
Q-kernel, with Q=y/dp (see [10]), and that any Q-kernel has a representation as a 
crossed module. I learn from Saunders MacLane that crossed modules, under a dif- 
ferent name, are defined in a forthcoming sequel to [10]. 

3 I.e. to each x€y corresponds an automorphism, #:p—p, such that x’(xa) 
=(x'x)a and xa=a if zul (x, xC y, aEp). We allow trivial operators (i.e. elements 
xEr such that xa =a for every a&p) other than 1Cy. 
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(b) There is a homomorphism, d:p>Y, such that d(xa) =x(da)x7! 
(ep, xE). 

(c) a+b—a=(da)b for every pair, a, bCp. 

Notice that any group, p, is a crossed (y, d)-module, with a suitable 
choice of y and d. For example we may take y to be the group of 
inner automorphisms of p, and d to be defined by (2.1c). Notice also 
that any Abelian group, p, which admits y as a group of operators is 
a crossed (y, d)-module with dp =1. 

Let C be the group p made Abelian and let 4 be the natural homo- 
morphism h:p—C. Then A!(0) is generated by the commutators, 
a+b-a-b, or, using (2.1c), (da)b—b. Therefore C may also be re- 
garded as p with the operators in dp “neutralized.” It follows from 
(2.1b) that dp is an invariant sub-group of y. Let Y=Yy/dp and let 
#Cy¥ be the co-set containing a given element Ey. Given ha€C, 
we define #(ha) =h(xa). The transformation #: C—C, thus defined, is 
single-valued since the commutator sub-group of p is transformed 
into itself by x (and indeed by any automorphism). It is obvious that 
2:C—C is an endomorphism; also that 1ha = ha and &(2’ha) = (#2')ha. 
Therefore C is a ¥-module, i.e. an Abelian group which admits ¥ as 
a group of operators. Moreover k is an operator homomorphism, in 
the sense that h(xa) = Zhe. 

It follows from (2.1c) that (da)b=b if b is in the center of p. That 
is to say the elements in dp operate trivially on the centre of p, 
which may therefore be regarded as a ¥-module. It also follows from 
(2.1c), with da=1, that d-1(1) is in the centre of p. Moreover it fol- 
lows from (2.1b) that d(xa) =1 if da=1, whence d—(1) is transformed 
into itself by the operators in y. Therefore d-1(1) may also be re- 
garded as a Y-module. i 

Since d!(1) is in the centre of p the group p is a central extension of 
d-!(1) by dp. If it is also a trivial extension, i.e. if d has a right in- 
verse, 6:dp—p (d9=1), it follows that p is the direct sum p=d—'(1) 
+6dp. Since k makes p Abelian and since d”!(1) is already Abelian it 
follows that h| d-"(1) is then an isomorphism (into). Therefore we 
have: 


Lemma 1. If p is a trivial extenston of d-!(1) by dp, then da=1 and 
ha =0 together imply a=0. ` 


In particular k| d-\(1) is an isomorphism (into) if dp is a free group, 
since any extension by a free group is trivial.. Therefore h| d! (1) is 
an isomorphism (into) if y is a free group. 

Let p’ be a crossed (y’, d’)-module and let g:y—Y’ be a given homo- 
morphism. By an operator homomorphism, f:p—p', associated with g 
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we mean a homomorphism such that 
(a) df = gd, 
(b) Sad) = (gx)fb kEenbeo). 


We shall describe f as an operator isomorphism‘ if, and only if, it and 
g are both isomorphisms. Notice that this definition applies to 
ordinary modules, with dp=1, d’p’=1, in which case (2.2b) is the 
operative condition. Notice also that, if there is no x’Ey’ such that 
x'fb=fb for every bEp, then it follows from (2.2b) that the same 
operator homomorphism, p—p’, cannot be associated with each of 
two different homomorphisms y—Yy’. This is the case, for example, if 
p’is a free y’-module and fp contains a basis element of p’. 

We now define what we call a free crossed y-module.® Let {a,} be 
any indexed® aggregate, let y be a given group and let an arbitrary 
element x;Cy be associated with each a; We define an additive 
group, p, by means of “symbolic” generators and relations. The gen- 
erators shall be all triples (+, x, &;), where xGy, together with their 
“negatives” (—, x, œ), We write (+, x, a;) as (x, æi) and (—, x, a.) 
as — (x, œ). The relations shall be 


(2.3) (£, a) F (y, a) = (x, ai) = (zuarty, aş), 


(2.2) 


for all pairs x, yCy and all values of ¢, j, together with the “trivial” 
relations, (x, &)—- (x, a;)=0 and — (x, œ) +(x, a.) =0. 
Since 


(zx, æ) + (ey, œ) — (22, a) = (zaria r zy, a) 
= (sexy, aj) 


the transformation (x, &)—(2x, a,), of generators, determines an 
endomorphism, 2:p—p (G7). Obviously za =a if z=1, 3’(za) = (z’z)a, 
where a€p. Therefore p admits y as a group of operators. Similarly 
a homomorphism d:p—y, which satisfies (see [2, p. 421]) (2.1b), is 
defined by (x, ai) xxx". Then (2.1c) follows (see [2, p. 421]) from 
(2.3) and the trivial relations. Therefore p is a crossed (y, d)-module. 

Let a,€p be the element which corresponds to the generator (1, 
a,). We shall call the set of elements {a,} a basis for p. Any element in 


“An isomorphism, without qualification, will always mean an isomorphism onto. 

5 This is a group of the sort defined on p. 421 of [2]. A correspondence with 
Saunders MacLane has helped to clarify the presentation. 

6 The set of values taken by # may have any cardinal number. The elements 
aare not elements of the group, p, which is to be defined. An element of p is an equiva- 
lence class of “words,” written as sums, of the “symbolic” generators. aja, if tr}. 
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p is of the form 
(2.4) 10104, f+ ++ + nn 


where e= +1, x,€Y, and repetitions are allowed. 

We shall describe a crossed module, p’, as free if, and only if, it is 
operator isomorphic to a crossed module, p, of the sort just defined. 
This being so, a set of elements will be called a basis for p’ if, and 
only if, it is the image of {a,} in an operator isomorphism p—p’. 
In general there will be many operator isomorphisms, p—p’, and 
hence many bases for p’. 

We now prove a lemma, which is fundamental in realizability 
problems. Let p be a free crossed (y, d)-module and p’ an arbitrary 
crossed (y’, d’)-module. Let g:y—y’ be an arbitrary homomorphism 
and let {a} be a basis for p. With each basis element a; we associate 
an element b/ Ep’, which satisfies the condition d'b’ =gda,, but is 
otherwise arbitrary. 


LEMMA 2. There is a unique operator homomorphism, f:p—p', asso- 
ciated with g, such that fa;=b/ for each value of i. 


We assume, as we obviously may, that p is defined, as above, in 
terms of symbolic generators (x, œ) and that a; is the element cor- 
responding to (1, a;). Then d'b? = gda, = gx, and it follows from (2.1c), 
in p’, that 

(ga)bi + (gy)by — (gx)bs = (gx)d'b; (gx) (gy) bf 
= g(aa,aty)b}. 


Therefore the transformation (x, &)—(gx)b/, of generators, de- 
termines a homomorphism, f:p—p’, which obviously satisfies (2.2b). 
Also fa,=0/ and d'fa,=gda;. Therefore it follows from (2.1b) that 


d’fua, = d'{(gx)fa:} = (g2) (d' fa) (Er) 
= g{ x(da,) a} = gdxa,. 


Since p is generated by {xa;} it follows that (2.2a) is satisfied. Simi- 
larly f is. uniquely determined by the condition fa,=6,, and the 
lemma is proved. 

We conclude the section with two “extreme” examples of a free 
crossed module, p. First let dp=1. Then (2.3) merely expresses the 
fact that p is commutative, and p will be called a free y-module. In 
this case we can collect all the terms axa,, in (2.4), which have the 
same 4, and write (2.4) as 


r104, + er + TeAiyy 


oa 
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where fi, - +: , jg are distinct and rı, ---, ra are in the group ring, 
R, of y. This expression is unique since, obviously, {xa,} are free 
generators of p. Therefore p is a free R-module, having { a} as a basis. 
In any case hp is obviously a free Y-module, having {ha,} as a basis, 
where k:p—hp makes p Abelian. Notice that, in consequence of this 
fact, there is no relation of the form ma, +m +--+ - =0, in p, 
where mı, ma, - - - are nonzero integers and 41, #2, - + + are distinct. 

A free Abelian group,’ which admits y as a group of operators, is 
not necessarily a free y-module. Therefore a crossed (y, d)-module is 
not necessarily free just because (2.1c) is a up set of relations 
between a set of generating elements a, b, 

Secondly let y be a free group and, in m EN definition of a 
free crossed module, let {x i} be a set of free generating elements of 
y (inverses not included). Let x=xf - - - x# (a= +1). Then it fol- 
lows from (2.3), and their “negatives,” which are consequences of 
(2.3) and the trivial relations, that 


(x2, a) = (x, a) + (x, aj) = (x, a), 
(xa, , a) yt (a, a) + (x, a;) + (x, a). 


Therefore it follows by induction on # that p is generated by {a,}, 
without the help of the operators in y. Therefore the right inverse, 
d’!:y->p, of d, which is given by d-'x;=a;, is onto p. Therefore 
d:prsy. Thus p is an ordinary free group, which is freely generated by 
{a, }. Also y written additively and operating on itself according to 
the rule xy=x-+y—<x (x, yCy) is a free (y, 1)-module. A set of free 
generating elements will be called a basis for y, whether the multipli- 
cative or the additive notation is used. 


3. A lemma on crossed homomorphisms. Let G be an additive 
group, which need not be Abelian, and let y be a multiplicative 
group, which operates on G. A crossed homomorphism, h:y—G, is a 
map such that 


(3.1) h(xy) = ha + shy (£, y C 7). 


We shall generally be presented with a group G, a group, y’, which 
operates on G, and a homomorphism f:y—y’. In this case a crossed 
homomorphism, k:y—>G, will mean the same as before, with 
xa = (fx)a (x Ey, a EG), and h will be called a crossed homomorphism 
associated with f. Notice that, writing x=1 in (3.1), we have k(1)=0 
and writing x=y7} we have hy! = — yhy. 


7 E.g. one in which y operates trivially, or a left ideal in the group ring of y. 


va 
x 
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As an example, which occurs in $10 below, let f, f’:y—G be two 
homomorphisms and let us write ab =a-+b—a (a, bCG). Let 9:G—G 
be a fixed endomorphism and let kh:y—G be given by 


hz = Of'a — fx. 
Then 
klay) = Of’ (xy) — f(xy) 
= Of'a + Of'y — fy — fx 
= (fr — fx) + fu + (Oy — fy) — fe 
= ha + (fx)hy. 


Therefore k is a crossed homomorphism associated with f. 
Let y be a free group, which operates on G, and let {x} be a basis 
for y. With each x, we associate an arbitrary element a;€G. : 


LEMMA 3. There is a unique crossed homomorphism, h:y—>G, such 
that hx; =a; for each value of 4. 


Any element y Gy is uniquely represented as a product 
youn a : („= + 1), 


which is reduced, in the sense that €j,1=¢, if #;41=1; (ie. no cancella- 


7 tion is possible). We define h:y—G by 


(3.2) hy = ayiti $+ + + en YnGe, 
where y,=1 if e,=1 and 
Y= an if e=+1 
(3.3) 4 éj . 
= if g=-1. 


Then hx;=a,, hæj! = —x72a;. It follows from (3.2) and (3.3) that 


hlas) = hs + 20; if e=+1 
hea eae be if e=-—t1 
= hs + she; if e=+1,- 


for any s@y. Hence, assuming that h(xy)=hx-+xhy, for a given 
xE’y, we have 


heya) = kley) + zyhz; 
= he + 2(hy + yha,) 
= he + ah(ya,). 
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It follows from induction on » that (3.1) is satisfied. Therefore h is 
a crossed homomorphism. 

Let h:y—G be any crossed homomorphism such that hx, =a,;. Then 
it follows from (3.1) and induction on » that + is given by (3.2) and 
(3.3). Therefore h is unique and the lemma is proved. 


4. Homotopy systems. Let p= {pn} (1=1, 2,---+) be a family of 
groups, together with a “boundary operator,” d, which is a family 
of homomorphisms, d,:p,—p,_1 (r =2), such that dd=0 (i.e. d,dr41pr41 
is the neutral element in p,1). The group pn shall be multiplicative if 
n=1 and additive if »>1, though possibly noncommutative if n=2. 
It follows from (4.1b) below and (2.1b) that dp: is an invariant sub- 
group of pı. We write j:=pi/dp:, and 2€p; will always denote the 
co-set containing a given element x€p;. The system p and the oper- 
ator d shall satisfy the conditions: 

(4.1) (a) pi ts a free group, 

(b) pr is a free crossed (pı, d:)-module, 

(c) pa (n>2) ts a free pi-module, 

(d) d, is an operator homomorphism for each r=2, 3, - - - . That is 
to say, dı satisfies (2.1b), as required in the definition of a crossed 
module, and? d,t=2d, (n>2), for each operator Ep. 

We describe such a system as a homotopy system. If pp=0 for 
r>n20 but 9.0, in case n>0, we shall describe p as n-dimensional 
and shall write n=dim p (if r=1 then p,=0 means p,=1). 

For the sake of uniformity it will be convenient to let pı Operate on 
Px (n>2) according to the rule xa=&a, where aCpn, xEpı. Also, 
in order to include the case n=1 in such formulae as (4.3) below, we 
shall sometimes think of pı as an additive group, which operates on 
itself according to the rule xy=x-+y—x. With these conventions 
(4.1d) reduces to dx =xd. When considered as a group of operators pı 
will always be multiplicative. 

Let p={ Pa} and p’= {pr 4 be two homotopy systems and let 
fitpi—pi be a homomorphism such that fıdspaCdspf , where d de- 
notes the boundary operator in both p and p’. Then fı induces a homo- 
morphism, f,:7:—,/, which is given by fik =fix. Let fai pan ` 
(22) be an operator homomorphism, which is associated with fi if 
n=2 and with jf, if n>2. Then, with the convention explained in the 
preceding paragraph, we may describe f, as associated with fı for 
any #22. Notice that fidsp:Cdspf if there is a homomorphism, 
Sui pspt , such that Frida = dafa. 

By a homomorphism, f:p—p', we shall mean a family of homo- 


® dyž =žd; has a meaning since dyos©d, (1). 


460 J. H. C. WHITEHEAD {May 


morphisms, fx:Pxa—pn (#21), such that 

(a) fd=df (i.e. da =dufn for each n2;2), 

(b) fa is an operator homomorphism associated with fi tf n 22. 

We shall describe f as an isomorphism if, and only if, fa is an iso- 
morphism for each »=1, 2, ---. We shall describe p as isomorphic 
to p’, and shall write f:p +p’, if, and only if, there is an isomorphism 
f:p>p'. It is obvious that the resultant of homomorphisms (iso- 
~morphisms), f:p—p’ and f’:p’—p’’, is a homomorphism (isomor- 
phism), f’f:p—p'’; also that the inverse of an isomorphism is itself 
an isomorphism. 

We now define a relation of equivalence, p=p’, which is the alge- 
braic analogue of “being of the same homotopy type” between com- 
plexes. By a deformation operator, §:p—p’, associated with a homo- 
morphism, fı: (Pı, dp2)—>(p1, dpi), we shall mean a family of maps, 
Eni PaPa (n22), such that: 

(a) Eripı—pd ts a crossed homomorphism associated with fi, 

(b) Enip pn (n>2) is an operator homomorphism associated 
with fi. 

We shall describe a homomorphism, f:p—p’, as equtvaleni to a 
homomorphism, g:p—p’, and shall write fœg, if, and only if, 


. there is a deformation operator, &:p—p’, associated with fı and an 


element w’€p/, such that 


(4.3) wg, = Ja = dapin+i + Endan (n = 1), 


-where &dı=0. When »=1 this is another way of writing 


(4.4) w (gix) w (fix) = dax (x E pi). 


We shall describe a homomorphism, f:p—p’, as an equivalence, if, 
and only if, there is a homomorphism, f’:p’—p, such that f'fœ1, 
ff'œ1, where 1 denotes the identical isomorphism both in p and in p’. 
We shall describe p as equivalent to p’, and shall write p=p’, if, and 
only if, there is an equivalence, f:p—p’. 


THEOREM 1. The relations, œ, between homomorphisms p—p’, and 
=, between homotopy systems, are equivalence relations. 


It is not difficult to prove this directly. However we shall deduce it 
from theorems proved in §§10, 11 below. 
Let f>g: pp’. Then it follows from (4.4) that 
fi = oft: 7), 


where æ is an inner automorphism of zr . Let f:p—p’ be an equivalence 
and let f’:p’— be such that f'fœ1, ff’>1. Then f{fı=a, ff =o’, 


1949] COMBINATORIAL HOMOTOPY. I 461 


where a, a’ are inner automorphisms of jy, pf . Hence it follows that fı 
is an isomorphism. 


5. The homotopy system of a complex. By a complex we shall 
mean a connected, CW-complex, as defined in (I), which may be finite 
or infinite. The characteristic maps of the cells in a complex will now 
be maps [*—é* (not o*—>é"), where I” is the n-cube in Hilbert space, 
which is given by 0Sh,-:++,#,31, 4=0 if i>n20, with IP 
= (0, Oma ). 

Our conventions concerning homotopy groups are as follows. We 
treat I” as IXI"?! (n21) and define 


n—1 n 


N =1Ixt, E=- (1-an. 


Thus 7}! is the face of J* in which 4=1. Let k: Ir! I?! be given 
by kp =(1, p) (pC i"). Let spaces P, PCP and a point poCP be 
given. Then an element a&r,.(P, Po, po) (r= 2) shall be a homotopy 
class of maps of the form 


8:(Ir, ðI", Er!) > (P, Po, po). 
Let 
Britr(P, Po, po) > tr-1(Po, po, Po) = mrilPo, fo) 


be the boundary homomorphism, which we define as follows. If O€a, 
then 8,0 shall be the element defined by the map 


oki IT! Po, 


where 6=6| 571: I7'>P.. 
Let 


ôi: (Ir, alr, I) — (Ir, ðI”, T°) 


be a fixed homotopy such that &,=1, 6,#"-!=J°, Then we say that 
a map 


e: (I7, or’, T°) — (P, Po, Po) 


represents the element of 7,(P, Po, po), which is defined by the map 
61:1" P, Similarly a map 


y: (aIr, I) — (Po, po) 


will be said to represent the element of 1,-1(Po, po), which is defined 
by the map 


(pil IE Oki TT — Po. 
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A path 
A: (Z, 0, 1) > (Po, Po, pò) 
determines an isomorphism 
Aia(P, Po, pd) > mı(P, Po, do), 
and also its inverse, Ä=!. Let 
(5.4) 6:(Ir, ðI”, I) — (P, Po, pe) 


be a map which represents an element a’Er,(P, Po, pé ). Then we de- 
scribe Aa’ as the element which is represented by the map 6’, joined 
to po by the path X. If pf =p: we write Äa’=xa’, where xEm (Po, po) 
=}, say, is the element represented by the path A. When xa’ is 
thus defined, 7,(P, Po, po) is a m}-module, if r>2, and a crossed 
(19, 8s)-module?® if r=2. 

Let spaces Q, QoCQ and a point @E0% be given. Then a map 


$:(P, Po, po) > (Q, Qo, go) 
induces a homomorphism 
fia (P, Po, po) — #r(O, Qo, qo). 


Let a&r,(P, Po, po) be represented by the map (5.1), joined to po 
by the path A. Then it is easily verified that fa is represented by the 
map $9’, joined to go by the path gd. Taking pJ =f» it follows that f 
ig an operator homomorphism associated with the homomorphism, 
w1(Po, Po) —71(Qo, Go), which is induced by ¢. 

Similar remarks apply to w,1(Po, fo) and w,;1(Po, Pa), related to 
each other by the path X. 

Let K be a given complex and let a O-cell, e°GK°, be taken as 
base-point for all groups #„(K*, K*~'), mu(K), etc. Let 


pr = pr(R) = m,(Kr, Kr) (r22), 
pı = pi(K) = m(K'). 
Let 
ini T(K”) — Pr (n = 1371 = 1) 
-be the homomorphism induced by the identical map (K*, e’, e?) 
—(K*, Ki, e?) and let !! 


* See [12, p. 486], which may be taken as a general reference for the elementary 
propositions stated here. 

10 Te, induced by $| Po: Poo. 

u Cf, [8, p. 429], with X,=K* (¢>0). 
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d, = Jr-1ßr: pr — Pr-1 


Then d:=fs. Since 8,j,=0 we have ddp41=0. If r 23 the group pr is 
a free 71(K*-!)-module™ and we identify" mı(K*) (n>1), as well as 
mi(K), with Jı =p1/dzp2. Also ps is a free crossed!? (p1, d2)-module and 
d, is an operator homomorphism in the sense of (4.1d). Therefore 
{ pn} is a homotopy system, which we call the homotopy system, p(K), 
of K. 

Let {ef } (n22) be the »-cells in K and let a;€p, be the element 
represented by a characteristic map for ef, joined to e° by a path 
in K*-!, Then {a;} is a basis, which we describe as a natural basts, 
for pa. Let TCK! be a tree (cf. [4, p. 322]) which is a sub-complex 
containing K®, and let {ei} be the 1-cells in X!-T. Let g:/>& be 
a characteristic map for ei and let x,Epı be the element represented 
by a path in T, which leads from e? to g,(0), followed by g;, followed by 
a path in T, which leads from g;(1) back to e°. Then {x,} is a basis for 
Pi 
A (cellular) map,“ ġ:K—L, in a complex L, with base point 
e’’=de?, obviously induces a homomorphism, f:p(K)—p(L). If 
g:p(L)—>p(M) is the homomorphism induced by a map, y:L>M, 
into a complex M, then gf:p(K)—p(M) is obviously the homo- 
morphism induced by yġ:K—M. If f:p(K)—>p(L) is a given homo- 
morphism and if 6:K—L is a map which induces it we shall describe 
¢ as a realization of f. 

Let f:p(K)—p(L) be a given homomorphism and let Ko CK be a 
connected sub-complex, which contains e°. We shall describe a map, 
go: Ko>L, as a partial realization of f if, and only if, 


P = fitp(Ko) > eZ), 


where f° and #:p(Ko)—p(K) are the homomorphisms induced by ¢o 
and by the identical map Ko—>K. We shall call ¢ the injection homo- 
morphism. 

Let KiCK be a (connected) sub-complex, which contains! K*~} 


1 See §16 below. 

18 Le. we use 6; and CA to denote w(K) andi2Erı(K), etc., where #:5ı—rı(K) 
is the ismorphism in which corresponding elements are represented by the same map 
IK}, 

“Tt is tobe understood that all our maps and homotopies are cellular (see L in 
§5 of (I)) and, except when the contrary is stated, that a given map, KL, carries 
the base point of K into the base point of L. 

4% The condition KICK, is not necessary to Lemma 4 below but it helps to 
simplify the notation. 
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(n22). Let K,=K,V {é}, where fe} =K,—Ko is a set of n-cells, 
each of which is a principal cell (i.e. a cell which is an open sub-set) 
of Ky. Let ¢o:Ko—2L be a partial realization of a given homomor- 
phism, f:p(K)— (LZ), and let gim,1(K*—!)r,_,(L"—!) be the homo- 
morphism which is induced by ġo. Let a,€p,(K) be the element 
which is represented by a characteristic map, he: I"—ē}, for e%, 
joined to e? by a path 


ei (I, 0, 1) > (K*-, e, po) (be = hel). 


Lemma 4. If" Bfa,=gBa., for each a, then do can be extended to a 
partial realization, pı: Kı>L, of f. 


This is essentially the same as Lemma 7 in §9 of [6], except that 
we must now pay attention to base points. Let ßfa,=gßa,, let 
de= op, and let 


He = org: (I, 0, 1) > (L, Ed, qo). 


. Let py tpa(L)—7,(Z*, L°, qe) be the isomorphism determined by 
the path u, and let 


ke: (I*, OI, 1) > (L*, Li, qa) 


- be a map which represents the element yu, fa,. Then ke | az and 
dohte| ðI” both represent the image of ffas = gba. in the isomorphism, 


rb", e0) > Taal L], ge), 


which is determined by the path ue. Therefore it follows from the 
proof of Lemma 7 in [6], applied to each cell e}, that ġo can be ex- 
tended to a map, &ı: Kı—>L, such that fa, is represented by the map 
oh, I"—L*, joined to e”? by the path us. 

Let f:p(K)-p(L) (r=0, 1) be the homomorphism induced by 
dr and let alEp„(Kı) be the element represented by he, joined to e? 
by the path ^s. Then a, =1'a}, where ŝi! is the injection #!: p(K1)—p(K), 
and flai=fa, =fi'a}. Let i and i’ be the injections ¢:(Ko)—>p(K:) and 

=44:p(Ko)—p(K). Since 1|Ko=¢o it is obvious that fti =f". Also 
f°=fe'=ft'4, since do is a partial realization of f. Therefore f'ta’ 

=filta® if a°Cp,(Ko). If {a} is a natural basis for p»(Ko) then 
fia?, al} is a natural basis for p,(Ki). Since f!b=filb if b=ia} or a, 
and also (obviously) if b€p,(K1) with rn it follows that f!=ft!. 
. Therefore dı is a partial realization of f and the lemma is proved. 

“In general a homomorphism f:p(K)—p(L) cannot be realized by a 
map KL. For example a complex projective plane and the union of 
a 2-sphere and a 4-sphere with a single common point may be covered 


1 We shall sometimes write £, f, etc. for Ba, fr, etc. 


|e 
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by complexes, K and L, each of which consists of a 0-cell, a 2-cell 
and a 4-cell. Then p,(K) =p„(L), both groups being cyclic infinite if 
n=2 or 4 and zero otherwise. By considering the cohomology rings, 
or the groups r:(K), s(L), one sees that an isomorphism p(K)—p(L) 
cannot be realized by a map K>L. 


6. Realizability. We shall describe a complex, K, as a (geometrical) 
realization of a given homotopy system, p, if, and only if, p=p(R). 
In §15 below we given an example of a homotopy system which has 
no geometrical realization. Thus it is not always possible to realize 
either a homormophism p(K)—p(L) by a map KL or a homotopy 
system p by a complex K. In this section we prove three theorems 
which state sufficient conditions for both kinds of realizability to be 
possible. 


THEOREM 2. A given homotopy system, p, has a geometrical realiza- 
tion if dim S4. 


Let »=dim p and first let n=1. Then p is obviously realized by a 
complex K=e°U {el}, where {ej} is a set of 1-cells in (1-1) cor- 
respondence with a basis, fæi }, for pı. 

We proceed by induction on n. Let p" be the homotopy system 

pr = (pu +++, pr, 0, 0, see), 


d, being the same in p as in p if 2SsSr. Assume that p"-! is real- 
ized by a complex K"! (1<nS4) and let fe-t:p""!=p(K*"}). Let. 
{a;} be a basis for px. If n>2 we have d,.d,=0, whence 
n—1 n—1 
dn—ifn-1fnti = Fn—2dn—14 ni = 0, 
or feld a, €d (0). Since n—1 33 
In: ml) > pri (KM!) 


is onto!” d,1,(0). Also fidsa,€a1(K1) if n=2. Therefore there is an 
element b,€m,-1(K*—), such that 


faa = n-ıbı (n = 2). 


Let g::(9/?, [I)—(Kr!, e°) be a map which represents b;. Let 
Et} be a set of n-elements, which are disjoint from each other and 
from Kr-! and let h;:0E{—aI*" be a homeomorphism. We attach 
et = E1— OE] to K”! by means of the map g.h!9 HK". The result 
is a complex, K” = KU Cae in which ef has a characteristic map, 


17 See Theorem 7 in §3 of (I). 


466 J. H. C. WHITEHEAD May 


g? :I’—&, such that g? [ər = gi. Let a? €p,(K*) be the element rep- 
resented by g’. Then ß,a! =b,, whence 


(6. 1) dnai = Jaib, = frida. 


Hence, and from Lemma 2 if »=2, an operator homomorphism, 
FntPn—pn(K*), which is obviously an isomorphism, is defined by 
fadi;=a;. Moreover it also follows from (6.1) that dafa =fă idn. 
Therefore we have defined an isomorphism f:p—>p(K*), where f, =fr! 
if r<n, and the theorem follows by induction on n. 


THEOREM 3. A homotopy system, p, has a geometrical realization if 
A= 1. 


Let pı=1. Then p, (r=3) and hence any sub-group of p, is a free 
Abelian group.'® Therefore d,p, is a free Abelian group (n24). Let 
{bi} be a basis for dapa, let c, dy 1b; and let C, Cp, be the sub-group 
generated by {c,}. A relation between the elements {c,} would 
imply the corresponding relation between {b, } , whence { ci} is a basis 
for Ca. Therefore, as in elementary homology theory, pq is the direct 
sum pa =Za + Ca, where Z,=d,'(0), and d,|C, is an isomorphism 
_ onto dapa. Let {2%} be a basis for Z,. 

-© By Theorem 2, p* has a realization K?, where p” means the same 
as before. Let nz4 and assume that there is a complex, Kr-1, such 
that 


frl; prl ss p(K*-1) 

and 
Inn (Kr) > pra K) 

is onto d;.',(0). Then the proof of Theorem 2 shows that there is a 
complex, 

K” = Kr! U {er}, 
such that f*:p" ~p(K*) and f*| p"-1=f*—-1!, Moreover we may suppose 
that de§=e°C K‘, for each value of A, where ex is the cell which cor- 
responds to IEZ„ Let this be so and let Pr be the union of the 
n-spheres &. Then any element in Z, is represented by a map, 


(Ir, 9I)—(Pr, e°), which also represents an element in 7,(K*). 
Therefore ja is onto Z,. Therefore complexes KC K*C - » - and iso- 


18 We assume here that p, has a well-ordered basis. Then this assertion follows by 
transfinite induction in much the same way as when the basis is finite. I do not know 
if this can be proved without the axiom of choice. 
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morphisms /*:p" ~p(K*), such that fleis f°}, are defined induc- 
tively for every value of n33. Let - 


K=W Ks 


with the topology defined by the condition that X CK is closed if, 
and only if, XNK* is a closed sub-set of K”, for each n=3,4,-+->. 
Then K is a complex, whose n-section is K” and f:p—(K) is obviously 
an isomorphism, where f |p =f", This proves the theorem. 

Let K, L be given complexes, let f:p(K)—p(L) be a given homo- 
morphism and let ġo: Ko—L be a partial realization of f, where Ko CK 
is a connected sub-complex, which contains e’. 


THEOREM 4. If KJK"! =K and if L is a Im-complex, then do 
can be extended to a complete realisation, p: KL, of f. 


Let a basis for p,(K) be defined, as in §5, in terms of a tree, TCK!, 
such that K°CT. We assume that T consists of a tree,” ToCKo, 
which contains K?, together with a set of trees, {T;}, such that 
T,\Ko is a single 0-cell ef. We map T; on poel, thus extending do 
throughout KoUT. It now follows from a simplified version of 
Lemma 4 that ġo can be extended to a partial realization, 61: Ko UK! 
>L, of f. 

Let K,=KoUK’ (r21) and assume that ġo has been extended toa 
partial realization, @,1:K,»iCL, of f, where 2SnSm-+1. Let 
g:mn (Kr). (27!) be the homomorphism induced by a- 
Then it is easily verified that 


fa—ifn-1 = Ing: fai K!) > pal L). 
Therefore 
Ín—bafn = dafa _ In-ıdn = Tn—1Jn—18 0 = In-1EBn. 


Let L be a Jm-complex. Then j,..,(0)=0, since n—1 <m. Therefore 
Bafa = eG. and it follows from Lemma 4 that d„.ı can be extended to 
a partial realization, ¢,:K,—L, of f. The theorem now follows by 
induction on n. 


7. Homotopy and equivalence. We state three theorems,’ which 
will be proved in §§13, 14 below. Let K, L be given complexes and let 
f, f':p(K)—p(L) be the homomorphisms induced by maps ¢, 9’: KL. 


1° Ky may consist of the single 0-cell e°, in which case the theorem asserts that f 
has a realization if dim KSm+1. Ja-complexes are defined in (I), §3. 
20 In constructing T we can start with To. 
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THEOREM 5. If dd’ then ff’. 


THEOREM 6. A map $:K-L ts a homotopy equivalence if, and only 
af, the induced homomorphism, f:p(K)—p(L), is an equivalence. 


Asa corollary to Theorems 4 and 6 we have: 


COROLLARY. If dim KSm-+1 and tf Lisa In-complex, then K=L 
if, and only tf, p(K) =p(L). More precisely, an equivalence, p(K)—p(L), 
can be realized by a homotopy equivalence, K>L, and conversely. 


Since every complex is a Js-complex it follows from this and 
Theorem 2 that an equivalence class of 3-dimensional homotopy sys- 
tems is an algebraic equivalent of the homotopy type of a 3-dimen- 
sional complex. Moreover, if dim p $3 and if K, L are any complexes 
such that p(K) =p(L) =p, then K=L, even if dim X, dim L>3. For 
it follows from Theorem 2 that p can be realized by a complex, P*, 
and it follows from Theorem 4 that equivalences, p(P*)— (XK), 
p(£*)—p(L) can be realized by maps P*>K, P?>L, which are 
homotopy equivalences by Theorem 6. Therefore K=P =L. In a 
later paper we shall prove that if p=p’, dim p, dim p’< œ, where p, p’ 


_are given homotopy systems, and if p can be realized geometrically, 


so can p’. Therefore, if an equivalence class of homotopy systems con- 
tains one, p, such that dim pS3, then every homotopy system in the 
class can be realized geometrically and all the resulting complexes 
are of the same homotopy type. 

By taking K=S*, L=S we see that the converse of Theorem 5, 
namely ff’ implies ¢~¢’, does not hold, even if L is a J„-complex 
and dim Km-+1. However we shall prove: ` 


THEOREM 7. If L is a Jn-complex and dim K Sm, then fœf' implies 
de’. 
It follows that the homotopy theory of 2-dimensional complexes, 


including the homotopy classification of mappings, is equivalent to 
the purely algebraic theory of free crossed modules, whose groups of 


operators are free groups. 


8. Chain groups. With each homotopy system, p= {pn}, which 
need not have a geometrical realization, we associate a system of chain 
groups, c={C,} (r=0, 1,+-+-). Each group C, shall be a free pı- 
module and C, shall be operator isomorphic to p, if n>2 and to p: 
made Abelian if »=2. The group C; shall have a basis fc} which is 
in a (1-1) correspondence, x,—>c;, with a basis {x} for pı. The 
group Co shall have a basis consisting of a single element c°. The ele- 
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ment c? is to be a “preferred” or special element in Cy. We allow p 
to operate on C, in the same way as on pn (n>2). 
The system C shall be related to p by a preferred family of maps, 


hn: Pn => Ch. 


The map h„ shall be an operator isomorphism if n>2 and hy shall be 
an operator homomorphism (onto), whose kernel is the commutator 
sub-group of pz. The map A: shall be the crossed homomorphism which 
is uniquely determined by hx,=c,, according to Lemma 3. 

We now define a boundary operator, 0, which is a family of operator 
homomorphisms, ðn: CaCa (n21), such that On0n41=0. We shall 
define it in such a way that 


(a) dike = (2 — 1) (x E pi), 
(b) nhn = An-ıda (n = 2). 


If n>2 we define d,=h.-ıd.iy'. We postpone the definition of 0, 
and define 0, by dic;=(#,—1)c%. Let g:pı—>C, be the (principal) 
crossed homomorphism, which is given by gx = (2—1)c?. The map 
Yıhı:pı—c® is the resultant of the crossed homomorphism Aı and the 
operator homomorphism dı. Therefore it is a crossed homomorphism. 
Moreover g and dıhı are both associated with the same homomor- 
phism, x—#, of pı onto jı. Since Ih, = gx,, from the uniqueness 
part of Lemma 3 ðıkhı=g, which is expressed by (8.1a). 


(8.1) 


THEOREM 8. The crossed homomorphism hy has the properites: 

(a) h| dap: ts a homomorphism onto 310) CQ. 

(b) hx = hy (x, yCp:) if, and only if, xy Edshz (0). In particular 
hy*(0) = dah (0). 

(c)  duc=(&—1)c), where cEC, Epu, then c=hx', for some 
x’ CH, 

In order to prove this we introduce a complex, K! =U { el } ‚where 
{ et is a set of 1-cells which is in a (1-1) correspondence, x,—¢}, 
with {x,}. We identify x, with the element, x,Em(K!), which is 
represented by a characteristic map for ej. Let R! be a covering 
complex of K!, which is associated with the (invariant) sub-group 
dep2Cpi, and let p: K'-+K! be the covering map. Then p induces an 
isomorphism pı:Pı—dapa, where pi=71(K), with a 0-cell Cpe as 
base point. Following S. Eilenberg and N. E. Steenrod in [11] we take 


Ch=H(R), Cl= HK, ŠO 


as chain groups in K1. We denote the boundary homomorphism by 
ð’':CÍ—>Ci. 


” 


~ 
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Let A: (J, 0, 1)>(K}, e°, e°) be a map representing a given element, 
xEpı, and let À: (Z, 0)—>(K}, æ) be the lifted map (i.e. \=ph). Let 
hx EC, be the element represented by X. Clearly hx depends only on 
x €p, and not on the choice of the representative map X. Also 


(8.2) athe = (2 —1)e%, 


where cC€Cj is the 0-chain, which corresponds to 2°, and 5, oper- 
ates in the usual way on Cé, C/. Also {hx,} is a basis for C/. Let yEpı 
be represented by a map p:(J, 0, 1)>(K}, e°, e°). Then xy is repre- 
sented by the circuit A followed by pand h(xy) by the path A followed 
by u’: IK}, where u = pp’ and p’(0) =A(1). Therefore 


(8.3) . h(xy) = hx + hy. 


We identify Co, Ca with Cd, Ct in such a way that c, = hx co=c"®. 
Then it follows from (8.2), (8.3) and the uniqueness part of Lemma 3 
that h=hA,. Hence, and by (8.1a), 6’=0;. Since #=1 if x€dzpx, it 
follows from (8.3) and (8.2) that hıldıps is a homomorphism into 
871(0). It follows from the geometrical definition of k, that hi| dap: 
=h'p-!, where h’:5ı—07'(0) is the homomorphism in which cor- 
responding elements are represented by the same map. Therefore 
it follows from the well known relation between the fundamental 
group of a polyhedron and its first homology group that hı| dap: is 
onto d; ‘(0), which establishes (a). 

If hx=0, then (#—1)c°=0,4x=0, whence 2=1 and xEdaps. 
Therefore, writing G° for the commutator sub-group of a given 
group, G, we have 


ki (0) = (h | dam) (0) = pik!” (0) = pii- 


But f(G°) = (fG)° if f is any homomorphism of G onto any other group. 
Therefore 


ki (0) = (p7) = (daps)” = dap = daha (0). 
Let xy-!=s€Edshz (0). Then hz=0 and 3=1, since sEdapa. There- 
fore - 
hix = hılay) = hy. 
- Conversely, let hix =y. Then 
(2 — 10 = ðihıs = ðihy = (9 — 1), 
whence #=4. Therefore 


hi(ay) = hye + hiy = hix + Jay = hix — hiy = 0, 


t 


` 
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whence xzy!&drhs”!(0). This proves (b). 

Let cEC; be such that dıc=(2—1)c®. Then dı(c—hıxr)=0 and it 
follows from (a) that c— hix = hy for some yEdaps. Let x’=yx. Then 
§=1, x’C# and 


hix = Ay + Ihız = hy + hx =c, 


which completes the proof of Theorem 8. 

We now define ð: by (8.1b), with n =2. Since dehy (0) =1 this gives 
a single-valued map, da: C2—>(C,, which is obviously an operator homo- 
morphism. Thus @, is defined for each »21. It follows from (8.1b) 
and Theorem 8(a) that 


O103h3 = Yıkıda = 0 
and from (8.1b) that 
OnOnti inp = OnAnOnt1 = An-ıdndar =0 (n = 2). 


Since A, is onto C, (722) it follows that 00 =0. 
Let c&C and xEpı be given. Then we have: 


Lemma 5. If Osc=hix there is a unique element, a€ps, such that 
ha=c, da =x. 


Since ha is onto Cz there is an a’Eps such that ksa’ =c. It follows 
from (8.1b) and the relation dsc =h% that 


hız = ðC = daha’ = hıdaa’. 
Therefore it follows from Theorem 8(b) that 
x = (dab)(da0') = da(b + a’), 


where bEk7 (0). Let a=b-+a’. Then hy=hya’=c, since yb =0. 
Therefore ka=c, da=x. Let hea, =c, dya,=x. Then ha(a—ai) =0, 
d;(4—a;) =1 and it follows from Lemma 1 that a,=a. Therefore a is 
unique. 


9. Chain mappings and homomorphisms. Let p, p’ be two homotopy 
systems and C, C’ the associated systems of chain groups. By a chain 
mapping, g:C—>C’, we shall mean a family of operator homomor- 
phisms, g4:C,—C, , associated with a homomorphism, fil, such 
that 

(a) go? = 6’, 
(b) En-1dn = Ongn (n = 1), 


where c°, c’® are the preferred basis elements in Co, Cd. If there is a 


(9.1) 
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homomorphism, f:p—p’, such that 
(9.2) Enha = hafn 


then we shall say that f induces or realizes the chain mapping g. In 
this case it follows from (8.1a), (9.2) and the relation gk = (fg 
(Ei) that 


(fiz — De’! = Auhıfız = digihix 
(9.3) l = godihix = gilt — 1)c? 
= (fz — De". 


Therefore f =f. 

Let C, C’, C" be systems of chain groups associated with homotopy 
systems p, p’, p’’. Let g: CC’, g':C’—>C”' be chain mappings which 
are induced by homomorphisms f:p—’, f’:p’—p’’. Then it is easily 
verified that g'g: C—C" is a chain mapping induced by t'f:p—p”. 


THEOREM 9. A homomorphism, f:p—p', induces a unique chain 
mapping, g:CC'. A chain mapping, g: CC’, can be realized by at 
least one?! homomorphism, f:p—p'. 


Let f:p—p’ be given. Then we define go by gote= (fiz)c% Let fæ} 
be a basis for pı. Then TZA is a basis for Cı and we define gı by 
gihixi=hmfix It is easily verified that għ, hıfı:pı Ci are both 
crossed homomorphisms associated with fi. Therefore gih =hıfı, ac- 
cording to Lemma 3. 

If n22 we define ga by galtn = hafa. Lf haa =0, then a&p and fa Eps, 
whence hafıa=0. Therefore ge is a single-valued map, which is obvi- 
ously an operator homomorphism associated with fi. So is g» = hnfaha 
(n>2). The family of maps gn: C,—*C, satisfies (9.2). Since A, is onto 
C, if n>1 and mx; } is a basis for G it follows that (9.2), together 
with fi and (9.1a), determine {zn} uniquely. 

It follows from (9.2), with n=1, and (8.1) that 


Oigihix = Ohi fix = (fıe — 1)có 
= go(& _ 1) 
= gedıhır. 


Therefore dıgı=godı. A similar, but simpler, argument shows that 
Öngn = Enin for any n>1. Therefore g= {gn} is a (uniquely de- 
termined) chain mapping, which is induced by f. 

Now let g:C->C’ be a given chain mapping, associated with a 


"1 See the addendum and (10.9) below. 
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homomorphism f,:7,;—3/ . Since 
Orgihixy = godihkix, = gold; — 1) 
= (fi: — 1)? 
it follows from Theorem 8(c), applied to 3/, that there is an element, 


y: Epi, such that gıhw,=hıy/. We define fiip by fn=yl. 
Then it follows from Lemma 3, as in the first half of the proof, that 


(9.4) fila = hifa 
Let A be a basis for ps and let 
Ce = giha E Ci 
for each a@€A. Then 
Daca = dagha = giðahsa = gyhydaa 
and it follows from (9.4) that 
da = hıfıdaa. 


By Lemma 5 there is a (unique) bf Ep such that habi =c/, dab! 
=fidsa. Since daba =fidea it follows from Lemma 2 that there is a 
(unique) operator homomorphism, fe:p2—/ , associated with fı, such 
that ra=ba for each aC A. Then dıfıa = fıdza and 


hafıa = hbd = cd = gaha. 


Therefore dafa=fids and hafa= gaha. 

If n23 let fa= hg Zaha. Then fa (122) is an operator homomor- 
phism associated with fı and gh=hf, dsfs=fids. It remains to prove 
that d.fx=frid, when n>2. It follows from the relations kd=ðh, 
hf=gh, 0g=g0 that 


An-ıdafn = Onltnfa = nEn fn 
(9.5) l = En—iÔnhn = Sn—thn—1dn K 
= An-ın-1Gn: 


If n>3, then ka is an isomorphism and it follows that Onfn=fn—idn. 
Also ha(dsfs—feds) = 0 and 


da(dsfs = Jad) = dadafs — fideds = 0. 


Therefore it follows from Lemma 1 that dafs —fsds=0, which com- 
pletes the proof. 

There is an element of arbitrariness in the choice of ji, satisfying 
(9.4). Let fi:pıpi. be a given homomorphism such that Auf, = gıhı. 
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Then the above construction gives f:p—p’ uniquely. Therefore we 
have the addendum to Theorem 9: 

ADDENDUM. The chain mapping g has a unique realization, f, such 
thai fı:pı>pi. is a given homomorphism, which satisfies the condition 
hifi = għ. 

10.: Chain homotopy. Let p, p’ be given homotopy systems and 
C, C' the associated systems of chain groups. By a chain deformation 
operator: n: C—C’, associated with a homomorphism, fiip, we 
shall mean a family of operator homomorphisms, na: CaCa 
(n21), associated with fi. Let g, g’: CC’ be chain mappings asso- 
ciated with homomorphisms fi, Jf :Ppr>pi. We shall describe g as 
chain homotopic to g’, and shall write gg’, if, and only if, there is 
an element #’ Ep and a chain deformation operator, 7: C—C’, asso- 
ciated with fı such that 
(10.1), W gr — gr = IrtiMerı T Ndr (r = 0; mð = 0). 


Since goc?=gd c’9=c', where °C Co, cE Cy are the preferred basis 
elements, it follows from (10.1) that ðc? = (w —1)c™. It follows 
from Theorem 8(c) that there is a w’E%’ such that 


(10.2) nico = hw. 
I say that, in consequence of (10.1), 
(10.3) Ha = wad. 


For ðımı:Co—>Cd is an operator homomorphism associated with fı. 
Therefore it follows from (10.1)o that 


(Weg — go)e® 
= (fiz) — 1". 
But we also have 
(Wgd — g) = {wi Fiag — re 
= CAEH 2) = fiz} cl. 
Therefore 
(fa)! — 1) = wH a) — fit, 


which reduces to (10.3). 
Let g, g': CC’ be the chain mappings induced by homomorphisms 
f, f':p—p’. For convenience we display the formula 


(10.4) . ws — fa = dapati + Endr 
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in which w’ Ep, and £:p—p’ is a deformation operator. 


THEOREM 10. ff’ if, and only if, g-~g’. More precisely, f, f’ are 
related by (10.4) if, and only if, g, g’ are related by (10.1), where 


(a) me? = hw, 
(b) hnén = Nan- (n > 2). 


First let ff’ and let f, f’ be related by (10.4). Let {x,} be a basis 
for pı. Let m1:Co>C?, n2:Cı>C/ be the operator homomorphisms, 
associated with fi, which are defined by nc’=hw, nihi, =hatıx.. 
Clearly nahı, hafaipı>Ci are both crossed homomorphisms associ- 
ated with the homomorphism x—fı&. Therefore nshı=hakı. Since pf 
is Abelian it follows that £7 '(0)=0. Therefore a single-valued map, 
ns: Cs—C{, which is obviously an operator homomorphism, is de- 
fined by sh2= Asks. Let 7n=/Iabeha_, if n>3. Then (10.5) is satisfied. 

Let Faipa—px , Gr: C—C; be the maps which are given by 


(10.5) 


(10.6) Fa = wife’ — fa — Enda — darikai ("n = 1), 
G = Dg — { Be 10, — Org MH (r > 0). 

We shall prove that 

(10.7) hP, = Gahn, 


assuming only (10.3), (10.5) and that g, g’ are induced by f, f’. Since 
hf = gh we have 


ha(w fa — fn) = (TEn — Bn) ln (n & 2) 
and from (8.1) and (10.5) 
huldarıönrı + Enda) = Onsthnpiéng + Mahnidan 
= (nynt + Nn0n) An 
Therefore (10.7) is valid if n2=2. ok 
Let xEp and let u=fix, u'=fi x. Then www !=% according to 
(10.3), and it follows from (3.2 Jand (3.3) that 
hlwuw we) = hw + why! — hiw — hu 
hm — hu — (ü — Yhw 
Whiflx — hfix — (fit — 1)mc® 
= (8 gi — gi)hix — m(& — 1)e® 
= (dgl — g)hıx — mdıhır 
= Gıhıx + Oanshix. 


i 


(10.8) 
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But Oanahı = ahata = hıdaka. Since 
(wu wuyt) = 1, (da£:x)" = 1, 
where y+=3 (yEpi), it follows that 
AF ix = hif wu wiu! (dekr)!; 
= hy (w' te! Wut) — hidskax 
= Gihix. 
Therefore (10.7) is valid for every n21. Since hpn = Cn if n>1 and 
Ih} is a basis for Ci it follows that G,=0 in consequence of Ff, =0. 
-Since goc=géc°=c" it follows from (10.5a) that Goc°=(w’—1)c’® 
—Imc!=0. Therefore (10.4) implies (10.1), with £ and 7 related by 
(10.5). 
Conversely let g, g’ be related by (10.1). Then (10.2), i.e. (10.5a), 
and (10.3) are satisfied. Let u;=fix,, u; =fix.. Then it follows from 


(10.8), with G:=0, and Lemma 5 that there is a (unique) element, 
a’ Epd, such that 


= = * hai = nahik, daa? = wu wu. 
Let &:pı-p? be the crossed homomorphism which is determined by 


&x;=a/, according to Lemma 3. Then, reverting to the additive 
notation for pf , we have 


hiszi = nahıza, dakat; = w' fix, — fix 


Clearly ffs, Yehı!pı>CY are crossed homomorphisms associated with 
the homomorphism x—fı2. Also dststo:p{ and, as observed in §3, 
(w’ fi —fi)!pi—pf are crossed homomorphisms associated with fi. 
Therefore 
hake = nehı, deks = wfi > fe 
If n>2 we define < 
En = igi ey ae =, Pay 


thus defining a deformation operator £, which satisfies (10.5b). Since 
(10.3) and (10.5) are satisfied, so is (10.7). Since G,=0 it follows that 
h.Fn=0, whence F,=0 if n>2. ‘ 
Since 
Antw fa — fa) = (win — fat) rn 
and 
Inldnrienr + Endn) — AnEndn = (dnn + En-1dn—1) dn 
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it follows that 
df, = Frida — (n22). 


We have proved that F,=0, whence d:F;=0. Since A: F,=0 it follows 
from Lemma 1 that R=0. Therefore F, =0 for n 22 and the theorem 
is proved. 

On taking g=g’, 7 =0, w’=1 we have the corollary: 


COROLLARY. If f, f’ip—p’ induce the same chain mapping, g: C—>C', 
then ff". 


In this case it follows from (10.5) that §&,=0 if n>2. Also we may 
take w’=1, so that 7 


(10.9) fi — f= dian, fi — fa = bada, fa = fa (n > 2), 


where Ask: = neh =0. 

The operator 7 is determined uniquely by (10.5) if w’ and & are 
given. When 7 is given the element w’ may be replaced by 2’w’, for 
any z’€dshz'(0) Cp/, according to Theorem 8(b). Once w’ has been 
fixed, so as to satisfy (10.2), then & is determined uniquely by the 
conditions F}=0 and (10.5). Moreover in this statement it need only 
be assumed that fa! pap. is a single-valued transformation. For 
tw Epi is determined uniquely by the conditions 


diax = (wfi — fide, hax = ehiz 


and & by En = hy Mahai (n23). But we have proved that there is a 
deformation operator, E:p—p’, associated with fi, which satisfies 
these conditions. Therefore the fact that & is a crossed homomorphism 
assoviated with fı, and & an operator homomorphism if >2, is a 
consequence of F,=0 and (10.5). 


11. Chain equivalence: Proof of Theorem 1. Let C, C’ be systems 
of chain groups associated with homotopy systems p, p’. A chain 
mapping, g: C—C", is called a chain equivalence if, and only if, there is 
a chain mapping, g’:C’—C, such that g’go1, gg’>1. We shall de- 
scribe C as eguivalent to C’, and shall write C=C’, if, and only if, 
there is a chain equivalence g: CC”. 


THEOREM 11. The relations œ, between chain mappings, and =, be- 
tween systems of chatn groups, are equivalence relations. 


On taking #’=1, 7 =0 in (10.1) we have gœg. In general it follows 
from (10.1) that 


Wig — g' = ant + ah, 
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where 7* = — %'-!n. Since n2 = (fi; 2)n it follows from (10.3) that 
ate = — wie) = — (fi aya yt. 


Therefore 7* is a chain deformation operator associated with Jf and 
it follows that g’cvg. 

Let g, g’: CC’ be related by (10.1) and let g’, g": CC’ be re- 
lated by 


wg! — g = dn! + nð, 
where y’ is a chain deformation aperatat associated with f/. Then 
Dwg” — g = a(n + wn’) + ln + wn). 
Moreover 
(a + Da = (hen + wH a 
= (fı) (n + Wr). 


Therefore n+ w'n’ is a chain deformation operator associated with fı. 
Therefore g-~g’ and g'œg” together imply g-vg’’. Therefore œ is an 
equivalence relation: 

The relation = is obviously reflexive and symmetric. Let C, C’, C” 
be chain groups associated with homotopy systems p, p’, p’’. Let 
fœg: CC’,” f'œg':C'—C”. Then it is easily verified that 


(11.1) fox fig eg. 


It follows from this, as in the ordinary theory of homotopy or chain 
homotopy, that = is transitive. This completes the proof. 

Let p, p’ be given homotopy systems and C, C’ associated systems 
of chain groups. 


THEOREM 12, p=p’ if, and only if, C=C’. More precisely, a homo- 
morphism, f:p—p’, ts an equivalence if, and only if, the induced chain 
mapping, g: C—C", ts a chain equivalence. 


Let f:p—p’ and f’:p’—p be homomorphisms and let g: C>C’ and 
g’:C’—C be the induced chain mappings. Then g'g, gg’ are induced 
by f’f, ff’. Also the identical chain mappings, 1:C, C’-+C, C’ are ob- 
viously induced by 1:p, p'—p, p’. Therefore it follows from Theorem 
10 that f’fov1, ff'œ1 if, and only if, g’g-~1, gg’~1. This proves the 
theorem. 

As an obvious corollary of Theorems 11 and 12 we have one half 
of Theorem 1, namely that = is an equivalence relation between 
homotopy systems. To prove the other half let f>f’:p—p’ and let 
g, g':C—>C’ be the induced chain mappings. Then it follows from 
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Theorems 10 and 11 that gg’, g'œg, f/f. Therefore the relation ~ 
is symmetric. Similarly it is transitive and it is obviously reflexive. 
Therefore it is an equivalence relation. This proves Theorem 1. 

It follows from (10.3), and an argument similar to the one at the 
end of $4, that the homomorphism, f,:7:—/ , which is associated with 
a chain equivalence, is necessarily an isomorphism. 


12. Covering complexes. Let K be a universal covering complex 
of a given complex, K, with base point e°CK®. Let p: >K be the 
covering map and let a 0-cell Ce be taken as base point in £. 
We shall show how a system of chain groups {C,}, associated with 
p(K), may be “realized” as a system of chain groups in K. 

Our conventions concerning homology are as follows. Let X and 
XCX be given spaces. Then H,(X, Xo) will denote the nth relative 
homology group, with integral coefficients, which is defined in terms 
of (finite) singular chains. By an oriented n-element, E*, we shall 
mean an n-element, E*, associated with a generator, c, of H„(E*, 0E”). 
Let E” be thus oriented. Then a map 


0: (E*, 3E”) > (X, Xo) 
induces a homomorphism 
6,:H,(E*, 3E”) > H,(X, Xo) 


and we shall described @«c as the element represented by 6. Similar 
observations apply to ðE” and maps 0E"—> Xo. 

We orient I so that 0 is its first and 1 is its last point. We orient 
i*=IXI*~-! (n21) and its faces by induction on » and the standard 
rule for orienting topological products. This gives 


(12.1) ðI" = 1 XI” — 0X I" -— IX al. 
Following S. Eilenberg and N. E. Steenrod we take 
C, = C,(K) = Ha R”, Ke) (n 2 0) 
as the group of #-chains®* in K, with C)(K)=H)(K°). We shall use 
(24): > 


to denote the covering transformation (Deckbewegung), which is 
determined by £€f,=71(K). We shall also use # to denote the auto- 
morphism 


2 See [11] and also [13, §17]. All our chains are finite because of (D) and (N) in 
in §5 of (I), from which it follows that any compact sub-set is contained in a finite 
sub-complex of K. 
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which is induced by r(£). It satisfies the condition ðZ = #8. The group 
C,, with 2£:C,—C, thus defined, is a free Jı-module. 

Let {et} be the cells in K and let &f € Ë be a cell which covers e”. 
The cell & may be any one of those which cover ef unless n =0 and 
ej is the base point ER", In this case 2? shall be the base point 
CK. Let c?CC, be an elementary n-chain associated with 2, mean- 
ing the element represented by a characteristic map for &. Then 
{cf} is a basis, which we call a natural basis, for Cp. 

We proceed to show that the groups Ca (#>1) are related to the 
groups p,=p,(K) in the way described in §8. If K’ consists of a single 
0-cell the same is true of Co, Cy. In general we shall define sub-groups 
of Co, Ci which are thus related to po, pi. We begin with some pre- 
liminary observations on lifted maps and homotopies. 

Let @: (K, e®)—(L, e’®) be a map into a complex, L, with base point 
e’°, Then there is a unique “lifted” map, 


(12.2) . RM) (Le), 


such that d$p=pd, where Ž is a universal covering complex of L and 
ZOE is the base point in Z. Similarly a homotopy 6:: XL, such 
that pæ? =e”, can be lifted into a unique homotopy, $.: RL, such 
that pip =p, $02°=8’%. When we refer to a lifted map, ¢ or homo- 
topy, a it is always to be understood that ¢2°=8’° or doe =2"°. Let 
&: be lifted into &., and let ¢die°=e”, in addition to &oe?=e’?. Let 
wem(L’) be the element represented by 0:I—L, where 6(t) =d.e®. 
Then 8,2°=r(%)2’°, whence 


(12.3) Ji = (DA, 


where ¢/ is the map defined by lifting &ı. It is inherent in the lifting 
process® that 


(12.4) $ir(#) = r(fik)obs 


where z&3ı and fi:71(K)—7(L) is the homomorphism induced by ġo. 

Let X: (Ir, I)—(Kr, e°) (n 21) be a map which represerits a given 
element a€p,. We define h,a€C, as the element represented by the 
lifted map X: I>K&Kr. If n>1, then hy!p,—>Cr is the resultant of the 
“lifting” isomorphism, ppn =pa( E), followed by the homomor- 
phism %,:%,—C,, in which corresponding elements are represented by 
the same map. The latter is onto and its kernel is the commutator sub- 


*% This is obvious if the lifting is defined in terms of paths joining e° to arbitrary 
points in K. 
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group of fx, which is zero if n >2. Therefore k, is onto and its kernel 
is the commutator sub-group of p,. As in $8 above it follows that 
ħı:pı—C is a crossed homomorphism and that 


(12.5) Oihie = (4 — 1c, 
where c°€ Cy is the elementary 0-chain associated with @. 
We prove that A, (122) is an operator homomorphism. Let 
6:(7, 0, 1) (K!, e, e?) 
be a map, which represents a given element «Cp, and let 6 be the 
lifted map. Then 6(1)=r(#)é@. If a€p, is represented by a map, 
Ar: IK”, then xa is represented by a map, Ao: I”—K”, which is 
related to Aı by a homotopy, 
Aur (Z*, 97%) > (Kn, Kt), 
such that A,J°=@(#). Let X, be the lifted homotopy (Äo/°= 8°) and let 
A’ be the map defined by lifting ^. Then Ä’ represents kna and, as in 
(12.3), Äı=r(£)A’. Therefore 4; represents #4,0. But ha(xa) is repre- 


sented by Av and hence also by hi, since an element of C, is defined 
without reference to base points. Therefore 


(12.6) h,(xa) = haa (n = 2). 
We now prove that 0h=hAd. Let 
A: (I", ðI", EN) (Kr, Kl, e”) 
be a map which defines a€p,, where 


a n—1 


Pisten ea) (AH =1x7"), 
Then §,@ and dna are represented by 
phil) — Kr, 


where p=A] I? and kp=(1, p), as in §5. Let À be the map defined 
by lifting A. Since Er"! is connected it follows that }\E*-!=@, whence 
a ')=2". Therefore p lifts into 7#=h| Jt! and yk lifts into fk. 
Therefore ñk represents hrda. The element ðnhna is represented by 
i| ðI” or, since AZ*-!=@ and n—1>0, by Kor by ük. Therefore 


(12.7) Only = haida (n = 2). 


“Let TCK! be a tree, which is a sub-complex containing K’, and 
let TCK! be the component of p~!T which contains the base point 
&°. Let C.(T) CC, (r=0, 1) be the group of r-chains carried by 7. 
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Since rı(T)=1 it follows that p| T is a homeomorphism onto T. 
Therefore C,(T) is an ordinary free Abelian group. Since K°CT, a 
basis for Co( Ï) is a basis for Co. Let C? CC; be the (free) p-module, 
which is generated™ by a basis for Ci( T). If K'T let {ef} be the 1- 
cells in K!—T and let g::I—2 be a characteristic map for &. Let 
0,:I>K! be the map which consists of a path in T, leading from e’ to 
g.(0), followed by g;, followed by a path in T, which leads from g,(1) 
back to e°. Let x;Epı be the element defined by 6;. Then {x,} is a 
basis for pı. Since Aix;GC; is represented by the lifted map, 4;, it 
follows that 


Aix; = 6, + cf 


where c: is defined by the map &:I—£', such that g.=p2,, 2,(0) ET, 
and c/.€Ci The set {c,}, together with a natural basis, {cy }, for C? 
constitutes a natural basis, {c,, cX }, for Cı. Therefore {mx cf } isa 
basis for Cy. Hence C; is the direct sum : 


(12.8) C=C] +C, 


where C+ is the (free) ı-module generated by {hx:}. Let CCCo be 
the ji-module generated by the elementary 0-chain, c°, associated with 
2. Let C*=C, if n>1. Then hapa Cr and we interpret 4, as a map 
An:pn—>CH (n21). It follows from (12.5), (12.6) and (12.7) that p(K) 
is related by ha to the system C*¥ = [c#} in the way described in $8. 
We shall describe C as the complete system and C* as a normalized 
system of chain groups determined by K. In general C* depends on 
the choice of T. If K’=T=e! then C*=C. 


Lemma 6. C#=d-1CH. 
It follows from (12.5) that dıC* CC. We have to prove that, if 
IcECH (cEC;) then cEC#. Let {cf} be the set of elementary 


0-chains associated with the 0-cells in T—2°. Let n=d-c°. Then 
{c°, n} is a basis for Co. Therefore Co is the direct sum 


(12.9) G=CG+C), 


where Cd has {wm} for a basis. Since T is a tree there is a basis, 
for }, for Cı(T) such that ði =n. Then {cy } is a basis for the sum- 
mand C7 in (12.8) and ð] C? is an isomorphism onto Cos Let c=c* 
+c’, where c*EC*, c’EC/, and let dicE@lk. Since AiCFCCHK, 
ðC? CCE it follows that 0,c’=0. Therefore c’=0 and cE CF. 


™ I.e. generated by fi, operating on the basis elements in an. 
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13. Chain mappings: Proof of Theorems 5 and 6. Let ¢: (K, e’) 
—(L, e’®) be a given map of K in a complex L, with base point e”. 
Let 


£n:C(K) > C(L) (n =0,1,---) 


be the homomorphism induced by the lifted map, $: KL. It follows 
from (12.4), with ¢,=@ that each g, is an operator homomorphism 
associated with the homomorphism, fi!m(K)—r(L), which is in- 
duced by ¢. Also gd=dg and we shall describe 


g = {en}:C(K) > C(L) 


as the chain mapping induced by ¢. We shall also describe it as in- 
duced, or realized geometrically by ¢. A chain mapping, g: C(K)—>C(L), 
which need not have a geometrical realization, shall be defined as in 
$9, with modified restrictions on go. We required go to map each ele- 
mentary O-chain on an elementary 0-chain and, except when the 
contrary is stated, c° on c’®, where c°, c" are the elementary 0-chains 
associated with the base points. Chain mappings C(K)—C*(L), 
C*(K)>C(L), etc., shall satisfy the similar condition, where C*(K), 
C*(L) are normalized systems determined by K, L. Chain homotopy 
and chain equivalence shall be defined as in §§10, 11. We still have 
(10.2) and (10.3), with these modified definitions. It follows from 
(10.3) that the homomorphism, 7:(K)—71(L), associated with a chain 
equivalence, C(K)—C(Z), is necessarily an isomorphism. 

We now prove a very well known theorem, adapted to our set of 
definitions. Let 


8 &:C(K) > C(L) 
be the chain mappings induced by maps 
Q, $: (K, e) — (Le. 
THEOREM 13. If d=’ then gœp'. 


Let ¢::K—L be a homotopy of po=¢ into d:=¢’. Let Ä: "RK" be 

a map which represents a given element cE C,(K) (n20) and let 

Nn+6ECarı(L) be the element represented by fi: Irt [rt!, where% 
a(t, li, A tn) = sälh, en tn). 


As in the classical theory of chain homotopy it follows that the map 
nn+1: Cn(K)—Cy41(L), which is thus defined, is a homomorphism. It 
follows from (12.4) that it is an operator homomorphism associated 


z Halt In since dy, and hence Ja is cellular. 
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with the homomorphism f,:71(K)—m(L), which is induced by ġo. It 
follows from (12.1), carried into Z by the map ji, and from (12.3) 


-that 


OnHiNa+16 = (wen ~ 8s — Nnn) C, 


or that wg’ —g=ðq+nð, where # means the same as in (12.3). This 
proves Theorem 13. 


THEOREM 14. A map ¢:K-—-L is a homotopy equivalence if, and only 
if, the induced chain mapping, g: C(K)—>C(L), ts a chain equivalence. 


Let ¢ be a homotopy equivalence. Then it follows from Theorem 12, 
by a familiar argument, that g is a chain equivalence. 

Conversely, let g be a chain equivalence. Then the associated homo- 
morphism, fi!ai(K)—m(L), which is the one induced by &, is an 
isomorphism. Also the induced homomorphism,” H,,(K)—H,(Z), is 
an isomorphism, for each 220. Therefore Theorem 14 follows from, 
Theorem 3 in (I). 

Let K'=e?, L°=e’, so that C(K) =C*(K), C(L) =C*(L), and let 
f:p(K)—p(L) be the homomorphism induced by ¢:K—L. Then it is 
to be expected, and is in fact proved in Lemma 9 below, that the 
chain mapping, g:C(K)—C(L), which is induced by 4, is the one in- 
duced by f. Therefore Theorems 5, 6 follow at once from Theorems 
13, 14 and Theorems 10, 12. In general there is a gap between The- 
orems 13, 14 and Theorems 10, 12, which we bridge by means of 
three lemmas concerning C*(K) and C*(L). 

The identical map 4: C*(K)—C(K) is obviously a chain mapping. 

Lema 7. 4:C*(K)—C(K) ts a chain equivalence. 

Using the same notation as in the proof of Lemma 6, let k: C(K) 
—C*(K) be the chain mapping which is given by k| C*(K) =1, 
key =0, kn=0. Then ki=1 and ik—1=9n-+nd, where 7 is given by 
m0, = — cx , nc°=0, nC,(K) =0 if n>0. This proves the lemma. 

Let 4, k mean the same as before, both in K and L. Let g, g’: C(K) 
—C(L) be any chain mappings and let 


(13.1) gt = kgi:C*(K) > C*(L), g* = kgi. 
Lemma 8. g*g’* if, and only if, gœg'. . 
It follows from (13.1) that g*2g’* if gg’. Let g*>g'*. Then 
g œ ikgik = ik ig*k œg, 


= There is an isomorphism, H,(K)=3,(0) In; Carı(K), which is natural, as the 
term is used in $38 (p. 815) of [9]. 
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which proves the lemma. 

Let f:p(K)—p(L) be the homomorphism and g:C(K)—C(L) the 
chain mapping induced by a map $: KL. We shall also describe g*, 
given by (13.1), as induced by ¢. 


Lemma 9. g*:C*(K)—>C*L) is the chain mapping induced by 
f:p(K)—p(Z). 


Since gc°=c’° it follows that goC#(K) CC#(L). Also d1c* E CF(K) 
if c¥C C¥(K). Therefore 


digic” = godıc E Ca(L) 
and it follows from Lemma 6 that gıC* ve) CCH(L). Since ¢ is the 
identity and k| C*(L)=1 it follows that g*, in (13.1), is given by 
g*c* = guc* if CHE CHH(K). Therefore gahna =gh a for each a Ep, (K) 
and #21. 

Let A: IK" be a map representing a€p,(K). Then f,a is repre- 
sented by ġà =», say, and kafaa by the lifted map Ñ. Obviously 7#=4i, 
where ¢, X are defined by lifting ¢, X. But $À represents the element ` 
Enħna =g hna. Therefore hf =g*h and the lemma is proved. 

Proor oF THEOREM 5. Let aM notation be the same as before and 
let $>8': KL. Then it follows from Theorem 13 and Lemma 8 that 

g*œg'* and from Lemma 9 and Theorem 10 that fof’. This proves 
Theorem 5. 

PROOF OF THEOREM 6. Since $, k are chain equivalences it follows 
that g*, given by (13.1), is a chain equivalence if, and only if, g is a 
chain equivalence. Therefore Theorem 6 follows from Theorem 14, 
Lemma 9 and Theorem 12. 

As an analogue to the corollary to Theorem 6 we have: 


THEOREM 15. If dim KSm-+1 and tf Lisa Ju-complex, then K=L 
if, and only tf, C(K)=C(L). More precisely, any chain equivalence, 
C(K)-C(L), can be realized by a homotopy equivalence, K>L, and 
conversely. 


Since k:C(K)—C*(K) and f:C*(L)—C(L) are chain equivalences 
this follows from the corollary to Theorem 6, from Lemma 9 and 
from Theorem 12. 

We conclude the section with a theorem on the realizability of chain 
mappings, which is analogous to Theorem 4. Let g:C(K)>C(L) bea 
chain mapping associated with a homomorphism f:7:(K)—m(L). Let 
KCK be a connected sub-complex, which contains e°. Let 


t:m1(Ko) > 71(K), g:C( Ko) > C(K) 
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be the homomorphism and the chain mapping, associated with 4, 
which are induced by the identical map Ko—K. We describe a map, 
fo: Ko>L, as a partial realization of g if, and only if, it induces the 
chain mapping 


gj:C(Ko) > C(L). 


The chain mapping gj is associated with f° =}: #ı(Ko)—m(L). There- 
fore, if ġo induces gj, the homomorphism f° is the one induced?” by 
$o. 

Let do: Ko—L be a partial realization of g. Let Ko, with a base point 
covering e°, be a universal covering space of Ko. Then gj is the chain 
mapping induced by the lifted map do: Ko —L. Let Ku CK be the com- 
ponent of p~\K which contains 2%. Then Ky is a covering complex of 
Ko, associated with the sub-group #1(1) C,(Ko), and Kois a universal 
covering complex of Ko, with a covering map p: Ryko. Since 
fe-1(1) =fe-1(1) =1 the map ġo can be lifted” into a map $0: >L, 
and ĝo is the map obtained by lifting $o into X. Therefore 


$o = dup: Ko OL 


and we may regard gj as the chain mapping which is induced by ġo. 
We state this, in a slightly different form, as: 


Lemma 10. If cOC,(K) has a representative map, \:1*—>R%, then 
bac is represented by the map doh: PL". 


THEOREM 16. If KAJK™! =K and if Lisa In-complex, then any 
partial realization, po: Ko—L, of a given chain mapping, g:C(K)—C(L), 
can be extended to a full realization, 6: KL. 


First assume that K'CKo. Then Kj=K', Ki=R! and® p,(Ko) 
=pi(K). Let f°: p(Ko)—p(L) be the homomorphism induced by ġo and 
let g*: C*(K)—>C*(L) mean the same as in (13.1). Let 


`: (I, 0, 1) 3 (K}, e, e?) 


be a map representing a given element x€p,(K) and let X: IF! = K} 
be the lifted map. Then it follows from Lemma 10 that g*hix = gıhıx 
is represented by the map g@oA, which also represents Inf ix. 
Therefore hf? = gfh, Hence it follows from the addendum to Theorem 
9 that there is a realization, f:p(K)—p(L), of g*, such that f,=/®. 

I say that ġo is a partial realization of f, or that f? =fi, where t:p(Ko) 
—p(K) is the injection homomorphism. For, by Lemma 9, ¢ is a real- 


Cf. a remark following (2.2). 2l 
3 In general Ci(Xo) »#Ci(K) since Ci(Ko) refers to Ko. 
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ization of the chain mapping, j7*:C*(Ko)—C*(K), which is induced 
by the identical map Ko—>K. Therefore fi is a realization of g*j* 
Since g* is also given by g*c*¥=gc* (c*CC*(K)) it follows that 
g*j* =(g7)*. But (gj)* is induced by ġo and therefore by f°, according 
to Lemma 9. Therefore both fi and f? are realizations of (gj)*. Since 
t:=1 we have (ft):\=f:=f;. Therefore fP=fi, by the addendum to 
Theorem 9. Hence it follows from Theorem 4 that ġo can be extended 
to a map, #:K—L, which realizes f and hence g*. Let ¢ be the lifted 
map. Then $l = 3a, since e| Ko=d.. Since K} = K! it follows from 
Lemma 10 that & induces the homomorphisms go, gı. Therefore & in- 
duces g. Thus the theorem is proved on the assumption that K!1C Ko. 

In general let Kı = KUK! The theorem will follow from what we 
have already proved when we have extended ġo to a partial realiza- 
tion, ġı:Kı—>L, of g. We first extend de: Ko>L to a map pip Ky >} 
by writing 


vr()p = r(f2)dop ($ € Šo), 
for every £C71(K). We then extend Y to a map 
yY: (p E) = E>], 


which induces go. This is possible since gọ maps elementary 0-chains 
into elementary 0-chains. Moreover 


v'r(x) U r(fay’, 


since got = (f2) go. 

Let e! be any 1-cell in K!~ Ko. Let 21€ R! be a 1-cell which covers 
e! and let c!EC,(K) be an elementary 1-chain associated with 21. 
Then dc!=»—u, where u, vC C)(K) are the elementary 0-chains asso- 
ciated with the end points, t, qC K®, of 2. Also 


Ogic! = godic! = gov — gow 


and gow, gov are the elementary 0-chains associated with Y’p, W’g. 
Therefore it follows from an argument similar to the proof of Theorem 
8(c) that gic! is represented by a map 


a:(T, 0, 1) => (ZA, Wh, wa). 
If b =q then Y’p=y’g, and it follows that the map 
Oai uT: Bi fi 


is single-valued and continuous, where ALT —@! is a characteristic 
map for &'. Therefore y’ may be extended to a map, @:ip Ki, by . 
writing 
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HD = rn, 
‘for every 1-cell e!EK!-K, and every <Ermı(K). Then dı induces go 
and gı. Clearly ¢ir(#) =7(f2)¢: and the required map, ¢1:K—L, is 
defined by ¢1p = ph. This completes the proof. 

14. Proof of Theorem 7. Let P=KXI. Then P=KXTJ is a wni- 
versal covering complex of P and we take (e°, 0) and (@, 0) as base 
points in P and ŽP. The n-cellsin P are the cells & X0, @x1,2”"1x.(0, 
1) forall n-cells and (n—1)-cells in K. Let 6,: KP be the homotopy, 
which is given by 5,9 =(@, 4) (EK). Leta’, a!: ney be the 
chain mappings?’ induced by ĝo, 6, and let 


Y:Cn(R) > Cryf P) 
be the chain deformation operator which is defined as in Theorem 13, 
with L= P, $,=6,. Then (ağ, atc, y!) is obviously a basis for 
C,(P), where {A}, {ant} are bases for C,(K), Ca-ı(K). The oper- 
ator 0:C,(P)—-C,1(P) is defined by 


da ch = a dG (» = 0, 1), 
n-1 1 0 n—1 
dy, =(a -a - Ya , 
which are the same as dar = ad, a!—a°=dy+-79. 
Let g: C(K)—>C(L) (p=0, 1) be chain mappings, which are related 
by 
(14.2) wg! — go = dn + nð, 
where n: C(K)—>C(L) is a chain deformation operator and #€7(L). 
Then it follows from (14.1) and (14.2) that g:C(P)—>C(L) is a chain 
mapping, where g is defined by 
(14.3) gal = g, gal = wg', ey =n. 


Conversely (14.2) follows from (14.1), (14.3) and gd =dg. 
Now let g’ have a geometrical realization, œ”: KL, let g°, g! be 
related by (14.2) and let 


W(EXDUCEXDU(KXI OL 


be given by W(q, v) =¢’¢ (¢qEK), Y (e?, t) =A(t), where A: J->L! repre- 
sents ®. Then it is easily verified that w is a partial realization of 
g:C(P)>C(L). If dim KSm, whence dim PSm-+1, and if Lisa 


(14.1) 


29 N.B. ad xc", where c, c are the elementary 0-chains associated with the base 
points CK and (2°, 0). 
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Ja-complex it follows from Theorem 16 that Ų can be extended _ 
throughout P, whence ¢°œ¢!. Thus Id! if g°~g!. 
Theorem 7 now follows from Lemmas 8, 9 and Theorem 10. 


15. Examples. Let P and Q be 3-dimensional lens spaces (see 
[14, pp. 210, 279]) of types (m, p) and (m, q) where m is the order of 
mı(P) and mı(0). It was proved (see also [15]) in [3] that, if there is 
an integer, k, such that g= +k) (m), then P=0. We give an alterna- 
tive proof of this by exhibiting a chain equivalence u:C(P)—>C(Q). 

As usual we suppose that P, Q are complexes such that C,(P), 
Cr (Q) h have bases consisting of single elementary n- -chains,* an, On 
(n=0, , 3), and that 


da; = (E — 1)ao, 90: = om(£)a1, das = (£? — 1)as 

ðbı = (n — 1)bo,  ðbs omlm)b, Abs = (mt — 1)ds, 

. where & 7 generate mı(P), 7:(Q) and 

o(t)= 1+ eepe-.. + glede (¢ = Eorn). 


Let q= — k?p (m). Then we replace bs by —bs and b: by n%bs. Since 
1°Om() =Om(7) we have 


9-53) = (° — ab, (972) = om(n) di. : 
Therefore this has the effect of replacing g by —g and we assume that 
g=k!p. Since (p, m) =(q, m)=1 we have (k, m)=1 and there are 


integers, k, 1, such that k}=1-++hm. Then p=/%q (m). 
Let 


(15.1) 


uiC(P) — CQ), 2:C(0) > C(P) 


be the chain mappings, which are associated with the mutually in- `’ 


verse isomorphisms En, n—£!, and are given by Ua, =bn, 0b, = an 
if n=0 or 3 and 

0, = an(n)b1, Was = 27?) a, 

vb, = (EG vbs = ot) aa. 


It is easily verified that du=ud, ðv =vð. 
I say that, if s, ¢ are integers such that li=s (m), then 


(15.3) arl Jot) = 1+ hom(€). 


For let wo=1, wi, + + +, Wm be the mth roots of unity and let x, be 
the character of 71(P), which is given by x,(£) =w,. It follows from the 


(15.2) 


æ In these examples the dimensionality of a chain is indicated by a subscript. 
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( 


orthogonality relations, 


m—1 
D tlel) = md (ij =0,+-+,m— 1), 
ral 

that A=0 if x) =0 for every r=0, ---, m—1, where ` is in the 


group ring of mı(P). But 
xolos} = KI = 1+ bm = Xo{1 + honl}. 
Also ks =klisst (m) and Xr{om(E) }=0 if r0, whence 
i ı 


ke t 
wo — 1 o — 1 


=1 








xrl olto} = oksi gta] 


=%{1+ honl) h, 


which proves (15.3). 
It follows from (15.2) and (15.3), first with s=}, #=1 and secondly 
with s =klp =p, t=lq, that 
vua, = vorlm)bı = os(EYoı(d)aı 
= {1+ honl) } a1, 
oua, = van?) bs = lE) Na 
= {1+ honl) } as. 
Therefore o4—1=05-+60, where ôao=0, Sa,:=has, ĉas=0, whence 
vu. Similarly uv~1 and it follows from Theorem 15 that # can 
be realized by a homotopy equivalence PQ. 

Our next example is of a 5-dimensional homotopy system, p= {on} 
which has no geometrical realization. It is defined as follows. 

(a) pı has a single basis element x, 

(b) ps has two basis elements, a2, ba and da;=x?, dby=1, 

(c) pr (n=3, 4, 5) has a single basis element, Gn, 

(d) dag=(E—1)bs, das= (E+1)as, das= (E—1)a4, where [= &. 

Then dd=0 since &=1. We shall prove that p has no geometrical 
realization. 

We can realize the system (p1, © ++, Pa 0, © + > ) bythe topological 
product Qt=P?XS?, where P’=e0e eg and S*= Ve} are com- 
plexes covering a real projective plane and a 2-sphere respectively. As- 
sume that p has a realization Ko. Then @ and Ko are two realizations 
of the system p?’ = (pi, Pa, ps, 0, * ++). By Theorem 4 there is a map 
¢:K3—@, which realizes the resultant, p(K3)—p(Q), of given iso- 
_ morphisms p(K’)—p* and p?—p(@). Let K be the complex formed 

by identifying each point p EK$ with ¢pCQ*. Then K*=Q and the 
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map Y: Kıo>K, which is given by y| K3=¢, Y| Ko—K3=1, obviously 
induces an isomorphism p(Ko)—p(K). Therefore K is another realiza- 
tion of p. Let us take p=p(K). It is easily verified that any basis for 
pn (n=4, 5) must consist of a single element, which is of the form 
+£a, (r=0 or 1). Therefore K has but a single n-cell, e”. Let a, be 
represented by a characteristic map for e*. We assume, as we obvi- 
ously may, that as, bs, ag are represented by characteristic maps for 
cells in Q*. Since (£-1)a4=das=jßas, where j, 8 mean the same as in 
§5, and since Bj =0 we have 


(15.4) (€ — DB = BEE — 1)u = 0. 


It follows from the condition (b) that dy*(1), in ps, is a free Abelian 
group, which is freely generated by (E—1)as, bs, Eba. Moreover j:72(Q*) 
—2 is an isomorphism onto dł (1) and we identify each a€7:(Q?*) 
with ja@p:. Let P? be a universal covering complex of P?. Then 
O+= P?xS%, with a base point, 2°= (2, ef) covering (e$, ef), is a uni- 
versal covering complex of 0%. We have 


O = S3 X S1 X (HS, 


where r(£) means the same as in $12 and Sj= P? X 2f, S?=# XS? and 
S? and r(£)S? are attached to Sj at the points 2° and r(£&)2°. The ele- 
ments (—1)as, bs, £b: are represented by homomorphisms 


aS, A >S, (ANAI > HS, 


projected into Q? by the covering map p: (44. Let y be a generator 

of 73(0J*) and, if aEr:(X), where X is any space, let a-yGma(X) be 

the element respresented by the resultant of a map O/*—0/°, repre- 

senting y, followed by a map 0/*—X, representing a. Then it follows 

from an easy extension of Theorem 2 in [2], applied to 0? and trans- 
. ferred to Q? by means of p:Ö*—0%, that 73(Q?) is a free Abelian group, 

which is freely generated by 

u = (fas — a)y, v= day, (bb) 
together with 


E — Dan, bel, [ÜE- Dan Ebel, [de Ede], 


where [a, b] means the same as a:b in [2]. Obviously &(a-y) = (£e) y. 
Also?! (—a@) y=@ y if ä@mı(S9). Therefore 


fu = (as — Eu) = (ka — Ga) Y = 4. 


3 See Theorem IIb’ on p. 639 of [16]. - 
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Let + denote both injection homomorphisms f:1,(OY)—r,(0') 
(n=2, 3). Since ja=1 we have 


Bas = das = (£ — 1). 
Therefore t£by=4b,, ttv = (i&b.) y =4v and 
ila, tb2] = [ia, ifb.] = [ia, iba] = ila, ba], 

for any a€7:(Q?). Also a calculation of the Hopf invariant shows that 
[ds, b2]= +2v. Therefore #73(Q*) is generated by #, 3, ©, where 
i a= m =i, wWw=iw, we [(E— 1)m, dal. 
Notice that u = itu = ü, &i=7D. 

Let b4€pi(Q*) be the element which is represented by a character- 


istic map for eX ef, in the sense class which makes db, = da= (+ 1)as. 
~ Let e’?= P2—@. Then 


Stave, g'=s"x5 

= o , = 
are complexes of which P*, Öt are sub-divisions. Let af, bf Cpe(Q’?) 
bi Ep.(Q") be the elements represented by characteristic maps for 
e’? Xel, Xe and e’? Xe?. Then it follows from the definition of [a, b] 
that bi = + [ad, bf ]. Also the homomorphism p(Q”)—(@4), which 
is induced by the identical map 06%, followed by p:Ọt—Q', car- 
ries af, bi, bi into +(€—1)ae, tb: +L(£-1)b1. Therefore B(E—1)y 
=+%. 

I say that w is not of finite order. For 


7.0) = (S°) + mS, 


whence 74(@*) is of order 4. Since pı(O*) is a free Abelian group it fol- 
lows that jx.(Q*) =0. Therefore it follows from the exactness of the 
sequence é 


mlO) > (0) > ra) 
that 8 is an isomorphism into #3(0°). Since (£—1)b; is not of finite 
order neither is ı. 
We now contradict (15.4). Since j(Ba,.—Bb,) =da,—dby=0 it fol- 
lows that Ba,—Bb,Ci3(Q?). Therefore 
Bay = By + lad + md + nb 
= ph, + 1a + mi + nB(E — 1) 
= {1 + nl — 1)}6h + la + mi, 


where }, m, n are integers. Since £?=1 we have (E—1)?=2(€—1) and 
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(E= 1){1 Ene- 1} = (1 t 2n)(E- 1). 
Also ((—1)4#=(£—1)5=0. Therefore 
(E — 1)Ba = (1 + 2n)(E — 1)8ba = (1 + 2n)w = 0. 


Therefore it is absurd to suppose that p has a geometrical realization. 
The above argument serves as an example of the use of the groups 
wx(K*) and j-'(0) =¢x,(K*—), which is discussed in $17 below. 


16. Note on p,(K). Let p=p(K), where K is a given complex. 
According to (D) in §5 of (I) any compact sub-set of K is contained 


in a finite sub-complex of K. Therefore the fact that pa is a free j- . 


module if n>2 follows from arguments on p. 417 of [2], restated in 
terms of relative homotopy groups. Alternatively one may prove the 
result for H,(K*, K*-), using the Eilenberg-Steenrod “excision” 
Theorem, where & is a universal covering complex of K. 

We now show how the arguments on pp. 422-425 of [2] can be 
used to prove that p:is a free crossed (1, d:)-module. More generally 
let 


X= XU {a} 


where the cells {e3} are attached to X, as in [2]. We allow this set of 
cells to be infinite provided X is a Hausdorff space such that 

(a) Xo is an arcwise connected, closed sub-set of X, and 

(b) YCX is closed if YX» and all the sets YAZ are closed. 

Let this be so. Then it follows from the proof of (D) in §5 of (I) 
that any compact sub-set of X lies in the union of X, and a finite sub- 
set of the cells {ef}. 

Let a=mı(X, Xo), p1=71(Xo), with a common base point mE Xo, 
and let d:p:—p; be the boundary homomorphism. Let a¥ Ep, be the 
element which is defined by a characteristic map*? for e?, joined to xo 
by a path in Xo. We define a free crossed (pı, ¢)-module A, (=hy, in 
[2]), with a basis, {a}, and with da=day. It follows from Lemma 
2, in $2 above, that the correspondence a,— a). determines an 
operator homomorphism, 0:hr—ps, such that ¢=d0. Obviously @ is 
` onto pz and we shall prove that it is an isomorphism. 

Let oXCet be a 2-simplex. Then we may absorb the closure of 
¢} —o} into Xo, for each A. In order to simplify the notation we start 
again with et=o}—do3 and ofCe®, where e”? is a 2-cell, which is an 
open sub-set of X. Let > be a vertex of o}. Any element of ps may be 


= Le. a map, y: (P, IYAKXUA, Xo), such that y| DP —aðP is a homeomorphism 
onto &. 
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represented by a map, 
f: (P, ðI’, I°) > (X, Xo, Xo), 


which is normal in the following sense. The closure of fte? is a (finite) 
set of rectilinear simplexes, oh, Ga CI —ôðI, such that each 
f | of on isa barycentric map on g}. Let fsa} be a set of polygonal seg- 
ments in J*, which join I° to the vertices Da= =f Pos and do not 
meet each other or the simplexes of, except in the end points I’, ` 
pw. For reasons given on p. 422 of [2], a normal map, f, foxethet 
with such a set {sa }, determines a unique element, ¥fCh,, such that 
Ovf Eps is represented by f. Moreover, given ¢ Ehr, there is a normal 
map, fa: [?—>X, such that a =Yf.. 

Let a€6-1(0) and let fa: 7X be a normal map such that a=Yf.. 
Let A!=p*I? be the join of J? with a new point p* and let E?=p*9I? 
CdA*, Since fa represents 6a =0 it may be extended to a map 


fi(A’, E) > (X, Xo). 


We assume that fc}, for each A, is a simplicial complex, which is 
mapped by f simplicially on of. Then 


L=f{q} 


is a polygonal linkage, where q Ge. We assume that the vertices of 
L are in general position, relative to the projection of L from p* on 
I*, Finally we assume that the segment p*I? is mapped by f on xo. 
All these assumptions can be justified by geometrical arguments of 
standard type. 

Let G=m(4°-L) with p* as base point. Then we define the 
homomorphism F:G—h, as on pp. 423, 424 of [2]. Let gEG be the 
element which-is represented by 92, joined to p* by the segment p*I°. 
Assume that a= Fg. Since 0J?=0E* and E*CA*—L it follows that 
g=1, whence a=0. Therefore 0 is an isomorphism. The proof that 
Fg=Ņfa=a is the final stage in the proof of Theorem 4 in [2]. 


17. The groups w„( K"). The methods and results in this paper can 
be carried further, in certain special cases at least, by introducing 
the system of groups, on(K) =7,(K*), associated with a given com- 
_Plex K. We then have the combined system (p, œ) = { Dns an}, where 
` pn=Pn(K), On =An(K) (p1= a1), with the homomorphisms 


8 7 
Pati —> An? Pn. 


We define a homomorphism, (f, g): (p, «)—>(p’, œ’), into another such 
system, as a family of operator homomorphisms, fniPn—Dn , Eni On 
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—a,, associated with fi, such that jngn=fain Enbar = Barıfar- 
We define two such homomorphisms, (f, g) and (f*, g*), as equivalent, 
and write (f, )>(f*, g*), if, and only if, there is a deformation oper- 
ator, £!p—p’, associated with fı, and an element w’Ca/, such that 


(a) wfr a= In = dayin + Enda, 
(17.1) 


(b) wlan — an = Bariearı in 


It is easily verified that a (cellular) map, K>K’ in a complex L, 
induces a homomorphism (p, @&)—(p’, a’), where p'=p(K'),a’=a{K’). ° 
Let &,:K>L be a (cellular) homotopy, such that poe? =¢ġ1e" =e", 
where e°CK®, eCK” are the base points. Let w’Caj be the ele-' 
ment which is represented by the map 0:I—K", where 0(t) =¢,¢°. 
Let £:p—p’ be the deformation operator, which is determined by ¢.. 
That is to say, if aGp, is represented by ~ 


(17.2) ALI", aI", IÀ > (K*, Ke, e°), 
then £a Ep}... is represented by „u: I*}!>K’, where 
(17.3) u(t, fy, Er ta) = pàli, er | In). 


Let (f, g) and (f*, g*) in (17.1) be the homomorphisms induced by 
ġo dr. Then (16.1a) may be verified directly, or deduced from the 
proof of Theorem 13 in §13, and the concluding remarks in §10. Let 
A(dIr) =e in (17.2), and let X be interpreted as a map representing a . 
given element bEa,. Then u, given by (17.3), represents fn41j.) and 
(17.1b) follows without difficulty from (12.1) and the fact that 
u(éxol*) =. 

The value of this scheme is restricted by the fact that, in general, 
we know practically nothing about 7,(K"). But suppose that the 
groups a, <, a, have been calculated, for some k>2. Then we 
can ignore the groups a, for n>k and, in some cases, the results in 
886, 7 above can be improved with the help of the system 
(p, @u * * +, @). For example, jaian®d, (0) for m=1,---,mif K 
is a J„-complex. In this case the groups a1, * * * , @m do not give us 
anything new and the interest begins with am 41. Let K be a finite 
complex and let 7,(K) =0 for n=1, +--+, m—1. Further assume that 
Kt? is a reduced complex, as defined in [7]. Then we can calculate® 
Omi, and also Qw+2 if m24. 


3 See §11 in [6], Theorem 8 on p. 265 of [5], Lemma 4 on p. 418 of [2] and §12 
in [12]. 


Sn 
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MAGDALEN COLLEGE, OXFORD UNIVERSITY 


NUMBERS OF SOLUTIONS OF EQUATIONS 
IN FINITE FIELDS 


ANDRÉ WEIL 


The equations to be considered here are those of the type 


(1) aoto + aia; + +++ + aa, = D. 


Such equations have an interesting history. In art. 358 of the Disquist- 
tiones [1 a],! Gauss determines the Gaussian sums (the so-called 
cyclotomic “periods”) of order 3, for a prime of the form p=3n-+1, 
and at the same time obtains the numbers of solutions for all con- 
gruences ax*—by*=1(mod p). He draws attention himself to the ele- 
gance of his method, as well as to its wide scope; it is only much 
later, however, viz. in his first memoir on biquadratic residues [1b], 
that he gave in print another application of the same method; there 
he treats the next higher case, finds the number of solutions of any 
congruence ax'—by!=1 (mod $), for a prime of the form p=4n-+1, 
and derives from this the biquadratic character of 2 mod p, this being 
the ostensible purpose of the whole highly ingenious and intricate in- 
vestigation. As an incidental consequence (“coronidts loco,” p. 89), 
he also gives in substance the number of solutions of any congruence 
y=axt—b (mod p); this result includes as a special case the theorem 
stated as a conjecture (“observatio per inductionem facta gravissima”) 
in the last entry of his Tagebuch [1c];? and it implies the truth of 
what has lately become known as the Riemann hypothesis, for the 
function-field defined by that equation over the prime field of p ele- 
ments. 

Gauss’ procedure is wholly elementary, and makes no use of the 
Gaussian sums, since it is rather his purpose to apply it to the de- 
termination of such sums. If one tries to apply it to more general cases, 
however, calculations soon become unwieldy, and one realizes the 
necessity of inverting it by taking Gaussian sums as a starting point. 
The means for doing so were supplied, as early as 1827, by Jacobi, in 
a letter to Gauss [2a] (cf. [2b]). But Lebesgue, who in 1837 devoted 
two papers [3a, b] to the case no= ++ + =n, of equation (1), did not 

Received by the editors October 2, 1948; published with the invited addresses for 
reasons of space and editorial convenience. 

1 Numbers in brackets refer to the bibliography at the end of the paper. 

2 It is surprising that this should have been overlooked by Dedekind and other 


authors who have discussed that conjecture (cf. M. Deuring, Abh. Math. Sem. 
Hamburgischen Univ. vol. 14 (1941) pp. 197-198). 
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succeed in bringing out any striking result. The whole problem seems 
then to have been forgotten until Hardy and Littlewood found it 
necessary to obtain formulas for the number of solutions of the con- 
gruence )..x?=0 (mod p) in their work on the singular series for 
Waring’s problem [4]; they did so by means of Gaussian sums. 
More recently, Davenport and Hasse [5] have applied the same 
method to the case r=2, b=0 of equation (1) as well as to other 
similar equations; however, as they were chiefly concerned with other 
aspects of the problem, and in particular with: its relation to the 
Riemann hypothesis in function-fields,* the really elementary char- 
acter of their treatment does not appear clearly. 

As equations of type (1) have again recently been the subject of 
some discussion (cf. e.g. [6]), it may therefore serve a useful purpose 
to give here a brief but complete exposition of the topic. This will 
contain nothing new, except perhaps in the mode of presentation of 
the final results, which will lead to the statement of some conjec- 
tures concerning the numbers of solutions of equations over finite 
fields, and their relation to the topological properties of the varieties 
defined by the corresponding equations over the field of complex 
numbers. 

We consider equation (1) over a finite field k with q elements; 
the a; are in k, and not 0; the 7; are integers, which we assume to 
be >0 (only trifling modifications would be required if some were 
<0). We shall first discuss the case b=0. 

Let therefore N be the number of solutions in k of the equation 


X + + a,” = 0. 


For each 5, let d, = (n, gq—1) be the g.c.d. of n, and q—1; for each ¢ 
` and for each u in k, let N,(w) be the number of solutions of the equa- 
tion x=; N,(u) is 1 for u=0, and is otherwise equal to d, or to 0 
according as u is or is not a d;th power in k. Put L(u)= Ð 1.o aus; 
we have 


(2) N= Do Nolte) +++ Nr), 


L(u)=0 


where the sum is taken over all sets of values for the u, satisfying 
L(w)=0, or, as we may say, over all points (u) = (uo, +--+, 4) in the 


3 As to this, cf. H. Hasse, J. Reine Angew. Math. vol. 172 (1935) pp. 37-54. I re- 
gret that I did not quote either of these papers, where the connection between vari- 
ous kinds of exponential sums and the Riemann hypothesis is quite clearly expressed, 
- in my recent note on the same subject, Proc. Nat. Acad. Sci. U.S.A. vol. 34 (1948) 
pp. 204-207. i 
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linear variety defined by L(w)=0 in the vector-space of dimension 
r-+1 over k. 

If k* is the multiplicative group of all non-zero elements in k, we 
shall denote by the letter x any character of k*; as k* is cyclic of 
order g—1, such a character is fully determined if one assigns its 
value at a generating element w of k* (a “primitive root”), and this 
value may be any (g—1)th root of unity. Selecting such an element 
w once for all, we shall denote by x. the character of k* determined by 
Xa(w) =e***, where @ is a rational number satisfying (¢q—1l)a=0 
(mod 1). We also put x«(0)=0 for #40 (mod 1) and x.(0) =1 for 
a=0 (mod 1). Then we have 


N,(a) = D> x0(1) (da = 0 (mod 1),0 S$ a < 1). 


In fact, for «=0, both sides have the value 1; for «340, the right- 

hand side can be written as J 4o I”, with £=x1a,(u); and ¢ is then 

a d,th root of unity, equal to 1 if and only if # is a d,th power in k*. 
Using this in (2), we get: 


N= 2 Xa (tto) + Xa, (tr) 


(Llu) = 0; dia; = 0 (mod 1), 0 S a, < 1). 


As there are g’ points in L(#) =0, the terms in the above sum which 
correspond to = +--+ =a,=0, being all equal to 1, give a sum g. 
We now show that those terms for which some, but not all, of the g; 
are 0, give a sum 0. In fact, consider e.g. those for which a, -- + , @-1 
have given values, other than 0, and a,= -:- =a,=0, with ssr; 
as there are g™* points (u) in the variety L(u) =0 for which uo, - 
u,_ı have arbitrarily assigned values, the sum of those terms is 


iI ( 2 Xu), 


Uy 


and this is 0 since each factor is 0. This gives 


N = q7 + > Xalto) Poe Xa, (tr) 
(L(u) = 0; da, = 0 (mod 1), 0 < a, < 1). 
In this, we replace the #,, respectively, by u,/a,, and get 
N =f + xl) Xala ) Slo) 
(dæi =0 (mod 1), O<a< 1), 
if we put, for any values of a, satisfying (¢—1)a;=0 (mod 1), #0 
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(mod 1): 
S(e) = S(ao, RE ar) = DD Xag( #0) vif Xa, (tr). 


Zu=d 
As to the latter sum, the terms for which 4)=0 are 0, and we may 
exclude them; we may then put u =u; (1SiSr); the terms, in our 
sum, corresponding to given values of thev; (satisfying 1+ I '_,v,=0) 
give 


Xa,(1) a Xa, (dr) > xsl1o), 
“orál 


with B= >" a, and this last sum is q—1 for B=0 (mod 1), and 0 
otherwise, so that in the latter case S(«) is 0. 
Let us therefore define, for any set of a; satisfying the conditions 


(q-—la=0, a; 40, > a, = 0 (mod 1), 
m0 


a number j(a) by the relation 


ila) = > Xay(01) + > * Xa lIr) 


ee Et) 
1 
=—— 0. Kalt) Xa (t). 
g—1 ur u 
In terms of the j(a), the number N of solutions of I 1.0 a.xı=0 is 
now seen to be given by 


(3) N =g + (4—1) È Xala ) -> Xala ):5(0) 


(diay = 0; È a, = 0 (mod 1); 0 < a < 1). 


The j(a) may be called the Jacobi sums for the field k; they were 
first introduced and studied, for the case of a prime field, by Jacobi 
[2a, b], later by Stickelberger [7], and more recently by Davenport 
and Hasse [5]. They are closely related to the Gaussian sums for k: 


g(x) = È x(2)¥(2), 
N ah 

where w is a character of the additive group of k, chosen once for all, 
and not everywhere equal to 1, and where x is any one of the above 
defined multiplicative characters, other than xo. For the convenience 
of the reader, we shall briefly recall some of the known properties of 
these sums. In the first place, in the sum which defines g(x), we may, 
as x is not Xo, restrict x to be +0. Then we get 
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g(x)e(x) = I È xey DNs — y), 
vO ol » 
where we may substitute xy for x in the sum for x, and then inter- 
change the order of summations: 
SER) = Di x(x) vll — Dy]. 
T40 yrs 
As the sum of all values of y on % is 0, the second sum has the 


value g—1 for x=1, and —1 for x1; as the sum of all values of x on 
k* is 0, this gives 


(4) 8(x)B(x) = q. 


Now, in the definition of g(x), write ix for x with any Z>0 in k; this 
gives 


g(x) = x) È; x(2)¥(ia), 


hence, using (4), and interchanging x and £: 
8x) 
x(a) == 2, XPa), 
t 


which is also true for x =0; this is the Fourier expansion of x(x) on k 
according to the additive characters of k. Using this in the definition 
of j(æ), we get 


(q A 1)j(a) = T**-8(Xa0) rae 8(Xa,) 2; Kay (to) TARA Xa, (tr) 


=> ( ` sm). 
Zu, =0 ‘ 
But, in the additive group of all vectors (u)= (uo, +--+, u,), the 
vectors satisfying > u,=0 form a subgroup of g" elements, on which 
I Dtm.) is a character; the sum of the values of this character on 
the subgroup must therefore be either g’, if the character has the 
constant value 1, or 0 otherwise. The former case occurs if and only if 
all the 5, are equal, since otherwise we can solve the equations 
Dou, =0, J t;u;=z, where z is any element of k, e.g. one such that 
Y(2) #1. As we have J'a, =0 (mod 1) by the definition of j(a), this 


gives 


1 
i(a) = q Ren "+ 8(Xar). 
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As a consequence, we have 
i(a)j(a) = qr, 
and therefore 
IN = g| s Ma- tq", 
where M is the number of systems of rational numbers æ; satisfying 


nox = 0, >> a, = 0 (mod 1),0 < a; < 1, 


and is therefore an integer depending only upon the n.. 

From the above results, we can easily derive the number N, of 
solutions of the equation I 7_, a.x7'+1=0. In fact, let N, as before, 
be the number of solutions of > 4.9 ax =0, and let N’ be the number 
of solutions of >0j-5 axf+xtji=0. The previous results apply to 
the latter equation, with dj41=,41=q—1. But, since x*;} has the 
value 1, except for x,41=0, we have 


N= (q-1)M4+N. 


This gives at once an expression for N}; in order to write it more con- 
veniently, we shall define the symbol j(«) even in the case when some, 
but not all, of the æ; are 0. Let the 8, be numbers, satisfying (g—-1)ß; 
=0, >); 8,=0 (mod 1), and not all =0 (mod 1); assume that s of 
them are =0 (mod 1), and let a@,--++,a, be the others, in any 
order; then we put j(8) =(—1)*(@). This being so, the formula for 
N, can be written as 


Ni = q + 2 Ku (00 ) a Xala, )j (= or, Arn 2 a) 


t=O 
(d,a; = 0 (mod 1), 0 < a; < 1), 
and we get, as before: 
|N = g| S Mg”, 
where M; is now given by l : 
Mı = (do —1)+-+ (dp — 1) < nomi: + Mm. 


It is a matter of considerable interest to be able to compare the 
number of solutions of an equation (or, more generally, the number 
of rational points on an algebraic variety) in a given finite field and in 
all the extensions of finite degree of that field. This can easily be 
done, for the type of equations under consideration in this note, if we 
use a relation, due to Davenport and Hasse [5], between Gaussian 
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sums in a finite field and in its extensions. We shall first give a brief 
account, in elementary language, of the proof of Davenport and 
Hasse for this relation. 

Let k’ be an extension of k, of degree v; for y in k’, let N(y) and 
T(y) denote the norm and the trace of y, respectively, over k. If w 
denotes, as before, a generator of the multiplicative group &*, there 
is a generator z of k’*, such that N(z) =w; then, if we denote, as be- 
fore, by xa(y) the multiplicative character on k’ determined by 
Xa(z) =e?" #*, we have, for (¢q—1)a@=0 (mod 1), xi(y)=xa[N(y) ]. We 
also put ’(y) =¥[T(y) ]; this is an additive character of $’, not every- 
where equal to 1 since it is known that T(y) maps k’ on k. Let now 
g’(xi) be the Gaussian sum in &’: 


g (xe) = 2 xe (y)¥/(y)- 


The theorem of Davenport and Hasse is as follows: 
(5) = (xa) = [— 8(xa) P. 


In order to prove this, consider the polynomials with coefficients in 
k, and highest coefficient 1; to every such polynomial 


F(X) = X H aX p -o 446, 
of degree nZ 1, we attach the number 
MF) = Xalca) YCC). 


For two such polynomials Fy, Fa, we have M(F F1) =A(Fı)A(F3). If we 
also denote by n(F) the degree of such a polynomial F, and by U an 
indeterminate, this gives the formal identity 


1+ EAE) uD = JI [1 - Ne) vaj, 


where the sum in the left-hand side is taken over all polynomials F 
over k, of degree 21, with highest coefficient 1, and the product in 
the right-hand side is taken over all irreducible polynomials P over k, 
with highest coefficient 1. As usual, this follows at once from the fact 
that every F can be expressed in a unique manner as product of 
powers of irreducible polynomials. 

In the sum in the left-hand side, consider first the terms which cor- 
respond to polynomials F(X)=X+c of degree 1; the sum of these 
terms is equal to g(x«) U. As to the sum of the terms corresponding 


to any given degree n >1, it is 0, since, with the above notations, it is 
equal to 
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Ca ei 


where both sums are taken over k and are therefore 0. This gives 
(6) 1 + g(xa)U = [I [1 - MP) Te. 
P 


Similarly, if F'(X) = X*+dı X"+ ----+d,isa polynomial over k’, 
we write : 


A (F) = Xa (da) (di), 
‘and, taking another indeterminate U’, get the formal identity 
(6) 1+ ¢(xd)U’ = JI IL - (PN) uo} 


Pr 
where the product is taken over all irreducible polynomials P” over k’, 
with highest coefficient 1. 

Now let P be as above; let P’ be one of the irreducible factors of 
P over k’; let —E be one of the roots of P’. Then & generates over k 
an extension k(£) of degree n=n(P), and over k’ an extension k’(£) 
of degree n’=n(P’); as k’(£) is the composite of k(£) and k’, its de- 
gree over k must be the l.c.m. of the degree n of k(£) over k, and of 
the degree v of k’ over k, i.e. equal to nv/d if we write d= (n, v»). This 
gives n’=n/d; hence P has over k’ exactly d irreducible factors, all of 
degree n/d. Moreover, if a and b are respectively the norm and the 
trace of $, taken in &(§) relatively to k, we have 


P(X) = X*°+ bX"14+--+ +4, 
“hence 
MP) = xa(a)¥(d). 
Similarly, if a’ and b’ are the norm and the trace of $, taken in k’(€) 
. relatively to k’, we have 
N(P) = xa (0Y (0) = XalNa’)Y(TP'), 


where Na’ and Tb’ are the norm of a’ and the trace of b’, taken in k’ 
relatively to k; hence Na’ and Tb’ are respectively equal to the norm 
and to the trace of Ẹ, taken in k’(£) relatively to k. We can therefore 
also obtain Na’ by taking the norm of ¢ in k’(£) relatively to k(£), this 
being equal to &/4, and then the norm of this in k(£) relatively to k, 
“which is arld, Hence we have Na’=a’/4, and similarly Tb’=(v/a)b, 
and therefore 


W(P) = MP)", 
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Now, in the right-hand side of (6’), we can put together the d factors 
corresponding to all the irreducible factors of P over k’; if, moreover, 
we replace U’ by U”, we get 

{1 oa A(P)r/aurnid}-a, 


which can also be written as 


7—1 


JI [1 - MP) eo 


pol 


where { is any primitive »th root of unity. This gives 


1+ ga) Ur = I D i- AP) (pu) 


TI (1 + glxa)t’U) 


1 + (—1)g(xa) U”, 


which proves (5). 

Now, N, being the number of solutions of an equation of type (1), 
with or without constant term, over the extension of degree v of the 
ground-field &, it is easy, using the above results, to give a simple ex- 
pression for the “generating power-series” for N,, i.e. for the formal 
power-series > > N,U’; this turns out to be the expansion of a cer- 
tain rational function in U. We shall, however, illustrate this idea by 
considering the case of the homogeneous equation 


(7) aozo +--+ + 4,27 = 0, 


considered as the equation of a variety (without singular points) in 
the projective space Pr of dimension r over k. The number N of 
rational points over k, on that variety, is related to the number N of 
solutions of the same equation in affine space by N=1-+(g-1)N, so 
that, putting d=(n, g—1), we get, from our earlier results: 


Neltgte +g + È Xala) + + Karla) ia) 


(da; = 0, u = 0 (mod 1); 0 < a; < 1). 


Now call N, the number of rational points, on the variety defined by 
(7), over the extension k, of k of degree v; we shall calculate the series 
Dr Nu, 

In order to do this, consider any set of rational numbers ao, « - - , a, 
satisfying na;=0, J a;=0 (mod 1), 0<a;<1. For this set, let 
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u=u(a) be the smallest integer such that (g—1)a,=0 (mod 1) for 
0<i<r; then the extensions k, of k such that (¢—1)a,=0 (mod 1) 
are those for which v is a multiple of p, and those only. Choosing a 
primitive root in k,, we can now, as before, define in k, the characters 
Xa, the Gaussian sums g(Xa,), and the Jacobi sum 


iO Z eixa) ota: 


Furthermore, if we denote by x2,, g’(xa,) and j’(«) the corresponding 
characters.and sums for the extension k’ = ky of k of degree Au, where 
.A is any integer, we get from our earlier results: 


xala) = Xala, Elxa) = (—1P Mg (xa) F(a) = (1) OPENED 


Then we get: 


i) = r-1 d 
2 N,U™ = — p> au os (1 — g@U) 
(8) 


1 -d 
+ (—1) 3 Fie Fra [1 = C(a)- Urt | 


(na; = 0, >, œ; = 0 (mod 1); 0 <a < 1) 
where we have put 
Cla) = (—1)™Xa lt) ` + * Karla) Fe). 


Furthermore, it is easily seen that C(qa)=C(a), since «x? is an 
automorphism of k, which leaves the a, invariant. Therefore, in the 
last sum in (8), the p(e) terms corresponding to the set 


(@)= (as, + - , &r) and to the sets (g'a) for 1Spsu—1 are all equal, 
so that, putting them together, we can make the denominator p(a) 
disappear. f 


Let A be the number of solutions, in rational numbers aj, of the 
system na,=0, Za, =0 (mod 1), 0 <a; <1. Then one finds‘ that the 
Poincaré polynomial (in the sense of combinatorial topology) of the 
variety defined, in the projective space P” over complex numbers, by- 
an equation of the form 


, 


n nn 
Coto + +++ + Ga = 0 
is equal to 


1 As obligingly communicated to me by P. Dolbeault in Paris. 
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This, and other examples which we cannot discuss here, seem to 
lend some support to the following conjectural statements, which 
are known to be true for curves, but which I have not so far been 
able to prove for varieties of higher dimension. 

Let V be a variety without singular points, of dimension n, de- 
fined over a finite field k with g elements. Let N, be the number of 
rational points on V over the extension k, of k of degree v. Then we 
have 


a d 
VU = — log Z(U), 
> gg 8210) 


where Z(U) is a rational function in U, satisfying a functional equa- 
tion 





1 
z( ) = + gr URZ(U), 
qU 


with x equal to the Euler-Poincaré characteristic of V (intersection- 
number of the diagonal with itself on the product VX V). 
Furthermore, we have: 


P (U)P:(U) +++ Pana(U) 
Po(U)Pa(U) +++ Pa(U) 
with Po(U) =1—U, Pu(U)=1-gqrU, and, for 1ShS2n—-1: 


Z(U) = 


PU) = [È (1 — ent) 


‘where the a, are algebraic integers of absolute value q*/?. 

Finally, let us call the degrees B, of the polynomials P,(U) the 
Betti numbers of the variety V; the Euler-Poincaré characteristic x is 
then expressed by the usual formula x= I (—1)*Ba. The evidence 
at hand seems to suggest that, if V is a variety without singular 
points, defined over a field K of algebraic numbers, the Betti numbers 
of the varieties Vp, derived from V by reduction modulo a prime ideal 
p in K, are equal to the Betti numbers of V (considered as a variety 
over complex numbers) in the sense of combinatorial topology, for 
all except at most a finite number of prime ideals p. For instance, 
consider the Grassmann variety G„,r, the points of which are the r-di- 
mensional linear varieties in a projective m-dimensional space, over 
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a field with g elements. The number of rational points on the variety 
is easily seen to be F(q), where F is the polynomial defined by 


F(X) = 
HS eT GES x) (RE 
Then, if the above conjectures are true, the Poincaré polynomial of 
the Grassmann variety Gm, over complex numbers must be F(X%). 
This is indeed so, as can easily be verified from the well-known results 
of Ehresmann [8]. 
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Bjarni Jónsson, M. L. Juncosa, Robert Kahal, Shizuo Kakutani, Aida Kalish, 
Irving Kaplansky, Edward Kasner, M. E. Kellar, J. F. Kiefer, P. J. Kiernan, H. S. 
Kieval, S. A. Kiss, J. R. Kline, Morris Kline, E. G. Kogbetliantz, E. R. Kolchin, N. 
H. Kuiper, Wouter van der Kulk, Jack Laderman, A. W. Landers, R. E. Langer, J. 
R. Lee, Joseph Lehner, R. A. Leibler, R. B. Leipnik, Benjamin Lepson, W. J. Le- 
Veque, Howard Levi, J. H. Lewis, Julius Lieblein, M. A. Lipschutz, Marie Litzinger, 
Charles Loewner, A. J. Lohwater, L. H. Loomis, E. R. Lorch, Lee Lorch, R. C. 
Lyndon, L. A. MacColl, H. M. MacNeille, Kurt Mahler, M. M. Maloney, Dis Maly, 
Irwin Mann, A. J. Maria, M. H. Maria, W. T. Martin, D. G. Mead, R. C. Meacham, 
A. E. Meder, K. S. Miller, W. H. Mills, G. C. Miloslavsky, Don Mittleman, Deane 
Montgomery, A. H. Moore, G. D. Mostow, Andrzej Mostowski, T. S. Motzkin, F. J. 
Murray, D. S. Nathan, C. A. Nelson, D. J. Newman, Morris Newman, P. B. Norman, 
I. L. Novak, C. O. Oakley, J. C. Oxtoby, F. W. Perkins, R. M. Peters, C. G. Plithides, 
E. L. Post, M. H. Protter, A. L. Putnam, Hans Rademacher, H. V. Rådström, L. R. 
Raines, G. N. Raney, John Rausen, G. E. Raynor, C. J. Rees, Helene Reschovsky, 
Moses Richardson, C. E. Rickart, R. F. Rinehart, J. F. Ritt, M. S. Robertson, Robin 
Robinson, S. L. Robinson, I. H. Rose, N. J. Rose, P. C. Rosenbloom, H. D. Ruder- 
man, H. J. Ryser, C. W. Saalfrank, H. E. Salzer, Arthur Sard, Henry Scheffé, M. M. 
Schiffer, Pincus Schub, Abraham Schwartz, Abraham Seidenberg, Seymour Sherman, 
Edward Silverman, James Singer, M. H. Slud, P. A. Smith, J. J. Sopka, A. H. 
Sprague, George Springer, E. P. Starke, J. R. K. Stauffer, Fritz Steinhardt, F. M. 
Stewart, R. C. Stewart, R. C. Strodt, Walter Strodt, M. M. Sullivan, Fred Supnick, 
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R. T. Tear, Feodor Theilheimer, D. L. Thomsen, C. B. Tompkins, A. W. Tucker; 
J. W. Tukey, Annita Tuller, S. M. Ulam, D. H. Wagner, Sylvan Wallach, J. L. Walsh, 
M. A. Weber, J. H. Weiner, Alexander Weinstein, Louis Weisner, M. J. Weiss, J. G. 
Wendel, John Wermer, M. E. White, G. T. Whyburn, Albert Wilansky, A. B. Will- 
Cox, J. N. Williams, W. L. G. Williams, Jacob Wolfowitz, Y. K. Wong, M. Y. Wood- 
bridge, Daniel Zelinsky, P. W. Zettler-Seidel, H. J. Zimmerberg, Leo Zippin. 


On Saturday there were two general sessions for contributed 
papers, one at 10:00 a.m. in which Professor J. H. Bushey presided, 
and one at 3:30 p.m. in which Professor C. A. Nelson presided. 

At 2:00 p.m. Dr. Stefan Bergman of Harvard University gave an 
address on Some recent developments in the theory of analytic functions. 
Professor W. T. Martin presided. 

Abstracts of the papers presented follow below. Abstracts whose 
numbers are followed by the letter “i” were presented by title. Paper 
number 230 was read by Professor Tucker and paper number 254 was 
read by Mr. Kaplan. Dr. Rauch, Mr. Kaplan, and Mr. O’Brien were 


introduced by Professor T. R. Hollcroft. 


ALGEBRA AND THEORY OF NUMBERS 
221%. Richard Bellman: On a generalization of an identity due to 
Wilton. 
Wilton, Proc. London Math. Soc. vol. 31 (1930) pp. 11-12, gave an identity relat- 


ing the product ¢(s)¢(s, ¢(s+s’—1), and an infinite series of Dirichlet type, which, 
apart from its general interest, is of value in the estimation of the mean value of the 


- square of the zeta-function. In the present paper a corresponding formula involving 


the product ¢#(s)¢#(s’), ¢#(s-+-s’—-1), and a similar infinite series of Dirichlet type is 
obtained. Wilton’s identity is derived using the Poisson summation formula. The 
present identity requires the Voronoi summation formula (which can be used similarly 
to obtain the classical approximate functional equation for $*(s) due to Hardy and 
Littlewood) and some difficult results due to Atkinson concerning trigonometric 
gums with divisor functions as coefficients. It may also be applied to obtain mean 
value results, for o>1/2. (Received February 11, 1949.) 


222t. Richard Bellman: On form-preserving linear transformations. 
Preliminary report. 

It is shown that only transformations of the form «’=Ax, where x has the com- 
ponents x», 1SkSN, and A is an NXN matrix, which preserve the sums of kth 
powers, 33, are the trivial ones. From this it follows easily that the only identities 
of the form (sum of kth powers) X (sum of kth powers) equals (sum of kth powers), 
where the variables on the right are bilinear forms in the variables on the left, are 
again the trivial ones. (Received December 21, 1948.) 


223t. Richard Bellman: On some divisor sums associated with Dio- 
phantine equations. 


Asymptotic results for the sums S= Ian d(a)da(n t+), Sı= Dengnd(n)da(n +l) 
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are obtained. The number-theoretic functions d;(n), dı(n) are the coefficients in the 
Dirichlet series for t(s)? and ¢(s)4, respectively, d(n) is the divisor function. These 
sums arise when considering the number of positive, integral rational solutions of the 
diophantine equations za -yın=l, mem -yya=l, wasn, respectively. The 
problem reduces to that of finding estimates for the sums nsadılkn +), 
Diagrdalkn th) with sufficiently accurate error terms, which now depend upon k 
as well as N. These error terms are obtained, to the desired order of accuracy, follow- 
in a method of Hardy and Littlewood, using the mean value of the fourth power of 
the corresponding L-series mod k. (Received February 11, 1949.) 


2244. Richard Bellman: The average value of arithmetical functions. 


Consider the number-theoretical function, o,(n), equal to the sum of the sth 
powers of the divisors of n. It is shown that o,(f(m)) has a mean value for any s<0, 
where f(x) is any polynomial in x which is integer-valued for integer values of x. The 
mean value is a constant if » runs through the integers and equals c/log n if n runs 
through the primes. (Received December 21, 1948.) 


2251. Sarvadaman Chowla and H. J. Ryser: Combinatorial prob- 
lems. I. 


Let v elements be arranged in v sets, and list the elements in a row and the sets 
in a column. Form an incidence matrix by inserting a one in row f and column j if the 
jth element belongs to the sth set, and a zero otherwise. Problem I: Arrange v ele- 
ments into v sets such that (lı) every set contains exactly k distinct elements, (12) 
every pair of sets has exactly \=k(k—1)/(0—1) elements in common ((<A<k<2). 
Problem II: Arrange v elements into v sets such that (IIı) each element occurs in 
exactly k distinct sets, (Ila) every pair of elements occurs in the y sets exactly 
Amk(k—1)/(w—1) times (0<A<k<v). Problem III: Arrange v elements into v sets 
fulfilling (11) and (Is), (II), and (Il.). Problem (IV): Arrange v elements into v sets 
fulfilling (lı) and (Iz) so that the incidence matrix is cyclic. A solution of any one of 
the problems I, II, and III is necessarily a solution of the remaining two. However, 
values for v and & exist for which Problem III has a solution and Problem IV has no 
solution. The theory is applied to Hadamard matrices, projective planes, block de-- 
signs, and difference sets. (Received January 3, 1949.) 


2261. Sarvadaman Chowla and H. J. Ryser: Combinatorial prob- 
lems. II. 


The theorems which follow concern the impossibility of Problem I described in 
the preceding abstract. Clearly the impossibility of Problem I for a given v and k 
implies the impossibility of Problems II, III, and IV. (1) if v is even and if k—X is not 
a square, then Problem I has no solution. (2) If v=1 (mod 4) and if there exists an 
odd prime £ such that p divides the squarefree part of k—2 and if alg) = —1, where 
Alg) is the Legendre symbol, then Problem I has no solution. (3) If v=3 mod 4 and if 
there exists an odd prime p such that p divides the squarefree part of k—X and if 
(—d|p) = —1, then Problem I has no solution. Theorems 2 and 3 are a rather straight- 
forward generalization of a theorem of Bruck and Ryser on the nonexistence of certain 
finite projective planes, and for projective planes they give no new information (Bull. 
Amer. Math. Soc. Abstract 54-7-291). However, the proofs are now independent of 
the Minkowski-Hasse theory on the invariants of a quadratic form under rational 
transformations. (Received January 3, 1949.) 
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227. Carl Cohen: T. he Laplace transform of the generalized diloga- 
rithm. 


Let d/®} be the integral from 0 to $ of x7Wdl@-Dx, AO: —log (1 —#), then the 
Laplace transforms of this family of functions satisfy the law (d/ds)[s -L{dis}] 
= —L{dit-4}, while L{dk;} =s exp (—s) EI(s) is convergeñt if s>0. Take 
exp (f) instead of ¢ as variable, then (d/d) [d®(exp #)]=di@-Y(exp A and 
s-L{d(exp #)} =¢(k+1)+L{do-V(exp 1} = I, EHEk — uH) HL [do 
«(exp #)}. L{ dl (exp i) } =s71[¥(1) ting —Y(s)], 5>0, where ¥(s) = (4/ds) [log T(s) 
The Laplace transform has been used to study the identities of the generalized di- 
logarithm. (Received November 26, 1948.) 


228. R. H. Fox: Free diferential calculus and free groups. 


Iteration of a previously given formula (Bull. Amer. Math. Soc. Abstract 55-3- 
115) gives a “Taylor series expansion” u=u°+ >. ,(0u/ds,)°(, —1) + >. 43(0%/8x,0x4)° 
* (%;—1)(x,—1)+ ++ + about the point (1, 1, «+ + ) of any element # of the integral 
group ring P of a free group F. This expansion differs only by a translation x,=1++s, 
from an expansion considered by Magnus (Math. Ann. vol. 111 (1935) pp. 259-280) 
for the case u„E F. The element # of P is determined uniquely by the coefficients of 
this series. Several known theorems follow from this: (1) The ring P has no divisors 
of zero (Higman, Proc. London Math. Soc. vol. 46 (1939) pp. 231-248); (2) the inter- 
section of the subgroups of the lower central series of F consists of the identity ele- 

ment alone (Magnus, loc. cit.). (Received January 13, 1949.) 


229. David Gale: Convex cones and solutions of two-person games. 


A subset C of a finite-dimensional vector space V is called a convex cone if it is 
closed under the operations of addition and multiplication by non-negative scalars. 
The set of (convex) cones in V is closed under the operations of intersection ((\) and 
algebraic sum (+). In addition there is an operation which attaches to each cone C its 
polar cone C*, defined to be the set of all vectors y in V such that y x20for all x in C. 
For cones which are topologically closed the important property (C*)* = C holds, and 
the set of cones becomes an orthocomplemented lattice under +, (\ and *. If the 
unit vectors of V are taken to be the pure strategies of a zero-value, two-person game, 
the set of good mixed strategies will be a closed cone in the above sense. By making 
strong use of the lattice properties a complete characterization of the possible sets of 
good strategies is derived for any two-person game, a result obtained independently 
by S. Sherman and by H. F. Bohnenblust, S. Karlin and L. S. Shapley. (Received 
January 10, 1949.) 


230. David Gale, H. W. Kuhn, and A. W. Tucker: A game prob- 
lem equivalent to a maximum problem. 


Let B be an m by n matrix, ¢ a p-vector (p by 1 matrix), and Da p by n matrix 
(all real). Let X be the convex set of m-vectors x got by the linear mapping x= By 
from the convex set of #-vectors y determined by the »-+2 linear inequalities y 20 
and c&Dy (where such vector inequalities hold for each component separately). A 
vector of a of X is called maximal if x&a for x in X implies x=a, The problem of 
finding a maximal a when B, c, D are given is closely related to econometric problems 
considered by G. B. Dantzig and T. C. Koopmans. Let G be the 0-sum 2-person game 
(see von Neumann and Morgenstern, The theory of games and economic behavior) asso- 
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ciated with the m+p by n+1 composite matrix formed from a, —B, —c, and D. A 
submatrix of a game matrix is called essential if both players have good mixed strate- 
gies in which the pure strategies corresponding to the rows and columns of the sub- 
matrix are used with positive probabilities. Theorem: A vector a in X is maximal if 
and only if the game G has value zero and the submatrix a is essential to G. (Received 
March 3, 1949.) 


231t. Florence D. Jacobson and Nathan Jacobson: Classification 
and representation of semi-simple Jordan algebras. 


The authors give a determination of the semi-simple special Jordan algebras over 
any field of characteristic 0. An tmbedding of a Jordan algebra K is defined to be a lin- 
ear mapping 0—a# of K into an associative algebra such that (a -6)® =2-1(a2b2 +584), 
An imbedding in an algebra of linear transformations is called a representation. They 
show that the imbedding problem can be reduced to the problem of homomorphism 
of a certain universal associative algebra, and determine the structure of these uni- 
versal associative algebras for semi-simple Jordan algebras of characteristic 0, These 
universal algebras are semi-simple. It follows that any representation of a semi-simple 
Jordan algebra is completely reducible. Moreover, the irreducible representations can 
be given by using these results. (Received January 28, 1949.) 

t 


232. Irving Kaplansky: Primary ideals in group algebras. 


Let A be the Ly-algebra of any locally compact abelian group. It is shown that any 
closed primary ideal in A is maximal. The method is an extension of that of Segal and 
Ditkin, who proved the theorem for the group of integers or of real numbers. Some 
applications are noted. (Received January 13, 1949.) 


233t. Jakob Levitzki: A theorem on polynomial identities. 


Let S be a ring satisfying a polynomial identity f(x, +++, x.) =0 of degree 
d21. If d is of minimal value we say in short: S is a PI-ring of degree d=d(S). Denote 
by N(S) the radical of S (that is, the sum of all nilpotent ideals). The following 
theorem is proved: If S is a P/-ring of degree d, then the nilpotent elements of S$ 
satisfy the relation xŒ N(S). This implies, for example, that if S is the ring of all 
k by k matrices over a field F, then 4 S[d/2]. Scalar extension of the underlying field 
of an algebra yield further results. Other applications concern PI-nil-rings. Starting 
with N(S)=N(S), R. Baer (Radical ideals, Amer. J. Math. vol. 65 (1943)) defined a 
transfinite ascending chain of ideals N.(S) terminating in the lower radical U(S). 
The author proves that each PJ-nil-ring is an L-ring, that is, such that S= U (S). Since 
each L-ring is semi-nilpotent (examples show that the converse is false) this includes a 
recent result of I. Kaplansky (Rings with a polynomial identity, Bull. Amer. Math. 
Soc. vol. 54 (1948)). If A=A(S) denotes the length of an L-ring (that is, the smallest 
ordinal such that N,(S)= N},(5)=S) we prove that if Sis a PI-nil-ring—and hence 
an L-ring—then A(S) is finite. Moreover: A(S) Slog d(S)/log 2 (S40; if S30 then 
A=d=1). In particular: A(S) <d(S) for S0. (Received January 3, 1949.) 


234. R. C. Lyndon: The representation of algebras of relations. 


A complete set of axioms is given which characterizes the class of all abstract rela- 
tional algebras (cf. Jónsson and Tarski, Bull. Amer. Math. Soc. Abstract 54-1-89) 
that are isomorphic to algebras of concrete binary relations. This set is infinite, and 
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the axioms of the set contain bound variables, in addition to the operations union, 
intersection, complement, converse, and relational product. It is shown that this class 
of algebras is not characterizable by any set of axioms containing only free variables. 
This provides a negative solution to the representation problem for relational algebras 
posed by Jönsson and Tarski (loc. cit. problem one). (Received January 10, 1949.) 


235. Seymour Sherman: Size, shape and situation of solutions in 
strategy simplices. 


Let M;=df. closed convex polyhedral subset of Sm; the unit simplex of real n,-di- 
mensional euclidean space U;; E,=df. minimal face of Sm, containing M,; «=df.num- 
ber of vertices in Æ; o;=df. n — e; mdf. the dimension of M,; m,=df. number of 
maximal faces of Mi; &=df. number of maximal faces of M, contained in proper 
faces of E,. Necessary and sufficient conditions that Sm, and M;, +=1, 2, represent 

_ the strategy simplices and solution polyhedra of some zero-sum, two-person, nı Xna 
game are (1) a—m=e&— us (2) n2m-e and (3) o&m —es The necessity of (1) . 
has been shown by Bohnenblust, Karlen, and Shapley, Solutions of discrete, two-person 
games (unpublished), and Gale, Kuhn, and Tucker, Multpheity of solutions of two- 
person zero-sum games (unpublished). Applications of the theorems are given. (Re- ~ 
ceived December 20, 1948.) 


236t. Robert Steinberg: A geometric approach to the representalions 
of the full linear group over a Galots field. 


Through a consideration of the permutation of the geometric entities of 
PG(n—1, q) effected by the group G, which is essentially the collineation group of 
PG(n—1, q) of all n-ary linear homogeneous substitutions of nonzero determinant with 
marks in GF(g), a set p(n) of irreducible representations of G is determined. This set 
immediately leads to a large number of irreducible representations of G, and a cor- 
respondence is seen to exist between sets of the representations so determined and 
sets of classes of conjugate elements of G. Through a favorable comparison of G with 
the symmetric group of degree n, much use is made throughout the paper of the 
methods of Frobenius in his determination of the irreducible representations of Sn 
(Berliner Berichte (1900) pp. 516-534). (Received December 20, 1948.) 


ANALYSIS 


237. D. B. Ames: Certain inversion formulas for the Laplace trans- 
form. 


The case of a periodic determining function F(t), real or complex, is first discussed. 
Inversion formulas are derived which have the forms of the Fourier series of the 
functions /<F(q)e*qdq and F(t)e~**. The coefficients involve the transform and its real 
and imaginary parts. Similar formulas hold when F(t) is non-periodic and zero for 
i>1>0. From these results and extensions of them, several theorems are derived 
about the form of F(t) when the transform vanishes at points on a vertical line, yield- 
ing a contrast with Lerch’s theorem. Necessary and sufficient conditions are obtained 
for F(t) to be null. By a natural generalization of results in the periodic case an inver- 
sion formula, of similar form, is derived for the general case where F(#) is non-periodic 
and has a finite abscissa of absolute convergence. This holds when F(#) is real and 
integrable but not necessarily bounded. It is shown, with no implication that the 
transform is analytic, that F(# is null if its transform vanishes at all points of any 
vertical line in the half-plane of absolute convergence. (Received January 6, 1949.) 
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2381. Stefan Bergman and M. M. Schiffer: Kernel functions and 
conformal mapping. I. 


Let B be-a domain in the complex plane bounded by analytic curves; let g(s, t) 
be Green’s function of B. Define the functions Ka, {)=—(2/r)g.¢ and is, t) 


= (1/x)(e—$)-3—(2/x)g.¢ which are analytic in their arguments. For each analytic ` 


fe) with ff]f|*drs<@ we have //K(s, Df(t)drz=f(2), Sfite, Hftdre= (1/7) 
-SS= fOdrs. Ks, © becomes infinite if z and t converge to the same 
boundary point of B: I(z, ¢) is regular in the closed region B+C. The identity (a) 
SIKE DIG, wjdre= K (8,0) — P(e, 8), with P(e, 0) = f/(t—s)*(¢—w) drg, B = comple- 
ment of B, shows that X—T is regular in the closed region B+C. One has the inequality 
(b) | Eks, aan] SIR, ya for arbitrary constants x; and points „EB 
G=1,+++,N). The transform Tf@)=(1/r) ff(s—N“F(H)dre is defined in B+B; } 
is TK in B. The inversion formula IE) =(1/ f{f(s—D“Tf(Hdre.F is proved. The 
integral equation &,=X, -T¢, is studied by means of (a). (Received February 24, 
1949.) 


239%. Stefan Bergman and M. M. Schiffer: Kernel functions and 
conformal mapping. II. 





If w=6(z) maps the domain B upon a domain B, with corresponding kernels 
Kılw, œ) and h(w, w), one has the transformation formulas: Kılw, ©)’ p e) 
=K(e, Ẹ), h(w, o)$'(@)o'(t) =I, HU, t) with Uls, $)=(1/x) [log (66) pE) 
—log er. Since the inequality (b) has to hold also in B, | > (Hei, 3) 
+U(z,, 31) Jez SDK em, 3)%% which gives, for K and } known and fixed, an in- 
equality for all functions $(z) univalent in B. One obtains easily by specialization 
Grunsky’s necessary and sufficient conditions of univalence. The following lemma is 
used: Let V(z, t) = > 'dmne™{™ be symmetric in sand t and analytic around the origin; 
let Kg, F) = J knn 3” «Ë^ be the development of the K-kernel of B around the origin. 
If | Sodan Setn] SD kantinta for every choice of xa, then V(s, t) is regular analytic 
for both variables in B. (Received February 24, 1949.) 


240i. Stefan Bergman and M. M. Schiffer: Kernel funcitons and 
pseudo-conformal mapping. I. 


Let Dt be a domain in the x, space bounded by two analytic hypersurfaces 
pi = [a=] and b= [z = h(s, A), OSA S2r]. S=HNE is the distinguished bound- 
ary surface of Dt. The authors consider functions of the “extended class” E(D4), 
that is, real functions A(x, y, Xa, Ya) which are harmonic in x, y, in every intersec- 
tion eee and such that H(Re[A(, A)], Im [A(ss, A)], 22, 9) is har- 
monic in z| <1 for every X. Every function which is the real part of an analytic 


function in z, z% belongs to E(D%. The generalized Green’s formula {¢, y}. 


= S fohn dids: =Sfbabrisidss = f fenyn dsids3 = J fommtdsidsa is proved for $, 
¥GE(D‘) where the integration is extended over S? and {Av} =S. Joleza eg 
Hons ots tortan Horny ]dtdyddys. Orthonormal functions of the class 
E(D*) in the {¢, Haart are defined, the convergence of their kernel K is proved. 
(Received February 24, 1949.) 


241%. Stefan Bergman and M. M. Schiffer: Kernel functions and 
bseudo-conformal mapping. II. 


Fundamental solutions in the class E(D*) of the form log [a-t] log |#2—ts| 
+81 (82, ta) log [21t] Frl, fi; ta) log |za—f2| -Fs(eı, #8; $1, t3), sEE(D%), are intro- 
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duced. 8, 8: are harmonic in [aal <1 and s:CD%(t,), respectively. Four Green’s func- 
tions g(a, #2; $1, ta) are defined as follows: g is a fundamental solution with prop- 
erly chosen 8, and d and satisfies on S? the conditions: g® =0, ala) +d1(2), 
al), Ea =& (21). They lead to the solution of boundary values problems for bi- 
harmonic functions. L=g+g( gm —gW is an element of E(D‘). Let K be the 
kernel of this class, then K —L is orthogonal to all biharmonic functions in the {¢,¥}- 
metric. In the case of special domains, for example, product domains, one has KaL. 
This result represents a generalization of a previoua theorem for harmonic functions 
of two real variables (see Bergman-Schiffer, Duke Math. J. vol. 14 (1947) p. 623). 
(Received February 24, 1949.) 


242. Lipman Bers: Isolated singularities of minimal surfaces. II. 


The results announced previously (Bull. Amer. Soc. Abstract 54-7-239) are general- 
ized to the case of a solution of the minimal surface equation (1) [be(1 +e+¢))-¥?]6 
+ [h(l +o +a] =0 with finitely many-valued gradients. If (x, y) has an iso- 
lated singularity at a finite point, say at z=x-+iy=0, then w=d,—16, has a limit wo 
at 0. If o(x, y) has an isolated singularity at ®, then w has a finite limit at ©. If the 
gradient at the singularity is finite, then ¢(x, 4) =¢o(x, y)+R(x, y) where pols, y) 
considered on the Riemann surface of zU= (m a positive integer) is harmonic and 
R(x, y) is small compared to ¢o(x, y). If the gradient w is infinite at the singular 
point, a new kind of singularity arises which is in general topologically different from 
any singularity of harmonic functions. Explicit parametric and asymptotic formulas 
for all possible singularities are given. (Received February 9, 1949.) 


243. T. M. Cherry: Uniform asymptotic expanstons of Bessel, 
hypergeometric, and other functions with transition points. 


The functions concerned involve a large parameter », and satisfy a differentia 
equation of the form (1) dty/dat+-y{v*f(2) +g, v)} =0, where f(z) is regular at 
s=0 and vanishes to the first order at this point, and g is regular at s=0, v?=0. 
Thus in the real case the solutions are monotonic on one side of =0, oscillating on 
the other. A-method is given for approximating to the solutions of any such equation 
in terms of those of another such equation, for example, the Airy equation (2) 
dty/det—vtzy m0, The approximations are uniform to any desired order 2n in vw", for 
` zin a domain having the point s=0 +n its interior, and are found by transforming 
the equations (1) and (2) to forms which differ only by terms of order »"?*y. They are 
made by means of asymptotic series proceeding in integral powers of »”2. In the case 
of the Bessel functions J,(vs), Y,(vz), the approximations by means of Airy functions 
are uniform for all values of s, and the O(v) approximation gives accuracy to 7 sig- 
nificant figures for » 25, or to 5 figures for »22. (Received December 10, 1948.) 


2444. I. I. Hirschman and J. A. Jenkins: Note on a result of Levine 
and Lifschitz. 

The connection between the integral orders of the zeros of a function represented 
by a Fourier series and the degree of lacunarity of the series has been studied by’S. 
Mandelbrojt and after him by B. Levine and M. Lifschitz, Rec. Math. (Mat. Sbornik) 
N.S. vol. 9 (1941) pp. 693-711. This note contains certain refinements of: the results 
previously obtained. (Received December 20, 1948.) 


245. Meyer Karlin: Systems of exiremals for the simplest tsoperst- 
metric problem. 
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The system of extremals of the simplest isoperimetric problem /F(x, y, y’)dx =min 
while /G(x, y, y)dx=constant is shown to be a triply infinite system of curves of the 
form y”! = Ay'3+By"2-+Cy’+D where A, B, C, D are functions of x, 9,3". Fora 
given lineal element there corresponds œ! curves. The locus of centers of curvatures of 
the evolutes of these curves is a cubic. Some special and degenerate cases are discussed. 
(Received December 9, 1948.) 


246t. Norman Levinson: Criteria for the limit-point case for second 
order linear differential operators. 


If f(x) SKxt for large x then it is shown that at most one solution of u" +-f(x)2 30 
is integrable squared over (£o ©). This is a special case of the following: The equa- 
tion (pu")’-+q¢u=0 is in the limit-point case if there exists a positive monotone in- 
creasing function M(x) such that for large x, (a) g(x) M(x), (b) fede / (p(x) M(x) 
=, and (c) lim sup p¥3() M(x) /M¥*(x) < œ. (Received January 3, 1949.) 


247. Norman Levinson: On the uniqueness of the potential in a 
Schrodinger equation for a given asymptotic phase. 


The solution y(x, A) of y’+(\!—P(x))y=0 with initial values y(0, A) =0, ¥(0, X) 
=1 will, in case P(x) is small for large x, satisfy (x, MB) sin (Ax—p(A)) as x— œo 
where B(A) and &(X) are continuous for O<A< œ. In physics the problem of the de- 
termination of P(x) for a given phase function ¢(à) arises. It is shown that if 
A zlP@)|datfiz|P)|lae<e and if ¢(@)—¢(+0) <r then $(d) determines 
P(x) uniquely. It is also shown that under more general conditions ¢(A) determines 
B(A) and conversely. In case P(x) 20 then the condition at © becomes ie xP (x)dx 
< œ, The condition ¢(©)—¢(+0) <~r is equivalent to the condition that the bound- 
ary value problem should have no discrete spectrum. (Received January 3, 1949.) 


248. L. H. Loomis: Note on a theorem of Mackey. 


The author gives a simpler proof, by new methods, of the following slight gen- 
eralization of a theorem of Mackey. Let c3U, bea weakly continuous representation 
of a locally compact group G by unitary operators on a Hilbert space H, and let 
A—A be a nontrivial Boolean homomorphism from the open subsets of G with com- 
pact closures onto projection operators on H, such that U,A =< (eA) Uy. Then H is the 
direct sum of subspaces H, each of which is unitary-equivalent to L*(G) by a map- 
ping T; such that U, becomes left translation through ¢(T;U,T. (F(x) =f(o—x)) and 
Ä becomes multiplication by the characteristic function A(x) of ATAT UE) 
= A(x) f(x)). (Received February 26, 1949.) 


249t. S. H. Min: On the order of £(1/2-+42). 


The problem of finding an upper bound for @ such that ¢(1/2-Hi) =O() has been 
attacked by van der Corput and Koksma, Walfisz, Titchmarsh, Phillips and Titch- 
marsh. Their results obtained are, neglecting a factor involving log ¢, 01/6, 163/988, 
27/164, 229/1392 and 19/116 respectively. The object in the present paper is to prove 
that ¢(1/2+4) =OP e) for 6>0. The proof depends essentially on the estimation 
of a double exponential sum of the form >> exp (2xid(x, y)) where ¢(x, y) is a 
function whose Hessian H(z, y) vanishes along certain lines. The method used in this 
paper can be applied to problems in the analytic theory of numbers, whose solutions 
depend upon the estimation of similar exponential sums. (Received November 17, 
1948.) 
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250. H. E. Rauch: A “Poisson” formula and the Hardy-Litilewood 
theorem for matrix spaces. Preliminary report. 


An important type of “matrix space” of Siegel and Hua (cf. Hua, Amer. J. Math. 
vol. 66 (1944) pp. 470-488) is the space H consisting of the » Xn complex matrices, 
Z, for which I—ZZ*>0 (positive definite). This space, viewed as a subset of the space 
of n? complex variables, presents a remarkable analogy to the unit circle, 1-33>0 
(of which it is a direct generalization), the characteristic feature being the exist- 
ence of a transitive group of analytic homeomorphisms which can be written as 
Wz (AZ+B)(CZ+D)— where A, B, C, D aren Xn complex matrices satisfying the 
matrix analogues of the usual conditions. Clearly, the boundary of H contains U(n), 
the unitary group, as the analogue of 33=1. For the above and other matrix spaces 
the author has proved the following exact generalization of a well known theorem of 
Hardy and Littlewood on analytic functions in the unit circle: Let f(Z) be an analytic 
function of n? complex variables, ZEH, such that focum |f(rU)|*doS.M° where do 
is the volume element on U(n), OSr<1, A>0. Then focom {supscrer eo] Pdo 
SaM* where a is independent of f. The proof combines previous methods of the 
author (C. R. Acad. Sci. Paris vol. 227 (1948) pp. 887-889) and a new formula di- 
rectly generalizing the classical Poisson integral for real parts of analytic functions: 
KZ = fotom f(U)(det| 7-ZZ’|)r(det |7-[U*Z’+ZU]+HZZ'|)dv. (Received 
January 13, 1949.) 


251t. H. M. Schwartz: Contributions to existence theory of ordinary 
differential equations in the real domain. 1. 


Carathéodory (Vorlesungen über reele Funktionen, 2d ed., pp. 665-688) has given 
far-reaching eristence theorems for a system of ordinary differential equations in the 
real domain of the form (1) „@)=f(&, Y» *** , Yn) G=1, 2,---+,). His assump- 
tions on f, are as general as can be desired as far as their dependence on x is con- 
cerned, but they are unduly restrictive in what concerns their dependence upon the , 
y| Al <summable function of x (Theorem 2, p. 672). The author considers here some 
of the possibilities for relaxing the latter restriction. No attempt is made here at 
` attaining at the same time full generality in the x-dependence of the f,, but rather to 
single out some results which can be derived by simple means, A typical result is as 
follows. If the f; are continuous for x in an interval J and all finite y, except possibly 
. for a subset of J whose kth derived set vanishes where & is any positive integer, then 
the system (1) has a solution continuous in J and satisfying there any given initial 
values, provided that the J, satisfy in I and for all finite y the following inequality: 
JA] Sg(x) +h(x)o( Elal), &(t) monotonically increasing for 2>0, lim supes.cb(t) /t 
<œ, and g, 4 summable in I. (Received January 17, 1949.) 


252. Edward Silverman: A definition of Lebesgue area for surfaces 
in arbitrary meiric spaces. Preliminary report. 


An area is defined for surfaces in arbitrary metric spaces which agrees with 
Lebesgue area for surfaces in Euclidean space. The procedure is to define the area of 
a triangle in a Banach space B in such a way as to permit the use of the original defi- 
nition of Lebesgue area. Let this area be denoted by Lz. Surfaces are then studied in 
m, the space of bounded sequences. In particular, it is shown that isometric surfaces 
in m have the same Lw area. Since any surface can be mapped isometrically into m, its 
Lebesgue area is defined to be the area of an isometric image in m. Let this area be 
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denoted by L. If B is finite-dimensional, then it is shown that L=Lp. (Received 
February 24, 1949.) 


APPLIED MATHEMATICS 


253. T. C. Doyle: Invariant theory of the general, ordinary, linear, 
homogeneous, second order, differential boundary problem. 


There is presented an invariantive formulation of the boundary problem treated 
in R. E. Langer’s first Herbert Ellsworth Slaught memorial paper, Fourier's series, 
the genesis and evolution of a theory, Amer. Math. Monthly vol. 54 (1947). The solu- 
tion y(x, A) of the differential equation, tel) + alri) Ly =0, is subjected 
to the boundary conditions Loa [AHY ay: (aP, A) EAH (aP, à)]=0, 
where the f’s and y’s are constants and y- (x, X) is the covariant derivative of ylz, A) 
under the most general group of transformations, y=e"@4, = (x), preserving the 
differential equation. The Green’s function is obtained in invariant form and its resi- 
dues are computed by reduction of the system to canonical form. (Received Deceni- 
ber 7, 1948). 


254. Sidney Kaplan and George O’Brien: A note on Richardson’ s 
solution of the heat equation by finite difference techniques. 


Richardson’s finite difference formula for the solution of the heat equation: 
3°4/dx*=4¢/dt, namely: (pri —pri)/2Ai= (dri — 2ni ton) / (AW! (L. F. 
Richardson, The approximate arithmetical solution by finite differences of physical prob- 
lems involving differential equations, Philos. Trans. Roy. Soc. London, Ser. A vol. 210 
(1910) p. 313) is proved to be unstable notwithstanding the fact that his formula 
possesses a remarkably small truncation error. The authors prove both theoretically 
and by examples that at a very early stage the solutions begin to oscillate, and at 
X =0.4, i=0.017,the values diverge beyond the boundary. The authors then exhibit 
a stable finite difference formula: (6241, — 64.) /Al= (4.341 — 20m +r i-1)/(AX)? which 
can be used to solve this classical problem. (Received January 10, 1949.) 


2551. Eric Reissner: On bending of curved thin-walled tubes. 


The problem under consideration may be thought of as a problem of determining 
an axi-symmetrical stress distribution in a shell of revolution. Previous work on shells 
of revolution by H. Reissner, E. Meissner and others presupposed rotationally sym- 
metric univalued displacements, It is shown that by admitting suitable multivalued 
‘expressions for displacements the known results may be generalized in such a way. 
that the results for the problems of tube bending, previously studied by von Kärmän, 
Lorenz and others by energy methods, are included. (Received January 13, 1949.) 


256¢. I. F. Ritter: Noise abatement in numerical inversion of a 
mairix. 


“Noise” being defined as the accumulated influence of the rounding off errors, its 
occurrence in inverting a matrix by the elimination method is described and esti- 
mates for its magnitude are derived in a rigorous manner by J. von Neumann and 
H. H. Goldstine (Bull. Amer. Math. Soc. vol. 53 (1947)). In a manner quite trivial, 
compared with this elaborate solution of the involved estimation problem, an itera- 
tion process can be carried out by which, from a noisy approximation to the inverse, 
an unlimited number of correct digits of the true inverse can be computed. The effort 
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required to remove the noise from the first solution does not exceed the work involved 
in obtaining the latter. The process is a matrix iteration, hence lends itself to auto- 
matic operation. If carried out on a desk calculator it is not impeded by limited width 
of the keyboard. It is particularly efficient in finding the numerical solution of a set of 
many linear equations to any desired precision. (Received November 19, 1948.) 


257. Charles Tompkins: Projection methods in calculation of some 
linear problems. 


The author deals with methods of calculation. In problem I he seeks a solution of 
equations } Au%,=b,; in problem II, to minimize the linear function J= ews 
subject to the restriction > Ause2 be, where A,20. Problem II is of interest in con- 
nection with various linear supply problems concerning cost; in these the restrictive 
inequalities frequently include x; 20. Successive projection from a point to the various 
hyperplanes represented by the equations of problem I (in terms of a multidimen- 
sional coordinate geometry with rectangular cartesian coordinates) is studied. Each 
projection is computationally short, and each produces a point nearer a solution (if 
one exists) by a factor definitely less than one. These two statements imply stability 
in the calculation and convergence. A possible helpful utilization of the fact of slow 
convergence in particular problems is noted. A similar attack is made on problem 11; 
this attack involves motion from a point within the allowed region along a line whose 
direction numbers are the gradient of the linear function; when the boundary of the 
region is reached, reflection into the region is taken along another direction—one per- 
pendicular to a bounding hyperplane reached. Slow convergence is again interpreted. 
(Received January 14, 1949.) 


258. Alexander Weinstein: On generalized potential theory and the 
equation of Darboux-Tricomi. 


It is shown that the two fundamental integrals of the equation (*)¢sst¢yvs 
+2py"'16,=0 investigated in a previous paper (A. Weinstein, Discontinuous integrals 
and generalized potential theory, Trans. Amer. Math. Soc. vol. 63 (1948) pp. 342-354) 
are given by the formulas 1=r15-V2y FO, (i +2) and gama tp Yy PO (1 4-267) 
where 0<2<2, y20, b>0, d= [x*-++-(y—8)"](4by)-4, and P and Q are Legendre func- 
tions of the first and second kind. It is shown that ¢ı = "1b Y ty >P (1 +26) log e 
+Rı(&, y—b) and = —x71b-M4y-PP_p(1 +26) log e+-Re(x, y—b) where Rı and Rs 
denote power series. The coefficient of log ein both cases is u(x, y) =r buty Fip, 
1—ġ, 1, —e) where F denotes the hypergeometric series. The function u(x, y) is a 
solution of (*) and coincides, for p=1/6, with the solution given by F. Frank! (Bull, 
Acad. Sci. URSS. vol. 10 (1946) pp. 135-166) in his investigations on Darboux- 
Tricomi’s equation and its applications to transonic flows. (Received January 7, 
1949.) 


STATISTICS AND PROBABILITY 


2591. B. O. Koopman: The law of small numbers in Markoff 
processes. 

The author considers the probability of just s successes in a sequence of n trials 
forming a simple Markoff chain. The chain may be stationary (constant probabilities 


and correlations), semi-stationary (varying probabilities, constant correlations), or 
non-stationary (varying probabilities and correlations). In the limiting case of in- 
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creasing n, probabilities of order 1/s, and fixed correlations, a generating function is 
obtained which is of exponential form and reduces to the Poisson distribution generat- 
ing function when the correlations are all zero. With its aid, the probabilities of s 
successes are given as simple expressions in terms of Laguerre polynomials, both in 
the stationary and semi-stationary cases. In the non-stationary case, the generating 
function is a simple exponential expression involving the generating function of the 
auto correlation. Various extension are considered to trials having many different out- 
comes, and to many-step processes. (Received December 13, 1948.) 


260%. R. H. Fox: On the aspherictty of regions in a 3-sphere. 


If Xu +--+, Xa are the 1-cells and U, ---, Um the 2-cells of a cell complex K 
normalized to contain only one vertex, then the fundamental group G of K is gener- 
ated by %, +--+, £a with defining relations #;=1,-+--, uml, where x, and w are 


carried by X, and U; respectively. In E, the covering space of K determined by a 
normal subgroup Gi of G, the boundary of a 2-cellrU,, rEÆER(G/G)), the integral ring 
of G/G, isr» DoF (3u/3x,) X, (cf. Bull. Amer. Math. Soc. Abstract 55-3-115), where 
& is the natural homomorphism of the ring of the free group [xı - ++, £a] onto the 
ring R(G) of G and y the natural homomorphism of R(G) onto R(G/Gı). Using this, 
Whitehead’s condition (Fund. Math. vol. 32 (1939), pp. 149-166) for the asphericity 
of the complement of a knot may be replaced by the condition: Did (841 /8x,)? =0, 
&ER(G) implies &=0 in the ring of the knot group in one of its common presentations. 


(Received January 13, 1949.) 
ToroLocy 


2613. G. W. Whitehead: On the characteristic cohomology class of a 
fibre bundle. 


Let X be a fibre bundle over a topological space B, with r: X—B as projection, 
and suppose that the fibre F is arcwise connected and that «,(F) =0 fori<n. For each 
bEB, let Fs=x7:(b). The characteristic cohomology class ¢*+! of the bundle may be 
regarded as an element of the (n+1)st cohomology group of B modulo a fixed point 
bo with local coefficients in the system of local'groups {ma(F.)}. Let d* be the obstacle 
to contracting F» over itself to a point; d” belongs to the ath cohomology group of 
Fs with coefficients in an(Fr,). The cohomology classes c*#! and d* are connected by 
the formula x*cst!=3d", where #* is the homomorphism induced by the mapping 
r: (X, F)>(B, bo), and 8 is the coboundary operator. (Received December 7, 1948.) 


262t. Leo Zippin: Two-ended topological groups. 


Freudenthal has proved (see his Neuaufbau der Endentheorte, Ann. of Math. vol. 
43 (1942) pp. 261-279) that a locally compact, connected, topological group G has at 
most two “ends”; these ends are ideal points which serve to make compact the group 
manifold, and groups with no ends are compact, In this note it is shown that the two- 
ended group manifolds are the topological product of a real axis by a compact con- 
nected set. The compact set is homeomorphic to the coset-space of G by a one- 
Parameter subgroup. (Received February 26, 1949.) 


T. R. HOLLCROFT, 
Associate Secretary 


THE FEBRUARY MEETING IN CHICAGO 


The four hundred forty-fourth meeting of the American Mathe- 
matical Society was held at the University of Chicago, on Saturday 
February 26, 1947. The attendance was eighty-one, including the 
following seventy-seven members of the Society: 


A. A. Albert, W. R. Allen, Reinhold Baer, E. W. Banhagel, S. F. Bibb, W. M. 
Boothby, A. J. Brandt, C. R. Cassity, Herman Chernoff, E. W. Chittenden, A. M. 
Christiansen, H. M. Clark, Byron Cosby, D. M. DeWitt, Flora Dinkines, John Dyer- 
Bennet, W. F. Eberlein, Chester Feldman, J. V. Finch, Harley Flanders, L. R. Ford, 
Evelyn Frank, C. G. Fry, M. P. Gaffney, David Gilbarg, S. H. Gould, L. M. Graves, 
L. W. Griffiths, William Gustin, M. M. Gutterman, P. R. Halmos, H. L. Harter, I. 
N. Herstein, L. A. Hostinsky, Ralph Hull, M. M. Johnsen, Louis Joseph, D. E. 
Kibbey, D. D. Kosambi, M. S. Kramer, W. C. Krathwohl, M. Z. Krzywoblocki, 
E. P. Lane, J. S. Leech, A. W. McGaughey, Saunders MacLane, Morris Marden, J. 
M. Mitchell, E. J. Moulton, S. B. Myers, Leopoldo Nachbin, Zeev Nehari, E. H. 
Ostrow, D. W. Pounder, W. T. Reid, Haim Reingold, Herman Rubin, L. J. Savage, 
A. C. Schaeffer, Lowell Schoenfeld, W. T. Scott, I. E. Segal, M. A. Seybold, H. A. 
Simmons, Annette Sinclair, A. H. Smith, E. H. Spanier, M. P. Steele, A. F. Strehler, 
E. A. Trabant, E. F. Trombley, Henry Van Engen, L. R. Wilcox, R. E. Wright, L. 
C. Young, J. W. T. Youngs, Antoni Zygmund. 


By invitation of the Committee to Select Hour Speakers for West- 
ern Sectional Meetings, Professor S. B. Myers delivered an address 
entitled Normed linear spaces of continuous functions. Professor Myers 
was introduced by Professor L. M. Graves of the University of Chi- 
cago. Contributed papers were presented to the Society at a session 
on Saturday afternoon, presided over by Professor L. R. Ford of the 
Illinois Institute of Technology. i 

Visiting mathematicians and their guests were entertained by Mrs. 
Saunders MacLane on Saturday afternoon following the conclusion of 
the session for contributed papers. 

Abstracts of all papers presented at the meeting are given below. 
Papers read by title are indicated by the letter “t.” ' 


ALGEBRA AND THEORY OF NUMBERS 


263t. Harvey Cohn: Minkowski’s conjectures on critical lattices in 
the metric (ël »+|n| PyUp, 


The conjecture deals with the minimum constant cp for which each lattice in the 
ty-plane will necessarily have two points no further apart than cp4/? in the sense of 
the metric (|t|?+||7)¥?, p>1, where A is the eculidean area of the fundamental 
parallelogram of the lattice. The main result is that for p large enough, 
Cp 21 P(1 —rp)™?/(1+rp)"3, where rp is the root of „ri =2(1—r,)P. Its significance 
lies in the fact that it verifies, in part, bome conjectures of Minkowski, other parts of 
which have been recently disproved. The solution is determined, in principle, by a 
theorem of Minkowski which in this case asserts that c»=3,”, where 3, is the mini- 
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mum area of the simple infinity of parallelograms one vertex of which lies on the 
origin and the other three vertices of which lie of the curve |£|r+|»|?=1. The con- 
ditions defining minimum are treated asymptotically as p approaches infinity, and it 
is shown that for p large enough, only the obvious symmetry positions enter into con- 
sideration as optima. (Received January 10, 1949.) 


264. I. N. Herstein: A proof of a conjecture of Vandiver. 


Vandiver, in Ann. of Math. vol. 48 (1946) p. 28, conjectured that the Wedderburn 
theorem, that every finite skew-field is commutative, could be generalized as follows: 
Every finite, non-commutative ring has an element which is a divisor of zero and is 
not in the centrum of the ring. Using elementary ring theory, this conjecture is proved. 
(Received January 21, 1949.) 


265t. C. M. Price: Jordan division algebras. Preliminary report. 


It is shown that the only central Jordan division algebras SC" over an algebraic 
number field F which are not fields are obtained by replacing ordinary multiplication 
by the quasi-multiplication a © b= (ab+ba)/2 in S, where S iseither (1) an associa- 
tive central division algebra D of odd degree over F or (2) the set of all J-symmetric 
elements of D of odd degree over F, where J is of the second kind. More generally if 
S is an associative central simple crossed product of degree n over any field F, then 
S is a Jordan division algebra if and only if S is a division algebra and » is odd. If S is 
the set of all J-symmetric elements of an associative central simple algebra A of de- 
gree n over its center F, then S or A® is a Jordan division algebra not a field only 
if A is a division algebra. In this case if J is of the first kind so that n=2", and A 
contains an imprimitive quartic field over F when #>2, then S is a Jordan division 
algebra if and only if SC is a field and »=1, 2. Also if is odd and B is any subset 
of A (division algebra), then B can have no (Jordan) divisors of zero. (Received 
January 19, 1949.) 


2668. K. G. Ramanathan: On the Fourier coeficients of certain mod- 
ular forms. i 


The present paper is devoted to the study of the congruence properties of the 
arithmetic function P,(r) defined by »>0, I, P,(n)x* = [(1 —x)(1—x4) - - - |? for 
the moduli 5° and 78. One of the many results proved ıs:if»>0, v= —24 (mod 420) 
and 24mmv(mod 5°7P) then P,(m)=0(mod 5°75), The Ramanujan-Watson con- 
gruences for the partition function are contained as particular cases. (Received 
January 13, 1949.) 


267. H. A. Simmons: Interpretation of belonging-to exponents in 
terms of ever-repealing decimals. 


In this paper, some number scales used have positive bases; others, negative bases. 
When the base of a acale that is used is negative, the digits in the associated decimal 
may not all be taken with the same sign. When they are not, the decimal! is called a 
“pseudo-decimal.” In a particular situation, our procedure leads naturally either toa 
customary decimal or to a “pseudo-decimal.” Our basic result is this: if (a’, m) <1, 
where m>1 and a’ ts numerically larger than 1, then a necessary and sufficient con- 
dition that a’ belong to the exponent e modulo m is that 1/m be expressible in the 
scale of a’ by an ever-repeating decimal of shortest period e. One corollary of this 
theorem is about the expression of b/m as an ever-repeating decimal when (b, m)=1, 


524 AMERICAN MATHEMATICAL SOCIETY [May 


m>1, and 1S|0] <m; another corollary relates to the replacement of a base a’ by 
bases of the form a’+km; and finally five additional theorems are stated which are 
analogous to known theorems of elementary number theory. (Received March 2, 
1949.) 


2681. M. F. Smiley: A remark on a theorem of Marshall Hall. 

The identity x(yg-3y)?= (ys—sy)%« characterizes Cayley-Dickson algebras among 
alternative but not associative division rings. (Cf. Marshall Hall, Projective planes, 
Trans. Amer. Math. Soc. vol. 54 (1943) pp. 229-277.) This follows from Hall’s proof 
and a result of A. A. Albert (Absolute valued algebraic rings, Bull. Amer. Math. Soc. 
Abstract 54-11-416). A geometric consequence is that the stated identity and Hall's 
Theorem L ensure the uniqueness of the coordinate ring in a projective plane. (Re- 
ceived January 8, 1949.) 


ANALYSIS 


269. William Gustin: Areal mean value families. 


A family & of plane surfaces is called an areal mean value family if every function 
f regular in a simply-connected domain D has the same areal mean value over any 
two surfaces of © covered by D. Many areal mean value families besides the con- 
centric circles (Gauss) and the confocal ellipses (Asgeirsson) are shown to exist. (Re- 
ceived January 12, 1949.) 


270t. Samuel Karlin: Orthogonal properties of independent func- 
tions. 


This paper presente a systematic study of the analytical orthogonal properties of 
independent functions. The first part treats of convergence of expansions of functions 
in series of independent functions. It is shown under mild conditions that almost all 
modes of convergence are equivalent. In the second part, the relationship of conver- 
gence and summability questions are investigated. The Lebesgue kernel of an inde- 
pendent system is shown to be nonsummable. Finally, the connection of inde- 
pendent systems and lacunary orthogonal systems is discussed. (Received February 6, 
1949.) 


271. Josephine M. Mitchell: On convergence and (C, 1, 1) summabil- 
ity of double orthogonal series. 

Let () E n10mpmalP), Oma =u f(P)bnn(P)GAp, be the orthogonal development 
of an arbitrary function f(P) of class L? defined on a measurable set E of r-dimensional 
Euclidean space, with respect to the complete orthonormal system {¢na(P)} 
(m, n=1, 2, +++) of functions of class L?, The rôle of the Lebesgue functions, Lma(P) 
= J's | Kna(P, Q)|dAg, where Kus(P, Q) is the mnth kernel function, 2/7716 (P)¢i1(Q), 
in the convergence of series (i) is investigated. It is proved that if L/,(P) 
=afy max igisn | Knj(P, Q)| dA is O(u!(m)) (u(m) Su(m+1)), then the sequence 
Sua(P)/u(m), where Saa(P) is the mnth partial sum of (i), approaches a limit amost 
everywhere in E. In particular, if E is the Cartesian product of two measurable sets 
E, and E; and {pms} = {9 ¢2}, where {¢{"} is a complete orthonormal set defined 
on E, (x=1, 2), then the result corresponding to the above for simple orthogonal 
series may be exactly generalized (S. Kaczmarz, Studia Math. vol. 1 (1929) p. 101) 
in the case of positive kernel functions. Similar results are obtained for (C, 1, 1) sum- 
mability. (Received January 13, 1949.) 


` 
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272. Zeev Nehari: A class of domain functions and some allied ex- 
tremal problems. 


Let D be a smoothly bounded finite domain of connectivity » in the complex 
z-plane, s the length-parameter on the boundary T of D, and A(s) a continuous posi- 
tive function on T. It is shown that there always exist two uniquely determined 
single-valued analytic functions Ky(s, £) and La(s, t) which are regular in D with the 
exception of a simple pole of Ly(s, f) at s=¢ (FED) and which, for zET, are con- 
nected by the identity A(s)Ky(s, ¢{)¢s= —#L (3, $)ds. This identity implies that 
Kyx(s, $) has the reproducing property Jr A(s)K,(s, $)f(s)ds =f(t) with respect to the 
class C of functions f(s) which are regular and single-valued in D and whose boundary 
values are of class L?(T). The function Ky(z, f) can be computed by means of the bi- 
linear formula Ky(z, $) = Den or(2)$,(f), where { b>(s) } is a complete set of functions 
of C orthonormalized by the conditions fr A(s)¢>(2)¢,(¢)¢s = ôs. An algorithm of 
similar type yields the function Ly(s, f). It is then shown that the functions Ky(z, }), 
Ly(z, t), and certain combinations of them provide the solutions for a number of 
extremal problems in the theory of conformal mapping. (Received January 12, 1949.) 


273. Lowell Schoenfeld: On second order linear partial differential 
equations with singular coefficients. 


Let L(U)=U,,+4AU,+BU,+CU where 4, B and C are functions of the two 
independent complex variables sex-+iy, 2=x—ty and x and y can take complex 
values. Using the work of Bergman (Rec. Math. (Mat. Sbornik) N.S. vol. 2 (1937) pp. 
1169-1198 and Trans. Amer. Math. Soc. vol. 57 (1945) pp. 299-331), the author 
proves that if L(Y) =0 and certain auxiliary conditions are satisfied then U(s, 8) is 
singular in the plane 2=2,. The following is typical of the two principal results. If 
k20 is an integer, B,—A.s=0=271(2k -1)A,—2-(28 41) B,+C—AB, B(s,8) is 
singular at 500 and has no other singularity, A(z, 2) is entire, Hus, defined by 
U exp {5 As, Sde+yi Bs, 0)dt} =, noan", is such that Hoa=0 for #21, 
Emo=0 for m<k, Hors, Hwy,0/Hm 00 as m—>o and L(U)=0, then U(z, 3) is 
single-valued for |z|, |#| < œ, is singular in the plane #=3,, and has no other singu- 
larities for |z|, |2| < œ. (Received January 12, 1949.) 


APPLIED MATHEMATICS 


274. David Gilbarg: A characterization of non-isentropic irrota- 
tional flows. 


Steady irrotational flows are considered for which entropy is required to be con- 
stant only along streamlines. It is shown that all plane subsonic irrotational flows are 
in the large either isentropic or are vortex flows. If certain general restrictions are 
placed on the boundaries of the flow region, the same result holds for mixed and super- 
sonic flows. Analogous theorems are proved for axially symmetric and general spatial 
flows. The proofs depend on uniqueness theorems for the Cauchy initial value prob- 
lem applied to the equation for the velocity potential of isentropic irrotational flow. 
A new uniqueness theorem is proved for the case of parabolic data on the initial curve, 
that is, for data on the sonic line. (Received January 14, 1949.) 


275. M. Z. Krzywoblocki: On shock theory in viscous gases. 


In most existing shock theories the assumption is that the shock curve is a geo- 
metric surface (line) of discontinuity in pressure, velocity, and so on. The location 
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of the shock and its shape is more or less unknown at the very beginning of the prob- 
lem. The author, starting with the application of the methods known from the theory 
of the “limiting lines” in an inviscid fluid to a viscous fluid, has obtained new results. 
The first result is that the “limiting lines” cannot exist in a viscous fluid. The question 
of whether a limiting line is a characteristic feature of a transformation (hodograph 
transformation) may be solved by using other kinds of transformation. The second 
result is that the curve of the beginning of a shock is the locus of points in which the 
change of pressure with respect to the running coordinate along a streamline is of the 
same order as the change of the components of the stress tensor with respect to the 
same coordinate. Hence the criterion for the beginning of the shock in a viscous fluid 
is the limited deformation in a continuous medium. (Received January 14, 1949.) 


GEOMETRY 


276. Edward Kasner and John DeCicco: Physical families in con- 
servative fields of force. 


A physical system S; of œ? curves in a conservative field of force is obtained as 
the extremals of the variation problem {/(W+h)¢+t/4ds = min, where W is the work 
function and A is the energy constant. According as & is 0, 1, —2, the system S+ con- 
sists of dynamical trajectories, general catenaries, brachistochrones. A velocity sys- 
tem is defined by the variation problem fe¥0ds=min. In a non-homothetic con- 
formal representation of a surface 2; upon a surface Z, complete systems S» do not, 
in general, correspond. There is only one conservative field of force, namely the one 
for which the work function is w = (ds,/ds)7@t), on Z, for which the complete system 
S, becomes a complete system S» on 21. The corresponding work function on X; is 
w,=1/W. There is no complete system Ss on Z, which by a non-homothetic con- 
formal map on Z, becomes a complete system Si, with kı>“k on Zı. (Received Decem- 
ber 30, 1949.) : 


277t. Edward Kasner and John DeCicco: Physical systems of 
curves in space. 


Connected with an arbitrary positional field of force in space are the systems Sy of 
co curves along any one of which a constrained motion is possible such that the oscu- 
lating plane at each point contains the force vector F, and the pressure P is propor- 
tional to the normal component N of F. Thus P=KN. Special cases are (a) dynamical 
trajectories, (b) general catenaries, (c) generalized brachistochrones, (d) velocity 
curves, according as k is (a) 0, (b) 1, (c) —2, (d) ~œ. The locus of the centers of the 
osculating spheres of the curves of a system Sps through a given lineal element is a 
straight line. By varying the direction through the point, the associated lines form a 
congruence Q of order one and class three. This congruence © is composed of the 
secants of a twisted cubic curve T. The associated quadrics through T are studied, 
from which can be deduced a geometric interpretation of the curl of F. Many other 
related results are also discussed. (Received December 27, 1949.) 


LOGIC AND FOUNDATIONS 


278%. A. R. Schweitzer: On the place of Kant’s Critique of Pure 
Reason in a genetic logic of mathematics. 

In his article, Les idées directrices de la logique génétique des mathématiques (Rev. 
de Mét. et de Mor., Paris, 1914) the author quotes from an article by Felix Klein 
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mediating, in effect, between intuition and logical deduction in evolutionary mathe- 
matics. In this paper Klein’s remark is interpreted as a special case of a statement by 
Kant (Critique of pure reason, translated by F. Max Muller, New York, 1911, p. 41): 
“| „.itisequally necessary to make our concepts sensuous .. . as to make our intui- 
tions intelligible ....” This leads to finding a place for Kant’s Critique in a genetic 
logic of mathematics by interpreting the Critique as a theory of knowledge elaborat- 
ing a relation between intuition and logic. For intuition is associated by Kant with 
sensibility and logic is subdividied by him into analytic, associated with the under- 
standing, and dialectic, associated with reason. Also Kant assumes (ibid., p. 242; com- 
pare p. 563) that “All our knowledge begins with the senses, proceeds thence to the 
understanding, and ends with reason.” (Received January 13, 1949.) 


279t. A. R. Schweitzer: Outline of a theory of knowledge suggested 
by mathematics. Preliminary report. 


' This paper consists of three parts: I. Systems of notation (representation); II. 
Terms and processes. III. Relations. Instruments of notation are: letters, words, 
signs, symbols. Systems of notation include: language, literature, philosophy, science 
and mathematics. Terms include: entities, things, objects, facts, thoughts, concepts, 
ideas, elements, points, units, monads, atoms. Processes include: classification, orien- 
tation, working hypothesis, assumption, definition, composition, inference, method, 
proof, existence, construction, approximation, limitation, replacement, transforma- 
tion. Mathematics is held to be a science of relations. In part II reference is made to 
Kant’s statement, “Whatever the process and the means may be by which knowledge 
reaches its objects, there is one that reaches them directly, and forms’the ultimate 
material of all thought, viz. intuition . . . .” (Critique of pure reason, translated by F. 
Max Miller, New York, 1911, p. 15). (Received January 13, 1949.) 


TOPOLOGY 


280%. M. K. Fort: Essential and non-essential fixed points. 


Let X be a compact metric space having the fixed point property. Let fE.XX and 
$ bea fixed point under f. The point $ is an essential fixed point under f if correspond- 
ing to each neighborhood U of p there exists e>0 such that every g for which p(f, g) <e 
has a fixed point in U. An approximation theorem is proved which shows that every 
JEXT can be approximated arbitrarily close by a transformation, all of whose fixed 
points are essential. It is proved that if f has a single fixed point, then this fixed 
point is essential. Another existence theorem is proved, to the effect that if X is a 
n-manifold and the set of fixed points of fC.XT is totally disconnected, then f has at 
least one essential fixed point. Various examples and special cases are discussed. (Re- 
ceived January 13, 1949.) 


281t. E. E. Moise: A note on the pseudo-arc. 


It has been shown by R. H. Bing (Duke Math. J. vol. 15 (1948) pp. 729-742) that 
a certain continuum described by the author (Trans. Amer. Math. Soc. vol. 63 (1948) 
pp. 581-594) is homogeneous. The present note gives a proof of Bing’s result, based 
on the methods of the author’s original paper. (Received February 3, 1949.) 


J. W. T. Younes, 
Associate Secretary 


BOOK REVIEW 


Functional analysis and semi-groups. By Einar Hille. American 
Mathematical Society Colloquium Publications, vol. 31. New 
York, American Mathematical Society, 1948. 12+528 pp. $7.50. 


This is a very interesting and important treatise, embodying sev- 
eral books as it were, the largest among the latter being the one ac- 
tually devoted to semi-groups themselves. The treatise might be de- 
scribed as a “cours d'analyse” for the study of vector-valued func- 
tions, Banach norms and spectral theory; but it also contains such 
“classical” material as Laplace integrals, Fourier series, Hermite ex- 
pansions, real functions in Euclidean spaces, and so on. 

1. The treatise incorporates first of all a kind of monograph, very 
up-to-date but not entirely complete, on ordinary Banach spaces with 
a goodly emphasis on “categories” which the author avers arises from 
the influence of Max Zorn. THis is a very valuable supplement to 
Banach’s own manual. The author then rapidly proceeds to the 
development of the notions of Banach valued measurable and 
integrable functions with which he will afterwards operate inces- 
santly. We bow to the author in gratitude for naming his principal 
integral after us. But we were surprised to find that he does not de- 
scribe how the transition from the ordinary Riemann integral to 
Lebesque integral may in itself be derived by a process of Banach- 
completion of a normed vector-space at first incomplete. . 

2. In the second place, Chapters V and XX of the treatise con- 
stitute a most handy monograph on so-called Banach algebras. A 
Banach algebra (and who does not know it by now?) is a Banach 
space with a super-imposed ring multiplication satisfying the relation 


l-l [lal loll. 


The Abelian prototype is the space of complex-valued functions f(é), 
— œ << œ, with the norm [?. |!) |dt and the multiplication 


MO = | Se — wana 


The author gives an account of maximal ideals, including Gelfand’s 
fundamental theorem on numerically-valued functions of maximal 
ideals for commutative Banach algebras. However the author does 
not include Gelfand’s application of his theorem to the proof of 
Wiener’s theorem on ordinary Fourier series. This is a most regret- 
table omission, seeing that this application is still probably the most 
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telling link between the theory of Banach algebras and analysis of 
the homespun variety. The author has theorems on “structure” and 
“representation” (but no positive-definite functions); he greatly 
stresses the efforts of the contemporary school which originated tech- 
nically with Sam Perlis and N. Jacobson to avoid the addition of a 
ring-unit whenever one is not present at the start. In the previously 
described prototype of a commutative Banach algebra the missing 
unit would be the “Dirac function” e=dF(t)/di, F(t) =0, — œ <t <0, 
F(t)=1, OSi< œ. In this and all other cases the unit can be added 
very economically by forming the elements Ae-ta. It is originally 
needed for the definition of “inverse” elements; but the basic relation 
(a+e)(b+e) =e reduces to ab+a+b=0, and in the latter version the 
unit has been eliminated. It is claimed that the artificial addition of a 
unit would have distortive consequences, but this claim is not sub- 
stantiated by any illustrative material. 

3. Then there is a treatment of complex analytic functions from 
Banach space to Banach space. Assuming, for our discussion now, the 
values'of the functions to be complex numbers, this is an extension of 
functions f(s, - - - , 3) from a complex E, to a Banach space B. In the 
latter case f(a) is called analytic in D, DCB, if for a in D, bin B, 
and £ complex, f(a-+bt) is analytic in i, “uniformly” in a, b. This an- 
alyticity is also described in terms of differentiability properties, 
mainly with a view to obtaining statements on the domain of con- 
vergence of what corresponds to the Taylor-expansion of f(z, - © - , 3) 
around the origin in its diagonal arrangement I, Palsi + + Sa). 
In this entire context some very astute “category arguments” are 
used and the results are very interesting; but in connection with the 
theorem stated on page 90 it should be emphasized that it is a gen- 
eralization of a classical theorem of Hartogs for functions in k com- 
plex variables, and that Hartogs’ own version is presupposed known 
for the generalization and apparently has not been proved anew by 
the category argument. . 

4. If eis the unit and a any other element of a B-algebra, for ex- 
ample, an algebra of endomorphisms in some Banach space, the 
spectral analysis of a consists of a discussion of the expression 


(1) Ae — a)! 


considered as a function from the complex numbers X to elements in 
the algebra; the resolvent set is the open A-set for which the inverse 
exists, and the spectrum is its complementary set. The author indi- 
cates in what manner N. Dunford, E. R. Lorch, C. E. Rickart, A. E. 
Taylor and others have successfully extended and expanded previous 
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` 
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‚results about operators in Hilbert space to general B-algebras. In 
this connection it seems that it would be worth while to investigate 
the nature of the expression. 


Nat F Ases — a) 


as a function of & complex variables M, - : <, A» for a set of “unit- 
like” elements eı, -+ +, e. For instance, if e=e:+ --- +e, with 
€,€;=8,;¢,, then most likely the resolvent set is a topological product 
. of open sets in the d,-planes separately, and is thus of rather special 
structure. But even in the most general set-up, the resolvent set could 
not be any given open set in A-space (due to structural requirements 
on domains of analyticity for k22), but our best guess is that an 
open set is a resolvent set provided it is the set of uniform con- 
vergence of a series 


D (andi + +++ Fam + an) 
A) 


with suitable numerical coefficients a,j. 

For fixed X but variable a the expression (1) is an analytic function 
from a Banach algebra to itself. For such functions in general, E. R. 
Lorch has given a definition of analyticity and of the Cauchy integral 
Sof(x)dx, for x and y=f(x) both in a B-algebra. From the author’s 
standpoint the most important instances of such functions are 
either the resolvent (1), or an exponential e~ and its inverse, 
log x= [(1/x)dx, both of which are fundamental to the very definition 
of a semi-group. They are special cases of general numerical functions 
of x, x in B, the latter being then roughly speaking a power series 
Yan” with numerical coefficients a,. For anon-commutative B-alge- 
bra, more general functions f(x) have hardly been approached, even 
in the finite-dimensional case, and research in this direction would be 
most desirable. 

5. Two of the most appealing sections of the treatise are Chapters 
VI and VII, insofar as they are devoted to an analysis of subadditive 
functions and to a purely geometric description of the boundary of 
Euclidean semimodules (that is, additive Abelian semi-groups), in 
particular to those having the origin of the space on its boundary 
(angular semi-modules). The author’s digest of the existing material is 
most useful. We are taking the liberty of replenishing his list of refer- 
ences by quoting two items of our own in which angular semi-modules , 
have been explicitly introduced for the purposes of Fourier analysis 
and Cauchy formulas, namely: Group invariance of Cauchy's formula 
in several variables, Ann. of Math. vol. 45 (1944):p. 686, and Bound- 
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ary values of analytic functions in several variables, Ann. of Math. vol. 
45 (1944) p. 708. 
6. A semi-group is a solution f(£) of the functional equation 


(2) fat) = SEDE) 


which is defined from the half-line 0< E< œ, or a larger semi-module, 
to a Banach algebra, preferably an algebra of bounded linear trans- 
formations of a Banach space into itself; in the latter case it is better 
to write the above in the form: 


(3) . P+ i)a = TETE). 


With regard to the numerical solutions of (2) one may make two 
statements: (i) if a solution has any kind of “approximate” con- 
tinuity, for example if it is Lebesgue measurable, then it auto- 
matically is “strictly” continuous; and (ii) if it is so continuous, it 
has the trivial form 


(4) JO =e. 


Now, in the non-numerical case, statement (i) still remains in force 
on the whole, and we shall not discuss it any further. But statement 
(ii) is subject to serious qualifications. First of all, (4) must be im- 
mediately amended to read 


(5) JO = jet 


where j =j? is any idempotent element. Secondly, the existence of an 
element a which satisfies (5), or of an unbounded transformation A 
which satisfies 


(6) T(x = j letter] 
is predicated on a foreknowledge that the limits 

_ 0 
im DKO 


70 n 


lim f) = f(+0), 
+o 


do exist in some appropriate manner, and the manner in which the 
latter exist greatly conditions the way in which the equations (5) and 
(6) are to be interpreted. 

Also, due to the possible generality of the spectrum of a (or A), 
the actual complex-analytic behaviour of J(E) is not that of a simple 
exponential monomial as the simplicity of the symbol (5) might de- 
ceptively suggest. Rather it is that of an analytic function defined 
only in an angular sector, and exhibiting there the behaviour of 
general functions of exponential type, complete with indicator dia- 
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gram à la Pincherle-Pélya, Laplace-transforms, and such like. The 
most notable features by which to distinguish it from a function of 
exponential type in general are as follows. If f(Ẹ) can be appropri- 
ately continued analytically into a complex neighborhood of some 
finite real interval a S£Sf then it can be so continued into an entire 
semi-module, and for a=0 this is even an angular semi-module. 
Furthermore, depending on the set-up, the function f(£) has usually 
some kind of limit behaviour at the termini of the sector, for both 
E>-H0 and &>+». The body of statements concerning such limit 
behaviour is what is commonly called “ergodic theory”; and with 
some adaptation of approach a certain part of the “Tauberian 
theory” may also be thus included. In discussing the latter “theories” 
the author does not draw on the concepts of “partial ordering” ex- 
cept for a brief description of a paper by the reviewer on p. 381. This 
leads to a tangible curtailment of viewpoint when discussing such 
topics as the spectral resolution of a Hermitian operator in Hilbert 
space, or G. D. Birkhoff’s version of the ergodic theorem. But the 
author has knowingly chosen his viewpoints, as undoubtedly was his 
privilege. 

7. Finally, under the designation of “special semi-groups” the 
author has assembled several topics in “concrete” analysis each in- 
volving a semi-group and falling under the following general scheme. 

Take a system of functions {@a(x) } on some point set S, the index 
n being discrete or continuous. Next take a vector space of functions 
on S each admitting an expansion 


f(a) ~ F apala) 
or 
f(a) ~ f aadba( 1) dn 


with suitable constant coefficients {a}. Now, take a system of non- 
negative exponents {ro} and for £>0 introduce the transformations 


TOS Demand). 


They obviously form a semi-group. Furthermore, if the system 
TACO is orthonormal with respect to a suitable measure on S, we 
have the kernel representation 


(7) Tor Í KG 2 DBY 
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where 


(8) K(E, æ, NOLTE). 


Now, one may envisage admitting an “arbitrary” sequence of ex- 
ponents fr} and attempt to describe the corresponding arbitrary 
semigroup 7(£) and its associated kernel (8). This is an interesting 
enough problem, but a somewhat artificial one. A much more natural 
set-up arises if the exponents {ra} and the functions { a(x) } are in 
some specific relationship to each other, to wit, if they are the 
eigenfunctions and eigenvalues of some suitable differential equation 


Aw = dd. 


In such a case the transformed function (7) is the solution of the asso- 
ciated “heat equation” 


afla, £) 
ð$ 
with the initial value f(x, 0)=f(x). Or, if we have 
Ar = As, 





then the function is a solution of the “Laplace equation” 


Pfla, £) 
of? 


again with the same initial value, and under the condition of remain- 
ing bounded for 0<¢< œ. The nature of the kernel (Gauss-kernel, 
Abel-kernel, and so on) is then pushed sharply into the foreground 
and its behaviour closely reflects the nature of the operator Ad 
under discussion. For instance, roughly speaking, whenever the oper- 
ator is a positive-definite one, the kernel will be a non-negative func- 
tion and only then. In broaching these topics the author has by no 
means exhausted the existing fund of information, whether actual or 
potential, or delineated all existing interconnections. But he has per- 
formed the important service of assembling and sifting some pre- 
requisite material from an absorbing field of study of ever widening 
interest. 


A, f(z, £) = 


S. BOCHNER 


NOTES 


An Institute for Teachers of Mathematics will be held on the 
Wellesley College Campus August 23-30, 1949. This Institute is 
sponsored by the Association of Teachers of Mathematics in New 
England and is planned to serve teachers of mathematics in ele- 
mentary schools, secondary schools, and colleges. 

Dr. Harish-Chandra of the Institute for Advanced Study and Dr. 
J. A. Jenkins of Harvard University have been awarded Frank B. 
Jewett Fellowships by the American Telephone and Telegraph Com- 
pany. 

Professor P. H. Linehan of City College, New York City, has re- 
tired with the title emeritus. 

Professor Enrico Bompiani of the University of Rome has been 
appointed to a professorship at the University of Pittsburgh. He will 
spend half of each academic year at the University of Rome. 

Professor Lamberto Cesari of the University of Bologna has been 
appointed to a visiting professorship at the University of California. 

Professor S. S. Chern of the Institute of Mathematics of the 
Chinese Academy is presently a member of the Institute for Ad- 
vanced Study. ` 

Professor D. D. Kosambi of Tata Institute of Fundamental Re- 
search, Bombay, India, has been appointed to a visiting professorship 
at the University of Chicago. 

Professor T. G. Room of the University of Sydney has been ap- 
pointed to a visiting professorship at the University of Tennessee. 

Professor Enrico Volterra of the University of Rome has been ap- 
pointed to an associate professorship of mechanics at Illinois Institute 
of Technology. : 

Dr. F. L. Alt of the Ballistic Research Laboratories, Aberdeen 
Proving Ground, has accepted a position as assistant and acting 
chief of the Computation Laboratory, National Bureau of Standards. 

Mr. C. W. Cassel of the University of Dayton has accepted a posi- 
tion as chief of the Branch of Measurement and Analysis, Engineer- 
ing Division, Clinton County Air Force Base, Wilmington, Ohio. 

Dr. H. E. Ellingson of Rosemount Research Center, University of 
Minnesota, has accepted a position as Mathematician with the Naval 
Ordnance Laboratory, Washington, D. C. 

Mr. L. N. Enequist of the Bendix Aviation Corporation has ac- 
cepted a position as mathematician with the Ballistic Research 
Laboratories, Aberdeen Proving Ground. 

Dr. H. G. Landau of the Ballistic Research Laboratories, Aberdeen 
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Proving Ground, has accepted a position as research associate with 
the Committee on Mathematical Biology, University of Chicago. 

Mr. George Lausch of Cornell University has been appointed to an 
assistant professorship at the University of Pittsburgh. 

Dr. R. K. Luneburg of the Institute for Mathematics and Me- 
chanics of New York University has been appointed to an associate 
professorship at the University of Southern California. 

Mr. E. W. Marchand of the University of Rochester has accepted a 
position as physicist with the Eastman Kodak Company, Rochester, | 
New York. 

Professor W. E. Milne of Oregon State College is on leave at the 
Institute for Numerical Analysis, National Bureau of Standards. 

Associate Professor E. D. Rainville of the University of Michigan is 
on leave at the California Institute of Technology. : 

Mr. L. L. Rauch of Princeton University has been appointed toan ` 
assistant professorship at the University of Michigan. l 

Assistant Professor W. P. Reid of Purdue University has been 
appointed to an assistant professorship at the Air Forces Institute of 
Technology, Wright Field, Ohio. 

Associate Professor E. K. Ritter of the U. S. Naval Postgraduate 
School has accepted a position as supervisor, Performance Analysis 
Group, Aeronautical Research Center, University of Michigan. 

Mr. J. H. Rosenbloom of Frankford Arsenal, Philadelphia, has ac- 
cepted a position as physicist with the Naval Ordnance Laboratory, 
White Oak, Silver Spring, Maryland. 

Mr. J. W. Wray of the University of Illinois has been appointed to 
an acting assistant professorship at State Teachers College, New 
Paltz, New York. 

The following promotions are announced: 

J. G. Herriot, Stanford University, to an associate professorship. 

Samuel Karlin, California Institute of Technology, to an assistant 
professorship. 

Z. I. Mosesson, Prudential Insurance Company of Amaia to 
senior actuarial assistant. 

The following appointments to instructorships are announced; 

Illinois Institute of Technology, Mr. B., A. Galler; University of 
California, Mr. J. L. Hodges; Iowa State College of Ariun and 
Mechanic Arts, Mr. W. C. Hoffman. 

Professor Torsten Carleman of the University of Stockholm died 
on January 11, 1949 at the age of fifty-six years. 

Dean Emeritus T. M. Focke of Case Institute of Technology died 
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March 2, 1949 at the age of seventy-eight years. He had been a 
member of the Society for thirty-five years. 

Dr. H. V. Gummere died on February 9, 1949 at the age of eighty 
years. He had been a member of the Society for fifty-five years. 

Professor Emeritus W. S. Hall of Lafayette College died December 
17, 1948 at the age of eighty-seven years. 

Professor Emeritus W. D. MacMillan of the University of Chicago 
died November 14, 1948 at the age of seventy-seven years. He had 
been a member of the Society for thirty-four years. 

Mr. J. S. Mikesh of the Lawrenceville School, Lawrenceville, New 
Jersey, died January 29, 1949 at the age of sixty-seven years. 

Professor Maximilian Philip of City College, New York City, 
died January 17, 1949 at the age of seventy-one years, 

Mr. H. I. Treiber of Watson Laboratories, Columbia University, 
died on February 27, 1949 at the age of twenty-seven years. 

Professor John Williamson of Queens College died on February 9, 
1949 at the age of forty-seven years. He had been a member of the 
Society for twenty-three years. 

The following one hundred and seventeen doctorates, with mathe- 
matics, mathematical physics, or statistics as a major subject, were 
conferred during 1948 in universities in the United States and 
Canada. The university, month in which degree was conferred, minor 
subject (other than mathematics) and the title of the dissertation are 
given in each case if available. 

Milton Abramowitz, New York, February, minor in aeronautical 
engineering, On the backflow of a viscous fluid in a diverging channel. 

N. B. Allison, Kentucky, June, On ideals in generalized qualernion 
algebras and representation of integers by ternary quadratic forms. 

R. A. Alpher, George Washington, May, On the origin and relative 
abundance of the elements. 

R. D. Anderson, Texas, June, Concerning upper semi-continuous 
collections of continua. 

M. M. Andrew, Massachusetts Institute of Technology, June, 
minor in physics, Application of Lagrangian procedures to an electro- 
magnetic system consisting of a wave guide, an orifice, and a cavity. 

H. I. Ansoff, Brown, October, The forming of a plastic sheet between 
fixed cylindrical guides with coulomb friction. 

T. M. Apostol, California, September, A study of Dedekind sums 
and their generalization. 

R. W. Ball, Illinois, June, minor in philosophy, Dualities of finite 
projective planes. 

J. W. Beach, Iowa State, June, minors in physics and chemical 
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engineering, Flow of viscous fluid between slowly rotating cylinders. 

T. A. Bickerstaff, Michigan, February, Certain order probabilities in 
non-parametric sampling. 

B. P. Bogert, Massachusetts Institute of Technology, June, minor 
in electrical engineering, On the separability of one variable in certain 
linear partial differential equations. 

Frances R. Brand, Brown, October, An extenston of the Prandtl- 
Reuss theory of plastic flow. 

N. A. Brigham, Pennsylvania, June, On a certain weighted partition 
function. 

F. E. Browder, Princeton, June, The topological fixed point theory 
and its application in functtonal analysis. 

L. J. Burton, Harvard, June, On the complex elliptic geomeiry of 
Hilbert space. l 

R. G. Calloway, Catholic University, October, minors in physics 
and chemistry, The reality of the triangles in- and circumscribed to 
the plane rational quartic with one cusp and two nodes. 

Herman Chernoff, Brown, June, Studentisatton in testing of hypoth- 
eses. 

Louise H. Chin, California, June, Distributive and modular laws in 
relation algebras. 

F. E. Clark, Duke, June, minors in philosophy and physics, Muir- 
head's theorem and its extension. 

E, A. Coddington, Johns Hopkins, June, On the equations governing 
the stability of the laminar boundary layer in a compressible fluid. 

Harvey Cohn, Harvard, June, Diophantine aspects of Poincaré 
theta functions. 

L. A. Colquitt, Ohio State, December, On paths of minimum flight 
time. 

Damian Connelly, Catholic University, June, minors in physics 
and education, An investigation of the conditions for reality of certain 
characteristics of the bicircular cuspidal quartic curves. 

J. C. Currie, Louisiana, The field of values of a matrix. 

D. B. Dekker, California, September, Hypergeodesic curvature and 
torsion. 

Yael N. Dowker, Radcliffe, March, The ergodic theorems and in- 
variant measure. 

James Dugundji, Massachusetts Institute of Technology, Febru- 
ary, minor in electrical engineering, Fundamental groups for spaces 
which are not LC. 

Helen M. Elliott, Radcliffe, June, On the degree of approximation to 
harmonic functions by harmonic polynomials. 
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H. W. Eves, Oregon State, June, minor in physics, A class of pro- 
jective space curves. 

Walter Federer, Iowa State, June, minor in plant breeding, Evalua- 
tion of variance components from a group of experiments with multiple 
correlation. . 

Evelyn Fix, California, June, Distributions which lead to linear 

„regressions. 

E. E. Floyd, Virginia, June, The extension of homeomorphisms. 

M. K. Fort, Virginia, June, A unification of the theory of semi-con- 
tinuous functions. 

_ E. H. Gallagher, Cincinnati, June, Borel summability of Fourier 
series of continuous functions. 

David Gans, New York, June, An approach to elliptic geometry 
using translations. 0 

P. R. Garabedian, Harvard, June, Schwars’s Lemma and the 
Szegö kernel function. 

Be R. Gelbaum, Princeton, June, Expansions in Banach spaces. 

J. B. Giever, Massachusetts Institute of Technology, June, minor 
in physics, On the equivalence of two continuous homology theories. 

E. N. Gilbert, Massachusetts Institute of Technology, June, minor 
in physics, Asymptotic solution of relaxation oscillation problems. 

Oscar Goldman, Princeton, June, On the theory of algebraic surfaces. 

R. D. Gordon, Indiana, October, minor in physics, On the dif- 

~ ferential equation of the streamfunction for plane compressible flows. 

Arthur Grad, Stanford, June, The region of values of the derivative 
of a schlicht function. 

Harold Grad, New York, June, minor in physics, Approximation 
to the Bolismann equation by moments. 

R. E. Graves, Minnesota, August, Integral representations of linear 
and weak linear functionals defined over the Wiener space C. 

N. G. Gunderson, Cornell, September, minor in physics, Derivation 
of criteria for the first case of Fermat's last theorem and the combina- 
tion of these criteria to produce a new lower bound for the exponent. 

John Gurland, California, September, I. Asymptotically normal 
estimates. II. Inversion formulae for the distribution of ratios. 

S. W. Hahn, Duke, June, minor in philosophy, Universal spaces 
under strong homeomorphisms. 

Frank Harary, California, September, The structure of Boolean-like 
rings. 

` I. N. Herstein, Indiana, June, minor in physics, Divisor algebras. 

M. O. Hizon, Michigan, February, Actuarial study of Philippines 

government service insurance system. 
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J. L. Hodges, California, September, Studies in optimum statistical 
procedures. I. Initial sample size in the Stein procedure. II. Stringency 
in acceptance sampling. 

N. C. Hunsaker, Rice, June, Extremal curves for the modulus of an 
analytic function. 

G. A. Hunt, Princeton, April, On stationary stochastic processes. 

Richard Ingram, Johns Hopkins, June, The characters of certain 
classes of the symmetric group. 

A. V. Jacobson, Michigan, February, A generalised convolution for 
the finite Fourier transform. 

S. J. Jasper, Kentucky, August, The homogeneity problem in the 
calculus of variations for a parametric form. 

J. A. Jenkins, Harvard, June, Some problems in conformal mapping. 

P. S. Jones, Michigan, February, The development of the mathe- 
matical theory of linear perspective and its connections with projective 
and descriptive geometry with especial emphasis on the contributions of 
Brook Taylor. 

M. L. Juncosa, Cornell, September, minor in physics, On the dis- 
tribution of the minimum of a sequence of mutually independent random 
variables. 

S. N. Karp, Brown, June, On some problems in compressible flutter 
theory. 

J. B. Keller, New York, June, minor in physics, Reflection and 
transmission of electro-magnetic waves by thin curved shells. 

J. B. Kelly, Massachusetts Institute of Technology, June, minor 
in physics, On certain classes of algebraic integers. 

L. M. Kelly, Missouri, June, New metric-theoretic properties of 
elliptic space. 

W. J. Klimczak, Yale, June, Contributions of the theory of diferential 
operators of indefinite order. 

R. G. Langebartel, Illinois, October, minor in astronomy, An in- 
vestigation of the convolutions of kernels of the type ©» —i by a trans- 
form method and by fractional integration by parts. 

C. E. Langenhop, Iowa State, June, minors in physics and physical 
chemistry, Properties of kernels of integral equations whose iterates 
satisfy linear relations. 

J. H. Laning, Massachusetts Institute of Technology, February, 
minor in physics, Mathematical theory of lubrication-type flow. 

Harry Lass, California Institute of Technology, June, minor in 
physics, The differential geometry of a space with a two-point differential 
metric. 

Mary A. Lee, Cornell, June, minor in physics, Summability of di- 
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agonal series formed from the terms of double series. 

M. E. Levenson, New York, February, minor in physics, Harmonic 
and subharmonic response for the Duffing equations &tax+ßx! 
=F cos wt. 

F. W. Light, Johns Hopkins, June, A mathematical treatment of the 
two-dimensional motion of a perfect fluid. 

C. T. Loo, Chicago, June, A note on the properties of Fourier coeffi- 
cients. 

C. J. McNamara, Catholic University, June, minors in physics and 
physical chemistry, The reality of the double tangents of the rational 
bicircular symmetric quartic. 

Clifford Maloney, Iowa State, June, minor in genetics, Stratifica- 
lion in survey sampling. 

C. G. Maple, Carnegie Institute of Technology, June, The Dirichlet 
problem: bounds at a point for the solution and its derivative. 

L. T. Mathews, St. Louis, June, minor in physics, The study of 
constructive methods in the theory of algebraic equations. 

F. I. Mautner, Princeton, June, Unitary representations of infinite 
groups. 

T. F. Morris, Toronto, June, Quantum electrodynamics. 

G. D. Mostow, Harvard, March, The extensibility of local Lie 
groups of transformations and groups on surfaces. 

D. N. Nanda, North Carolina, June, Some contributions to the 
theory of mulli-variale analysis. 

S. F. Neustadter, California, September, Multiple-valued harmonic 
functions with circle as branch-curve. 

J. D. Newburgh, California at Los Angeles, June, The variation of 
operator spectra. 

G. E. Nicholson, North Carolina, June, The application of a regres- 
ston equation to a new samples 

Ilse L. Novak, Radcliffe June, On the consistency of Goedel's 
axtoms for class and set theory relative to a weaker set of axioms. 

T. E. Oberbeck, California Institute of Technology, June, minor in 
physics, Trigonometric expanstons of doubly periodic functions of the 
second kind in any number of variables. 

G. K. Overholtzer, Indiana, June, minor in astronomy, Some func- 
tions in elementary p-adic analysis. 

C. R. Putnam, Johns Hopkins, June, An application of spectral 
theory to a singular calculus of variations problem. 

R. M. Redheffer, Massachusetts Institute of Technology, June, 
minor in electrical engineering, Separation of Laplace's equation. 

O. W. Rechard, Wisconsin, June, Some topics in theory of measure 
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spaces. 

T. D. Reynolds, Duke, June, minor in physics, Analytic solutions of 
integral equations wih non-analytic kernels. 

Julia B. Robinson, California, June, Definability and decision prob- 
lems in arithmetic. 

C. L. Roney, Catholic University, June, minors in physics and 
chemistry, Triangles in- and circumscribed to a rational quartic with 
simple symmetry. 

Hermann Rubin, Chicago, March, minor in physics, Systems of 
linear stochastic equations. 

Herbert Ryser, Wisconsin, June, Rational vector spaces. 

C. W. Saalfrank, Pennsylvania, February, Retraction properties for 
normal Hausdorff spaces. ` 

F. J. Scheid, Massachusetts Institute of Technology, June, minor 
in physics, On the asymptotic shape of the cavity behind an axially 
symmetric nose moving through an ideal fluid. 

Harold Shniad, California at Los Angeles, June, Convexity proper- 
ties of means of moduli of analytic functions. 

Edward Silverman, California, June, Definitions of Lebesgue area 
for surfaces in metric spaces. 

W. H. Spragens, Cincinnati, June, On the absolute Cesaro sum- 
mability of double Fourter series. 

R. A. Staal, Toronto, November, Star diagrams and modular prop- 
erties of irreducible representations of the symmetric group. ; 

R. G. Stanton, Toronto, June, On the Mathieu groups Mey, 

Robert Steinberg, Toronto, June, Representations of the linear frac- 
tional groups. 

Ernst Straus, Columbia, June, Some results in the generalized theory 
of relativity. 

G. L. Tiller, Kentucky, June, The extstence of a two dimensional 
potential flow with finite wake past a strictly convex profile symmetric 
with respect to the flow at infinity. 

C. J. Titus, Syracuse, June, A topological characterization of a class 
of affine transformations. 

Deonisie Trifan, Brown, October, A comparison between two theories 
of plasticity. 

W. R. Utz, Virginia, June, Almost periodic geodesics on n-dimen- 
stonal mantfolds. : 

A. H. Van Tuyl, Stanford, June, minor in chemistry, The distribu- 
tion of electricity on two neighboring charged spheres in the presence of 
an outside point charge. 

M. L. Vest, Michigan, February, Birational space transformation 
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associated with congruence of lines. 

Sylvan Wallach, Johns Hopkins, June, Location of spectra of wave 
equations. 

Jean B. Walton, Pennsylvania, June, Theta series in the Gaussian 
field. i 

Herschel Weil, Brown, October, On the extrusion of a very viscous 
liquid. 

J. G. Wendel, California Institute of Technology, June, minor in 
physics A degenerate van der Pol equation. 

D. R. Whitney, Ohio State, August, 4 comparison cf the power of 
non-parameiric tests and tests based on the normal distribution under 
non-normal alternatives. 

B. R. Wicker, Iowa, June, A differential equation of the second order 
and first degree containing two parameters. 

J. H. Wolfe, Harvard, June, Tensor fields associated with Tübschäig 
cochains. 

M. A. Woodbury, Michigan, June, Probability and expected values. 

The following two doctorates were conferred in 1947, but were not 
included in the list in the preceding volume of this Bulletin (vol. 54, 
pp. 496-501). 

M. Francis B. Stauder, Notre Dame, June, Studies on projective 
“generalizations of metric geometry. 

M. Petronia Van Straten, Notre Dame, June, The topology of the 
configurations of Desargues and Pappus. 


NEW PUBLICATIONS 


Awnpronow, A. A., and CHAIEIN, C. E. Theory of oscillations. Ed. by S. Lefschetz. 
Princeton University Press, 1949. 10+358 pp. $6.00. 

ARLEY, N. On the theory of stochastic processes and their application to the theory of 
cosmic radiation. New York, Wiley, 1949. 240 pp. $5.00. 

BHAGAVANTAM, S., and VENKATARAYUDU, T. Theory of groups and tts application to 
physical problems. Waltair, Andhra University, 1948. 11+234 pp. 20 R. 

BOURBARKI, N. Algèbre multilintaire. Paris, Hermann, 1948. 157 pp. 

CHAIEIN, C. E. See ANpRovow, A. A. 

Courant, R., and Frreprıchs, K. O. Supersonic flow and shock waves. New York, 
Interscience, 1948. 16+464 pp. $7.00. 

COXETER, H. S. M. The real projective plane. New York, McGraw-Hill, 1949. 10-+196 

pp. $3.00. 

Darley, C. L., and Woon, F. C. Computation curves for compressible fluid problems. 
New York, Wiley, 1949. 10+33 pp. plus tables. $2.00. 

DARK, H. J. The life and works of Herbert Ellsworth Slaught. Nashville, George Pea- 
body College for Teachers, 1948. 84-152 pp. 

Denjoy, A. Leçons sur le calcul des coeficients. Part IV. Paris, Gauthier-Villars, 1948. 
389 pp. 3500 Fr. 

FAULKNER, T. E. Projective geometry. New York, Interscience, 1948, 128 pp. $3.00. 

Finzi, B., and Pastori, M. Calcolo tensoriale e applicazioni. Bologna, Zanichelli, 
1949. 84-427 pp. 2000 L. 

FRIEDRICHS, K. O. See Courant, R. 

Hasse, H. Zahlentheorie. Berlin, Akademie-Verlag, 1949. 59 DM. 

Hoop, S. S., ed. by. Archibald Henderson, the new Crichton. New York, Beechhurst, 
1949. 184252 pp. $5.00. 

KENDALL, M. G. Rank correlation methods. London, Griffin, 1948. 8+160 pp. 18s. 

LEDERMANN, W. Introduction into the theory of finie groups. New York, Intersci- 
ence, 1948. 152 pp. $3.00. 

LerscHetz, S. Introduction to topology. (Princeton Mathematical Series, no. 11.) 
Princeton University Press, 1949. 8+218 pp. $4.00. 

LEFSCHETZ, S. See ANDRONOW, A. A. 

MILNE, E. A. Vectortal mechanics. New York, Interscience, 1948. 400 pp. $7.50. 

Moire, W. E. Numerical calculus. Princeton University Press, 1949. 10+393 pp. 
$3.75. 

NEYMAN, J., ed. by. Proceedings of the Berkeley symposium on mathematical statis- 
tics and probability. Berkeley, University of California Press, 1949. 8+501 pp. 
$7.50. 

Pastori, M. See Fınzı, B. 

Reissner anniversary volume. Contributions to applied mechanics. Ed. by the Staff 
of the Department of Aeronautical Engineering and Applied Mechanics of the 
Polytechnic Institute of Brooklyn. Ann Arbor, Edwards, 1949. 8-+493 pp. $6.50. 

REUTTER, F. Darstellende Geometrie. Vol. I: Orthogonale Zweitafelprojektion. Karls- 
ruhe, Braun, 1948. 140 pp., 144 diagrams. 7.50 DM. 

SCHELKUNOFF, S. A. Applied mathematics for engineerings and scientists. New York, 
Van Nostrand, 1948. 480 pp. 

Tables of the Bessel functions of the first kind of orders forty through fifty-one. (An- 
nals of the Computation Laboratory of Harvard University, vol. 11.) Cambridge, 
Harvard University Press, 1948. 14-620 pp. $10.00. 
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Tables of generalized sine- and cosine-integral functions, Parts I-II. (Annals of the 
Computation Laboratory of Harvard University, vols. 18-19.) Cambridge, Har- 
vard University Press, 1949. Part I, 38-462 pp. Part II, 84560 pp. $10.00 each. 

TARSKI, A. Cardinal algebras. New York, Oxford University Press, 1949. 12-326 pp. 

. $10.00. 

Van Os, C. H. Number and the cosmos. In Dutch. Amsterdam, Meulenhoff, 1948, 
280 pp. 7.90 Guilders. , 

VENKATARAYUDU, T. See BHAGAVANTAM, S. 

Wane, T. L. An iniroduciton to the algebra of veciors and matrices. Tallahassee, Wade, 
1948. 6+97 pp. 

` WEL, A. Vartélés abéliennes ei courbes algébriques. Paris, Hermann, 1948. 165 pp. 

Woop, F. C. See Dairy, C, L. 

ZASSENHADS, H. J. The theory of groups. New York, Chelsea. 1949. 160 pp. $2.95. 
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THE SCHWARZIAN DERIVATIVE AND 
SCHLICHT FUNCTIONS 


ZEEV NEHARI 


It is customary to formulate the inequalities of the “Verzer- 
rungssatz” type for analytic functions w=f(z), schlicht in the unit 
circle, with reference to a specific normalization. The two normaliza- 
tions mainly used are: (a) f(z) is finite in |z] <1, f(0) =0, f’(0) =1; 
(b) f(z) has a pole at s=0 with the residue 1. If we want to obtain 
inequalities which are independent of any particular normalization, 
we have to use quantities which are invariant with regard to an 
arbitrary linear transformation of the z-plane. The simplest quantity 
of this type is the Schwarzian differential parameter 


w” i w” 2 
1 x ’ = —— ——— 5 
s rma) eo. 2 
also called the Schwarzian derivative of w with regard to z. 

It is easy to obtain an upper bound for {w, z} by a simple trans- 
formation of the classical inequality |aı| S1 valid for functions 
w=f(z) =3s-1+a9+ais+ - » - schlicht in the unit circle. Indeed, ap- 
plying this inequality to the coefficient of z in the expansion of the 
schlicht function 

f(a —| al 1 1 f'a 


Teer re 


ee 


we obtain | {w, z} | s6(1- |z] 9-2. 

We shall now show that by replacing the number 6 in this in- 
equality by 2, this necessary condition for the schlichtness of f(z) in 
|s] <1 becomes sufficient. 


THEOREM I. In order that the analytic-function w=f(g) be schlicht in 
|a| <1, i is necessary that 


| fws} | s 
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(|x| <1), 


(1- |)? 
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and suficient that 
2 
2 wsIilS — ' 

Proor. By the classical theory of differential equations, the gen- 
eral solution of the differential equation 


(3) {w, s}/2 = ple) 


is of the form w=41/y2, where yı and y: are two linearly independent 
solutions of the linear differential equation 


(4) y” + p(z)y = 0. 


To prove that the condition (2) entails the schlichtness of w=/f(z) in 
|z] <1 is therefore equivalent to showing that the ratio yı/ya of two 
solutions of (4) is schlicht in |z| <1 if p(z) is subject to the inequality 


1 
(5) LORT e 
Now it is easily seen that the schlichtness of yı/ys can be expressed 
in a different form which is much easier to handle. In order that the 
ratio of two linearly independent solutions of (4) be schlicht in a 
certain domain, it is necessary and sufficient that no solution of (4) 
vanish there more than once, Indeed, if 


yılzı) _ Yılzı) Ze 
yılzı)  Ya(za) 








then 
yılzı) — ayılaı) = 0,  Yıla) — ayılzı) = 0, 


that is, the solution yı(z) —aya(z) of (4) vanishes at the two points 
zı and 22. Our task is therefore reduced to showing that no solution of 
(4) can vanish in |z| <1 more than once if the condition (5) holds. 

For this purpose, we multiply equation (4) by jdz and integrate 
from zı to z: (|s| <1, |z| <1). This leads to 


Sn + fella =o, 


1 8 


whence we obtain by partial integration 


byi- f ly ba f p| y|%ds = 0, 
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> 
the “Green’s transform” of (4). 
If y(zı) =y(z) =0, we have 


© [oly tae fol yhas 


an identity fundamental in Hille’s investigations on the zero-free 
regions of the solutions of (4) [1].! 

In view of the foregoing, Theorem I will be proved if we can show 
that (6) cannot be true if p=p(s) is subject to the inequality (5). 
We may obviously confine ourselves to the case in which | 2| =| zs| 
=p<1 without restricting the generality of the proof. It is even suff- 
cient to show the incompatibility of (5) and (6) for 2= —41, since the 
condition 


2 
(7) lim sh] S Gam 


remains unaltered if z is made subject to any linear transformation 
s=k(a—x)(1—ax)—(|a| <1, || =1) which leaves the unit circle 
invariant. Indeed, any such transformation can be built up from two 
rotations of the type s=kx(|k| =1) and a substitution z= (8—x) 
-(1—ßx)"! with real 8. Now it is easily confirmed that 


(8) ; {w, a} = k?{ w, kx} u kÍ w, z} 


and 


(9) Im, x} 


w, 3}. 





= fu a} a ALA 
(1— px |’ 1ps) (1- Br) 
(8) shows that the substitution 3=kx does not affect the inequality 


(7). The same is true of the substitution s = (8 —x)(1 —8x)— since, by 
(7) and (9), 


EI E EE N 
nern i | 


1 — fp? 2 2 
= 2) — = ————. 
ern (1 — | «|? i 


Since, by a substitution s=k(a—x)(1—-x)-!, any two points 
21, 23(|21|, |22| <1) may be transformed into two points symmetrical 
with regard to the origin and neither the schlicht properties of f(z) 


1 Numbers in brackets refer to the references cited at the end of the paper. 
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in || <1 nor condition (7) are affected by this substitution, it is 
sufficient for our purposes to consider the case 3, = — zs, where zı may 
obviously be taken positive. (6) takes in this case the form 


P P 
(10) f lyba= f pls’ 0<r<n 
—P _? 
We shall now use the integral inequality 
1 wid 1 > 
— 2 12 = 
(11) fa BrT < f» dx (u = u(2)), 


which holds for continuous real functions u(x) which vanish at 
x=+1 of the first order. (11) follows easily from the positive- 
definiteness of the integral 


(12) f : (w + =) ae 


Expanding and integrating by parts, we obtain 


1 2 71. 1({ 2) 442 
f wiz + | zu ] -f DR 
—1 1-22 -1 =} (1 — x)? 
1 34% 
— de > 0. 
+ U: z> 








— 


u being O(1—x) and O(1+x) at x=1 and x= —1 respectively, the 
integrals exist and the integrated part vanishes. Hence (11) follows. 
(11) is an inequality in the strict sense. Equality in (11) would imply 
the vanishing of the integral (12), whence #’= —xu(1-x?)', 
w=c(1—x?)!%, Since this function does not satisfy our hypotheses, 
equality in (11) is excluded. 

Substituting px for x in (11) we obtain the inequality 


(13) 7 f utdx: 2 f P 124 
p STRET nor, 
apie — x°)’ _ 


valid for functions u(x) possessing zeros of first order at x= +p. 
Writing now y=u+iv, we have |y|?=«?+03, |y’|?=13+1%, and 
(10) takes the form 


(14) f (u. + 2.)da = J p + odz. 


If p is subject to the inequality (5), we have 
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P u? a P uty 
<f E aeaf E 
—p (i — x?)? —p (p? — x)? 


| [oe +M)dx 





Since y=-+40 is supposed to have zeros of the first order at s= + P, 
the same is true of u and v separately. Using (13), we obtain therefore 


p 2 + 9? P 
< B an dx af a, + v.)da, 


which contradicts (14). We have thus proved that no solution of (4) 
can vanish in |a| <1 more than once if p(z) satisfies (5). As shown 
above, this is equivalent to the schlichtness in [| <1 of the ratio 
w=yı/ya of two independent solutions of (4). In view of the identity 
(3), this completes the proof of Theorem I. 

Replacing (11) by similar integral inequalities, it is possible to ob- 
tain sufficient conditions for the schlichtness of w= f(s) in |z] <1 
which are different from (2). As an example, we prove the following 
theorem: 


THEOREM II. If 
(15) | {w, s} | = 1/2 
in |s| <1, then w=f(s) is schlicht in the unit circle. The constant 
T?/2 in (15) is the best possible. 


Proor. As shown above, it is sufficient to prove that the differential 
equation y’’+py=0, where p= fw, z}/2, cannot have a solution y 
which vanishes in z| <1 more than once. 

Suppose now that y(21) =y(z:) =0. Using the identity (6) and tak- 
ing as the integration path the linear segment connecting 2, and 
2 (8 = (21+23)/2+er), we obtain 


a9 flo berm f plyt 20 =| — sil. 





fre + )de 





Writing y=u+iv, we have y'=e"®(u,+iv,), whence | y| #22103, 
|y | =u. Using this, (16) takes the form 


P = P 
(17) f (u + vdr =e “f plu + v dr. 
<p a 
We now use the inequality 


air _ #/2 
(18) f ydg < y'ıdz 


r/3 —ı/3 
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[2], which holds for a function y(x) which is continuous for —r/2 
<x<w/2 and has zeros of first order at x= t7/2. (18) follows im- 
mediately from the identity 


r2 fi zh ri? 
f (y! + yiga)’dr = f yda + [ygs] — f ytdx 
= r/1 


«/% T —r/2 


x3 r2 
= f ydr — f yidz, 
—r/2 —r/2 
which also shows that equality in (18) can only occur for y=c-cos x. 
Replacing the variable x in (18) by (m/2p)r, we obtain 


P 4p? P dy 
(19) f ytdr < — f yl *dr, (v = 2), 
=; "Jo ; dr 


valid for functions y vanishing of first order at r= p. 
Both u and v satisfy these conditions. In view of (3), (15) and (19), 
we therefore obtain 








T? P 
— 2 2 
< Je + Mir 


P P 
sof (ur + mar < f (us + nd. 


This contradicts (17) and thus proves Theorem II. 
That the constant 7?/2 in (15) is the best possible is shown by the 
function w=fo(z) =e +9, e>0. It is easily confirmed that 


OR 
er re de 

The period of fo(z) being 2(1+)-! <2, it follows that fo(s) cannot be 
schlicht in the unit circle. 


For the applications it is more convenient to formulate Theorem 
II in a slightly different way. 


COROLLARY. The radius of univalence of the function w=f(z) is at 
least equal to the smallest positive root po of the equation 


| i plu? + v*)dr 
u 2 


(20) PM(p) = 7°/2, 
where 
(21) M(p) = max | {w, 5} |. ; 


l| =p 
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Indeed, by (3), (15), (19), (20) and (21) we have, for p<po, 


P 2 
< M(,) S. (ut + odr < = f K CE 


sf w + v)dr, 


which again contradicts (17). 
As an application of Theorem II, or rather the sala, we show 
that the error-function 


ef "plus + Mar 





w= o(z) = edz 


0 
is schlicht in a circle with radius 
(22) po = (m + 1)" — 1)/2)"° 
around the origin. Indeed, 
fw, s} = — 2(1 + 2%) 


and, by the corollary, the radius of univalence of #(z) is therefore at 
least equal to the positive root of 


20*(1 + p*) = #?/2, 
that is, (22). 
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REMARKS ON A PAPER BY ZEEV NEHARI 
EINAR HILLE 


In the preceding paper Zeev Nehari has proved some interesting 
inequalities for the Schwarzian derivative of a univalent (=schlicht) 
function. Thus if f(s) is univalent in the unit circle, then 


(1) | {7@), 8} | = 6[1 - |]? 
while if 
(2) | HO, 3} | = 2lı -| s|], 


then f(z) is univalent for [| <1. The object of the present note is to 
show that 2 ts the best possible constant in (2) in the following sense: 
. For every C>2 there exists a function f(z) such that for |z] <i we 

have (i) f(z) is holomorphic, (ii) f(z) takes on the value one infinitely 
often, and (iii) | {f(s), s} | scit- |e] 2]-2 with equality for real values 
of 3. 


An explicit example of such a function is given by 


S a 


where y is a real constant, f(0)=1, and C=2(1 +73). 

In view of the background of the problem, the following approach 
is natural. Let F, denote the family of fractional linear transforms 
with constant coefficients of the quotient of two linearly independent 
solutions of the differential equation, 





4 oY alt att = 0 
(4) Pr ae 


where a is an arbitrary parameter. If f(z) € Fa, then 
{ f(s), s} = 2a(1 — 2). 


If one function f(z) of Fe is univalent in the unit circle, then they all 
are. Let us determine the region U of the a-plane such that if ac U,. 
then the functions of F,are univalent for | s| <1. By Nehari’s Theorem 
I the region |a] <1 belongs to U and (1) makes it plausible that U is 
contained in |a| <3. 

Equation (4) has elementary solutions. The indicial equations at 
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the singular points s= +1 are identical, 
P —p+ła= 0, 
and if its two roots are a and £, a simple calculation shows that 
y(z) = (1 zB) + 2)? 


` is a solution. If a1, aß and y(—s) is a second linearly inde- 
pendently solution. The family F, is generated by their quotient 





= 8 

©) f)=(F 2), b= pa ota pt 
i+z 

where f(0) =1 and the square root is +1 for a=0. 

It remains to determine when f(s) is univalent in |z| <1 or, what 
is equivalent, when # is univalent in the right half-plane. A necessary 
and sufficient condition that for every choice of v the equation =» 
shall have at most one solution with |arg t| <4 is given by 2| z| 
2ut+y2, This implies that either [6—1| si or |ö+1]| <1. Since 
a=1—863, we see that the boundary of U is the cardioid 


(6) a = — 2e — eri, —~xr<¢oSrq, 


and U consists of the interior and boundary of the cardioid. We note 
that the largest circle with center at the origin contained in U is 
la] =1 and that Jal $3 in U with equality only for a= —3. 

‘Every point a outside of U leads to a family of functions which are 
not univalent in the unit circle. In particular, for every real y, Y0, 
the point a =1-+7? is outside of U. Thus the function (3) is not uni- 
valent for |s| <1 and a simple calculation shows that it takes on the 
value one infinitely often in the unit circle. 

In conclusion, we observe that the boundary point a= —3 of U 
is of considerable interest. One of the functions of F_s is 42(1++-z)—? 
which is the extremal function of Koebe’s mapping problem. 


YALE UNIVERSITY 


SPECIAL PROPERTIES OF MEASURE 
PRESERVING TRANSFORMATIONS 


STEPHEN P. DILIBERTO 


1. Summary. In studying problems! concerned with the qualitative 
description of bounded trajectories, in a region free of singular points, 
associated with a flow 


(1.1) ` dx,;/dt = P;(a1, +++ , tn) (§=1,+++,n) 


the P; being holomorphic in the x,, we considered the possibility of 
finding “point conditions” on the P, which would insure a smooth 
behavior on the part of a trajectory—or more specifically, on any 
motion in its limit set. For example, the restriction that the trans- 
formation defined by equations (1.1) preserve » measure is expressible 
by the point condition 


Being unable to ensure the behavior desired by this condition, we 
sought stronger conditions. In particular we asked, “What are the ` 
conditions on the P; such that the transformations defined by (1.1) 
preserves p measure where p is restricted to values 1SpSn—1?” 
The answer to this question and also to the question, “Is this a re- 
strictive condition?” is contained in the following theorem. 


THEOREM I. The condition that the flow defined by 
dx;/dt = Pılxu +++ , %) (¢=1,--+,n), 
the P, being holomorphic, preserve p measure, p any (fixed) integer be- 
tween 1 and n—1, ts that 
OP;/Ox; = OP ;/Ox; 
for all i and j. These.conditions imply that the motion is rigid. 

It is an open and apparently difficult question as to whether every 
point transformation (we are considering only homeomorphisms)— 
of a sufficiently differentiable class—of Æ’ onto itself is obtainable 
from a flow, that is, from the solutions of a system of first order 


equations of the type (1.1). (In Æ? there are point transformations 
- which are not embeddable in flows.) Thus it is natural to ask for how 
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large a class of transformations the above result holds. We have a 
partial sharpening of Theorem I to the following theorem. 


Turorem II. The only point transformations, of class C*, of Euclidean 
three space into itself which preserve area are rigid motions (and reflec- 
tions). ; 

2. A determinant expansion. We state next, without proof, a well 
known property about the product of an nXp by pXn matrix: 


Lemma. Let 
Gu Gin bu bip 
G21 °'* Gan bei ba 
A m (443) sa ae eee B = (6:3) u Sip ae ah : i 
Gp1 Gon bni bap 
C11 Cip s 
C=4-B= (ci;) Series re gk , Ci; = Py Odes. 
kml 
Cpi * ** Cpp 
Then 
411, a, bu bip 


roa ret r go ee f 


E EEE A Bie 8 Bie 

This lemma says that the determinant of the product of pXn 
matrix by an » Xp matrix is expressible as the sum of products of p 
square matrices, the first factor being a p square determinant from A 
selected by choosing columns h, - + - , lpand the second factor being a 
p square determinant from B selected by choosing rows h, ++, lp 
from B, the summation being over all ways, Ca,p, of choosing p num- 
bers from a set of n (and we take h <h < -© <i,). 

‘We make use of this lemma to generalize the well known product 
formula for Jacobians. Let X; and x; be functions of class C? where 


Xi = Xi(a1,+++, Enb | i=l,::,Ĥ, 

xi = lu", Mp), i=1, h; 
then, the Jacobian of the X; with respect to the u; is expressible as 
OX1/du1 +--+ OX1/dU_ 


eK) 


dla, au , Hy) 5 


Ox, 


Ou; 











OX,/0U1 +++ OXp/ tn 
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but 3X:/ðu,= Y (ƏX:/ðxn)  (Əx/ðu) 
kel 
and so 0(X1, - ++ , Xp)/ð (u1, - ++, up) has the same form as | c| in the 
last lemma: Thus 
Xu, ee, Xp) = O(X1, +++, Xp) Ka", tr) 
8 (441, ay Uy) (h) alun, Eo H1) 3 (441, PARES tip) 


3. Proof of Theorem I. Beginning with equation (1.1), let 


(3.1) Ti = FRESTI rt, EaD i) 

be the solution of that equation which at time é passes through the 
‚point (xio +++, £no). We take a regular surface to be given by 
(3.2) ti = gi(th, +++, thy), i=l...,n, 


where the rank of the functional matrix 


ðgı/ðu g Og1/du, 


Ogn/OUr + > - Ogn/Oup 


is exactly p and where the g, are analytic in the u, and defined for 
values of 4, in an open convex p-cell, P, in the E? space of the us. 
Then the p area, Ap, of this surface is given by | 


ð „er j 2) 1/2 
(3.3) A, -f > {z (ists fu) Sa PETETA 
(2) ou, er tp) 


If we use capital letters for the transform of the surface (3.2), the 
transformation being given by (3.1), its equation is, at “time ti,” 


(3.4) X, = fln s+ y Em t), 1=1, e,n. 


Its area A,(t) is given by the integral 


(3.5) 4) = f f {x A ae i — a a ++ dup. 


But by hypothesis A,(#)=A,, and since this must be true for each 
piece of the surfaces we must have that the integrands in (3.5) and 
(3.3) are equal. Using the lemma of the last section this equality 
becomes 
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gu, ne gp)? — 
3.6 m Mu", Hp) = 
( ) { he ae A ii 
(m4) (n,) (ny, Seg ny) OH, up) ` 


We now proceed to draw consequences of (3.6) by making special 
choices of the g; of (3.2). For a particular choice we do two things: 
(a) verify that this reduction is true for t= to; (b) impose the condition 
that this be an identity in to, that is, see that these equations, after 
differentiation with respect to ło, are verified at to =#. 

(A) First choice of the g,. Let 


(3.7) pean Pee 
x; = 0, 1 >b. 


We now verify (a) for (3.6) for this choice of the g;. First, 


a", Xip) e 
ð (ti, ee Toe My) g 0 otherwise. 
Therefore, (3.6) reduces to 
ô(X u, X 
(3.8) Ta 1) 
(i) d(x, ’ Lp) 
Now at fo=# , 
IK, Xip) r if L=i, i=l, "h, 
a(x, RR | Xp) z 0 otherwise. 


This last fact may be seen as follows: the expression OX,/0x; is the 
derivative of the kth component X+, of a solution of (1.1) with re- 
spect to the jth component of its initial point. According to (3.1) 


Xi = fl", Gao, A) 


and when ¿= to, X (to) =fi(%1, © + ©, Xa, fo) =x. Thus dX,/dx,| tent 84, 
explaining the value of the last Jacobian. From this it follows that at 
to =# (3.8), and hence (3.6), is verified. 

We now verify (3.8) (that is, (3.6) reduced by this choice of the 
£.) for condition (b). To do this we must differentiate (3.8) with re- 
spect to iv, and then put fo=é. The differentiation will produce a sum 
of products, and when is is put equal to # all products containing a fac- 
tor of the form 
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(X, see, X,) 
—— 
dla, eoma Xp) 


will be zero. Hence, eliminating all such terms before differentiation, 
(3.8) reduces on the right to one type of term, namely, those for which 
L=t @=1,--+-,p) 


some l; + j, 





FON eres dXi/din e, X 
>> (Xi ‚/die p) l 

i=l ltr ee, Xp) tt 
And when b=t, dX;/dto| mn =dX,/dt= Pils, <- +, £n) =P; so that 
condition (b) yields 

DP r OP; 
(3.9) 0=), . 
tml 0% 


If we now choose a set of g; as 


tı = 0, 
Zi = Ui i=2,.:., pt, 
x; = 0, i>p+1, 
we shall, by the same route as above, arrive at the relationship 
etl ðP; 
= 0 
ima 0% 


This equation combined with (3.9) yields 0P;:/dx1=0Pp41/Oxpi1 and 
in general we shall have (after suitable repetitions of this argument) 
that 0P;/dx;=0P,/dx,. These combine with (3.9) to furnish the con- 
dition 


(3.10) OP,/dx;= 0, i=1, n. 
(B) Second choice of gi. Put 
Xi = Hy, i=1,:.,ż-1, 
(3.11) Xp = Vpl = thy, 
xı = 0, t>pt+. 


We note first of all that 
(iy ++ _ k=i,¢=1,+++,p-1,l,=p or ptt, 


O(41, +++, Hp) 0, otherwise. 


Therefore, if we use (3.11) and these last results, (3.6) reduces to 
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1949] 
= X’, X) Xu, Xa) ; 
en 7 = \ a(x, ae Xp) O( x1, oe) Xp aa, 


and this is easily seen to verify condition (a). Namely when é)=# the 
only nonzero terms are those for which 
1, 2, a Fae 
id= d j 
1,2,---,?P-LP+1. 
Proceeding as before, we verify (b) by differentiating (3.12) —and 
simplifying beforehand by dropping out all terms for which 
1, 2, oe 8 Ss e) 
rt $ 
1,2,---,p-1,# +1, 
since these will drop out when t is put equal to ¢. This gives us 
0= Paz Xu, Xp) } 
x", Xp) x +++, Epi pri) 
5 en 22+, GX;/dio, +++, Xp) 
iol au", Lp) 
O(X1, +++ , €X,/dio, +++ =) 
ltr ++) peu Spt) 
4 Pe Ken) , MEy , X pi Zea 3 
GICZY emg £p) GIEST tr, Cpi Kp+i) 
S fo ig a , OX ,/dbo, EN Xp X p41) 
m1 IEZA -eta Xp) 
(Xa °° +, dX;/dto, +++, Xp-r, = 
a( #1, sey Bp ty Xp) 
where >>’ means the value #=p is omitted. Putting #=t% reduces 
this to . 
an a a Oy Pu 


7 x O(a, ae Xp) O( x1, ee ’ Xp-1) Ep1) 
ptl 0 X "0"; P,, | X ’ x 
(3.13) +> ee - u 
ial LIE Lp). 


X, eee, Pu ‚Xu = 


au, pa, Xpt) 
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The first term of the first brace is OP;/dx; and the second term is 
zero except when += when it is ôP,/ôxp41; the first term of the 
second brace is zero except for #=p+1 when it is OP,,1/dx, and the 
second term is dP;/dx,. Thus if we remove the 0P,/0x, which are zero, 
(3.13) gives us 


aP, | OP yes _ 


0. 


A similar procedure based on corresponding choices of the g; pro- 
duces 


(3.14) = — — for all 2, } 
Ox; 0% 


(actually for k=} but if we allow k=} then (3.14) will include (3.10)). 
From condition (3.14) we can derive very easily that the motion 
must be rigid, for differentiating (3.14) with respect to x, shows that 


OP, ð OP, ð OP; 
: = 


9x Ox, O%1 Ox, 0% 








Thus the P, will be linear functions of the x; and by (3.14) skew sym- 
metric. Equation (1.1) written in vector form is then 


dx Hoge 

—=Az+e 

dt 
where x, dx/dt, c are column vectors and A a skew-symmetric matrix 
(A = (a,;) where a,;= —a;,). If one defines a new vector z by the rela- 
tionship Bs=x, B being nonsingular, then g satisfies the vector dif- 
- ferential equation 


dz 
aa BOAB-2+ Be. 


And since A is skew-symmetric we can find an orthogonal B such that 


A; 0 ---0 
Ai 0+0 
0 <As---0 
0 A-0 
B14B= or Jeet eee ; 
0 -Axs 0 
0 -0 A; 
, QO -.--Q 0 


depending on whether » is even or odd and where 
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0 a : 
= ~ ( ) g 
—a, 0 


where a, is a constant (and real). The variables thus separate and the 
equations of the components of s can be integrated in pairs directly 
(trivially if A,= (0). For example, if a~0 


dx dt 
dt Ra i dt ine i 


when integrated will give a rotation of angular velocity œ about the 
point (—c3/«, cı/a). 


4. Proof of Theorem II. Let the correspondence y,=f,(x1, £2, x.) 
(=1, 2, 3), f EC, be an area-preserving map of F? onto itself. Since 
the sudce S: X= 8, (u, U) (#=1, 2, 3) (EC, (41, u) ER, R a con- 
vex, open two-cell) and its image under this map have equal areas 
we must have 


SLAE acest And 
ff, RE nan 


Moreover the integrands must be equal, hence, by the lemma of $2, 


(8% ga)? Rf A On Sa) ler gays) N? 
T ): 


izi O (41, u) kol O( XR, Lry) Olta 142) 





This expression must be an identity in the g;. Choosing g=4, 
g2= 4s and g= const. (and making two similar choices) yields 


het PER 
iat O(a, 441). 
choosing gı=41, g2=g,= «#2 (and making two similar choices) yields 
2= > (= fad (fu Fess) j 
dla, taa) Ara, tia) 
Combination of these last two restrictions yields 


> alfu fir) Alfu fisa) 
0oy eL ae Be 
È ite, aad (27, Lia) Altas ia) : 


j =A, 2,3. 


The first and last of these relations tell us immediately that the 3 
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vectors A, = (O(fi, fa) /O(xs, X41) (fa, fr) /O(x4, Ku), 8 (fa, fr) /O (4,441) 
are normal and orthogonal. A, represents the normal to a surface 
element which is the image of a plane element perpendicular to the 
(4+2)th coordinate axis. Thus we know that the families of planes 
parallel to the coordinate planes must be carried into a triply 
orthogonal family of surfaces. Thus excluding the rigid motions it 
follows from the proof of Liouville’s theorem on three-dimensional 
conformal maps? that the map must be an inversion. But such maps 
do not preserve areas of spheres concentric to center of inversion and 
so are excluded—leaving the rigid motions (and reflections, of course). 
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GENERALIZED CONVEX FUNCTIONS AND SECOND 
ORDER DIFFERENTIAL INEQUALITIES 


MAURICIO MATOS PEIXOTO 


1. Introduction. A well known theorem states that a necessary and 
sufficient condition in order that the twice differentiable function 
y(x), a<x<b, be convex is that y” 20. The condition y’’>0 is suffi- 
cient for the strict convexity of y. 

In the present paper we show that if convexity is taken in the 
generalized sense of E. F. Beckenbach [1, 2],! a differential character- 
ization of the above type can be obtained. As a particular case of a 
general theorem concerning second order differential inequalities we 
obtain a recent result of S. Tchaplygin, V. N. Petrov and J. E. 
Wilkins [3] concerning linear differential inequalities. 


2. Generalized convexity. Let { F(x) } be a family of real functions 
of the real variable x defined for a <x <b and such that: 

(1) Each member of the family is a continuous function of x. 

(2) Given in the xy-plane two arbitrary points (x, 1), (x2, ya) 
such that a<x;<x3<8, there is a unique member of the family | passing 
through these two points, that is, such that its graph panses through 
these two points. 

“A function d(x), a <x <b, is said to be convex relative to the family 
{F (x)}—a sub- {F (x) } function in Beckenbach’s notation—if, for 
arbitrary x1, x2 such that a<x,<x;<}, the member of the family, 
Fı(x), which pasess through [xı #(x1) ], [vz (x2) ] is such that 


(3) d(x) S Filz), > ti S 2S ata 
If we have 
(4) p(x) <Fu(z), t1< 4 < tr, 


we say that (x) is strictly convex relative to the family {F (x) } or else 
that st is a strictly sub-{ F (x) } funciton. 


_ The ordinary convexity is obtained if we take as the family { F(x) } 
the linear functions mx +n. ` 


3. An auxiliary theorem. &(x) being a sub-{ F(x)} function and 
a<xo<b we have proved elsewhere [4] the following theorem. 


THEOREM 1. There exist D(x) €{ F(x)}, E(x)€{ F(x)} such that 
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(5) D(x) = E(x) = (x0), 
(6) E(x) S D(x) S $(x), n<x<b 
(7) D(x) s E(x) S ¢(2), “<a <x. 


(8) If 6’(x0), E'(x0), D’(xo) exist, then E’(x0) =D! (x0) =$' (X). 


4. The family { F(x) } as solutions of a differential equation. Con- 
sider on the strip S, a<x<b, -—» <y<+», the differential equa- 
tion 


(9) y” = G(x, y, y’) 


and let us suppose: 

(10) the function G(x, y, y), (æ, y) ES, —% <y’ <+ %, is con- 
tinuous; 

(11) to each point (xo, yo) ES and — œ <y <+ œ, there exists a 
unique solution y(x) of (9) defined for a<x<b such that 


y(x) = Yo, y (z) = Yo" 


and we shall assume the continuity of this solution with respect to the 
initial values yo, Yo; 

(12) given two distinct points belonging to S there is a unique 
solution of (9) passing through these points. 

For some special types of G(x, y, y’) it is possible to assure that this 
condition (12) holds [5, Chap. V, VII. 

From now on {F (x) } will designate the family formed by the solu- 
tions of (9). Now, let 6(x), a <% <b, be a function with a continuous 
second derivative. Our main result is expressed by the following 
theorem. 


THEOREM 2. A necessary and sufficient condition that p(x) be a sub- 
{ F(x)} function is that 
(13) $” 2 G(x, p, p’) a<x<b. 
Proor. (a) The condition is necessary. Let (x) be a sub-{ F(x) } 
function and consider a generic point a<xo<b. Consider (x) 
E { F(x)} such that 


(14) oa) = (x0), Ela) = Ha). 
By Theorem 1 and (11) we have 
(15) elx) = D(x) = E(x) S $(2), a<x<b. 


We have by (14) 
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da) — olx) = p[zo + (x = a0)] — Elm + (&- m)] 


nz - = [8 (ae) — 9" (ae) + €] 
where e is infinitesimal with |x —x0|. 

Suppose 
(17) p” (xo) < g” (xo). 
In this case we have, in a suitable neighborhood of Xo, 
(18) $(x) < p(x) 


which contradicts (15). As (17) is false, we must have, in virtue of 
(9) and (14), 
(19) $'"(%0) = p” (xo) = Gleo (xo), 6’(&0)] 


for every a <xı <b. Then (13) holds. 
(b) The condition is suficient. Suppose that (13) holds. The demon- 
stration follows easily from the following lemmas: 


Lemma 1. If (13) holds, to every a<xo<b there exists a v>0 such 
that 


(20) er) — a(x’) 20, | « — |S», |2—2| Sy, 
where p(x) E { F(x)} is defined by 
(21) o(2) = (2), —9'(#) = '(2). 


In fact, we have 
sa) — plr) = ela + (x - #)] — ple + (x - 9] 
(x — 2)? a 
Fea lo") — pa], 
2t = £+ 6(x' — 2), 0<0<1. 


As ġ”'(x) is a continuous function, given arbitrarily e>0, there exists 
h>0 such that 


(23) p” (a*) > p” (xo) a e/2, | x — zo| Sh, | i ao | Sk. 


By the supposed continuity of the solutions of (9) relative to the 
initial values, there is an 4>0 such that 


(24) | #”(2*) = g” (x*) | < ¢/4, | x — zo| S h | x — zo] S h 
o(x) € { F(x) } satisfying (14). 


(22) 
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By the continuity of o” (x), there isan As>0 such that 
(25) |’) - pla) | < «/4, | 2” — zol S has | 2 — zo| S ha 
If we putv=min (h, hu ha, 212/2) we have from (24) and (25) 


(26) (Er) < el) + €/2, | x’ — o| Sv, |2- m] S». 
From (22), (23), (26) and (19) we have 
x = 2 
lx’) — p(x) > eos [p (x) — g” (x) — e] 
= i: E a i 
m T 


| x — t| S», |2 — zo| S». 


As e is an arbitrarily chosen positive number, (20) holds. 

DEFINITION 1. Let us say that a closed interval of (a, b) has the 
property (P) when the graph of $(x) in this interval lies above or on 
any integral curve of (9), which at a point of the arc of ġ(x) cor- 
responding to the interval has the same slope as ¢(x). 


In terms of this definition the above lemma states that any point | 


a<x)<b is the center of a closed interval where the property (P) 
holds. 


Lemma 2. The property (P) holds on every closed interval læ, 6], 
a<asxsß<b. 


In fact, by the application of Lemma 1 and the familiar Heine- 
Borel theorem, we have that there are a finite number of closed in- 
intervals covering [&, 8] for which the property (P) holds. Observe 
that the closed interval intersection of two closed intervals for which 
the property (P) holds is another closed interval for which this prop- 
erty holds. 

Then Lemma 2 is proved if we show that the closed interval union 
of two contiguous closed intervals having the property (P) is another 
closed interval for which this property holds. But this is easy to see. 
Indeed, let [xn xa], [ka x3], &ı <x2<xs, be the two closed intervals. 

We shall show that the property (P) holds on [xı, xs]. Let, for in- 
stance, xıS%0Sx,, and g(x) E { F(x) } be defined by (14). We have, as 
[xı, x2] has the property (P), 


(28) ; (x) S (x), LLST 
Suppose 
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(#2) = bla). 


Let us show that we must have 


(29) g(x) = dla). 

Indeed, according to (28), we must have 

(30) e (2) = $'(%2). 

We shall show that the hypothesis 

(31) g(x) > p(x) 

is false. In fact, suppose that W(x) € { F(x) } is such that 

(32) Ya) = (z3), Vla) = lan). 

Then, by property (P), we have 

(33) v(x) < dla), S25 ws 


We have also 
(34) elx) < Ya), £1 S £< ts, 
in virtue of (12) and of the fact that by (31) and (32) this inequality 
holds in some left neighborhood of x. 

But from (14), (33) and (34) we have 

¥(%0) S Alro), W(x) > plx) = (xo) 

and this is absurd. Therefore (31) is false and (29) must hold. By (11) 
we must have 
(35) g(x) = Ya) S Ha), rL a. 

Suppose now 

olx) < h(x). 

Then it is easy to see, in virtue of (11), that there must be a point 
xo LË <x: such that 


(36) el) = 4C). 
Therefore we have, by (12), 
(37) l (x) < y(x) S (x), E<a< 2%. 
Combining (28) and (37) we have 
(x) S dla), tS rSn. 


Then the property (P) holds on the closed interval [x1, x3] and our 
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lemma is demonstrated. 5 

From this lemma follows immediately the proof of part (b) of our 
theorem. Indeed let a, 8 be two arbitrary numbers satisfying the 
condition a<a<8<b. We must demonstrate that the #(x)E { F(x) } 
defined by 


(38) a) = g(a), OB) = (8) 

is such that 

(39) (x) S (x), as2zsf. 
In fact suppose there is an a <A <£ such that 

(40) (A) > IA) 


and consider the function w(x) € { F(x) } such that 
oA) = (A), VA) = pA). 
By Lemma 2 we know that 
(41) wla) S dla) = O(a), WR) S BR) = HP). 


From (40) and (41) we conclude the existence of two numbers 9, q, 
a@a<p<A<g<Bß, such that - 


olt) = o(p), ld) = olg) 


and this contradicts (12). Therefore (40) is false and (39) must hold. 
So condition (13) is sufficient to secure that ¢(x) is a sub- { F(x) } 
function. Hence Theorem 2 is proved. 

REMARK. This theorem generalizes obviously the well known prop- 
erty of ordinary convex functions considered in the beginning. It also 
generalizes the result that the condition 


(42) ¢''(x) + (x) 2 0 


is necessary and sufficient in order that the twice differentiable func- . 
tion ġ(x) be convex relative to the family of solutions of the equa- 
tion : 


a eae 


(x varying in an interval shorter than r) which is equivalent [6, p. 98; 
7, p. 281] to a result due to G. Pélya. 


5. A sharper result. A sharper result is expressed by the following 
theorem. 


THEOREM 3. A suficienti condition in order that the twice differentiable 
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function &(x) be a strictly sub- { F(x) } Junction is that 
(13) $” > Gis, $, ¢'], a<a<b. 


Proor. The proof of this theorem is but slightly different from 
that of Theorem 2, part (b), and we shall only insist on the modifica- 
tions. It follows easily from the following lemmas. 


Lemma 1’. If (13) holds, to every a<xo<b there exists a number 
v>0 such that 


(20) g(x’) — B(x’) > 0 |x — zo| Sr, |2- «| Sr, x a 


To demonstrate this lemma it is sufficient to observe that in virtue of 
(13°), p’ (x0) — g" (x0) >0 so that by (27) and from the arbitrariness 
of e we have (20). 

DEFINITION 2. Let us say that a closed interval has the property 
(P’) when the graph of $(x) lies above any integral curve of (9) which 
at a point of the arc of (x) corresponding to the interval has the 
same slope as #(x)—with the unique exception of the point of contact. 

The above lemma states that each point a<x,<b is the center of 
a closed interval where the property (P^) holds. 


LEMMA 2’. The property (P’) holds on every closed interval (a, B), 
a<ası<sß<b. 


The demonstration is analogous to that of Lemma 2 and will not 
be given here. 

The proof of Theorem 3 follows ai: Indeed let a, 8 be two arbi- 
trary numbers satisfying the condition a <a <8 <b and d(x)E { F(x) } ; 
defined by (38). We have shown that (39) holds. Now we shall show 
that we have 


(43) (x) < Ole), a<g<ß. 
In fact, suppose there is «<£<ß such that 
(44) (ë) = dh. 
Then we have, by (39), l 
(45) o'(E) = 0 (8). 

By Lemma 2’ we have that 
(46) (2) < (x), a<n<B, x &, 


and (46) contradicts (39). So (44) is false and (43) holds. The theorem 
is demonstrated. 
Remark. The condition (13”) is not necessary in order that $(x) 
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be a strictly sub- { F(x) } function. This is not true even when the 
convexity is taken in the ordinary sense. For instance, ¢(x) =x‘, 
— œ% <x < + %, is obviously a strictly convex function but #’’(0) =0. 


6. The theorem of Tchaplygin. Consider the differential equation 
(47) y” = py + pry tq, «2 Xo, 


where pı(x), p(x) and g(x) are continuous when x = xo and let y(x) be 
a solution of this equation such that 


(48) ¥(%0) = Yo Ya) = yo. 

Suppose there exists a solution u(x) of 

(49) u” = piu’ + pow 

such that 

(50) u(x) #0, Xo <L r< t. 


Let #o(x) be a solution of (49). such that #o(xo) =0, ud (xo) =1 and let 
X (xo) be the first zero of #o(x) to the right of xo, if any such zero 
exists; otherwise let X(x0)=+%». Then a recent theorem of. S. 
Tchaplygin, successively generalized by N. V. Petrov and J. E. 
Wilkins [3] states that: 


- (I) If d(x) is such that 

(51) > pid’ + pp tq, £2 £o (£o) = y(x), (x) = y (x0) 
then : 

(52) (x) > (x), to< eS m1. 


(U) The interval xo<x SX (xo) ts the largest one in which the in- 
equality (52) can be asserted to hold. . 


We shall prove that part (I) of this theorem can be deduced easily 
from Lemma 2’ and Lemma 1’. 

In fact, from (50) it follows that in the strip mn <% <x, — œ% <y 
<+ œ, the equation (47) has the property (12) that there is a unique 
solution passing through two arbitrary points with distinct x-co- 
ordinates. To see this known fact it is sufficient to observe that if u(x) 
is a solution of (49) another independent solution of this equation is 


a f : u(i) exp | f f aoa] di. 


Therefore, we have by Lemma 2’ that property (P’) holds on every 
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closed interval contained in xo <x% <xı. 

According to (51), there is a number <x, such that 
(53) (x) > ya), m<ase 


Let g(x) be the solution of (47) such that g(£) =¢ (£), g’(E) =’ (E). We 
have, by Lemma 2’, that 


(54) g(x) < (a), toc e<m, ex 
If it is true that 
(55) g(x) 2 y(x), EEE? 


we conclude by (53) and (54) that g’(x0)=y’(xo), which is absurd. 
Then (55) is false and from the property (12) it follows that there 
exists a Eo, Xo <£o <&, such that 


g(&o) = yÈ), g(x) < y(x) for % <4 < fo, 


(56) 

g(x) > y(x) for fo < x < tı 
From (53), (54) and (56) it follows that 
(57) y(x) < (x), xo < x < zi 
So it is sufficient to demonstrate that 
(58) ya) < (21) 


in order to state that (52) holds. But from (54) it follows immediately 
that 


(59) glz) S dla). 
If g(x) <@(«1), then (58) follows from (56). Suppose now 
(60) g(a) = dla). 


- Using for the point x, the reasoning of Lemma 1’ we see that there is 
a point &<&ı<xı such that the solution A(x) of (47) determined by 
h(E) =$(&:), h’(&) =0 Œ) is such that 


(61) h(a) < $a), aherat 


Then, by (54), (60) and (61), we have that there exists a point s, 
&<&<xı, such that z 


(62) g(&) = kb). 


Repeating the reasoning which showed the falseness of (55) we con- 
clude the existence of a number &, §<&<&, such that 
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(63) Els) = Ala). 


ı (AB 
But (62) and (63) are in contradiction with property (12). So (60) is 
false and (52) holds. Our statement is proved. 

My thanks to Mrs. Marilia Chaves Peixoto. 
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A RECURRENCE FORMULA FOR ¢(2n) 
HUAN-TING KUO 


In the present paper I shall give a new recurrence formula for ¢ (2n). 
It differs from other similar formulas in one very important respect. 
In order to calculate ¢ (4n), for example, other formulas use the values 
of £(2), (4), €(6),-+- up to ¢(4n—2), while mine only requires 
the values of {(2), (4), €(6), +++, (22). So, for large values of n its 
advantage is manifest. 

This new recurrence formula is 


; (2x) 2"? 
Gon ea a E e 
a — 1)!}(2# — 1) 
[2/2] n 
ger (n — (2 ell — 2k) !(2n — 2k) 
1 Iei2l Ini2] Carla; (2m) 723-241 
Ea st 2 sie (n — 2k) i(n — 20) \(2n — 2k — 27 + 1) 


where is a positive integer, and where for simplicity we have put 
Co=—1/2 and Cu= (2k) = 25-1 1/n?*, R=1,2,3,---. 
To prove it, let us note that 








r— g © sin nx 
= >> ’ 0<r<2m. 
2 nol n 


Repeated integration between limits 0 and x gives 








porma Ce ayambI] oo sin ne 
oe ee 1) ee, 
gy ml Cat? © cos ng 
O) m- pi 2 = Qm— ay. a 2 nin” 


where the C’s have the same meaning as above. An application of 
Parseval’s theorem to (2) would yield (1) with »=2m—1 and a 
similar application to (3) would yield (1) with »=2m. Thus (1) is 
true for all positive integral values of n. 

Now, let us apply the formula to calculate, for example, {(2) and 
(4). 

We have 
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= mh2r) 1\ (2m)? (—1/2)(—1/2)(2r}: _ T? 
and 
oe ae #(2r)? 1\ (2#)* _ Or)’ f 
S a T ( z) 24 62 





Gn o 


Al) oa 








which are in accordance with the usual results. 
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ON A PROBLEM OF MAX A. ZORN 
RIMHAK REE 
1. Introduction. Max A. Zorn has proved! the following theorem. 


THEOREM. If every substitution x=at, y=bi in which a and b are 
complex numbers transforms I a: &'y! into a power series with a non- 
vanishing radius of convergence, the series Llay] converges for 
sufficiently small |x| and |y]. 


He has also suggested the following problem. If }°a,,x‘y/ is a power 
series which is transformed by every substitution of convergent power 
series > Pati and È rbt with real coefficients for x and y into a 
convergent power series in #, is the double series I ‚6, xy convergent? 

The answer is yes. In fact, Zorn’s theorem itself holds even when 
the coefficients a and b are restricted to take only real values. We can 
obtain a proof quite directly by Zorn’s method, if we use an estimate 
for the coefficients of homogeneous polynomials in real variables. 


2. Homogeneous polynomials in real variables. We shall prove a 
lemma which may easily be extended to the case of many variables. 


Lemma. Let P(x, y) = J uppa a,cty! be a homogeneous polynomial 
tn real vartables. If | P(x, y| SM for | x—xo| S26, ly—yol S2e, then 
[aða] SM. 

Proor. Set x= +6(E+&-}). Then &P(x, y)= Ya; lx) y is 
a polynomial in § whose absolute value does not exceed M when & 
moves on the unit circle of the Gaussian plane. By Cauchy’s inequality 
of function theory, and considering the coefficients of &* in "P(x, y), 
we have 


k 
>; Gti? 
I=0 


where OSkSn, t+j=n, and c, is the coefficient of £*-/ in (Ex)+. 
Again set y=yo+te(n+n!) and apply the Cauchy inequality to 
the constant term of n* > *., acy’. We have 


| acre | SM, 


s M, 








where +k =n and c, equals ô! by definition. This completes our proof. 
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3. Proof of Zorn’s theorem in the real case. Now we can follow 
Zorn’s method directly. 

PROOF. Let Pa(x, y) = È ipin 41,x4y/. The set D of vectors (x, y) 
for which >>P,(x, y) converges is of the second category. For every 
vector is in? mD for some positive integer m. If D were of the first 
category, the set mD and therefore the two-dimensional Euclidean 
space would be the same character. 

By virtue of the continuity of the functions P, there will exist a 
square | x—xo| s2p, |y—yol s2p, p>0 and an M such that 

P(x, y)| <M holds in the square for all n. Then by our lemma 
a] <M, Hence for [x|, |y] <p/2, we have 


| ajx'y?| s M/2H: 
which establishes the absolute convergence of the double series. 
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2 mD is the set of (mx, my) where (x, ED. 


` A NOTE ON S-SPACES 
E. G. BEGLE 2 


An S-space is a normal topological space in which each covering 
by open sets has a refinement which is star-finite, that is, each set of 
the refinement meets only a finite number of sets of the refinement. 
Thus a compact (=bicompact) space is an S-space, and an S-space 
is paracompact [1].! 

In this note we discuss cartesian products in which one of the 
factors is an S-space. We show that if the other factor is compact, 
then the product is an S-space, and the dimension of the product does. 
not exceed the sum of the dimensions of the factors. However, if 
both factors are S-spaces, the product need not be an S-space. 


THEOREM. Let A be an n-dimenstonal S-space and B an m-dimen- 
sional compact space. Then A XB is an S-space and dim(A XB) Sn-+m. 


By the dimension of a space we mean, of course, the Lebesgue di- 
mension (cf. [2, p. 206]). 

Let %8 be an arbitrary covering of A XB. We are going to con- 
struct a locally-finite cell complex, D, with dim DSn-+m, a mapping 
f of A XB onto D, and a covering Y of D such that f-1(Q) is a refine- 
ment of o. 

Let a be any point of A. Each point of aXB is contained in an 
open set of the form UXV, U open in A, V open in B, such that 
UXV is contained in an open set of Wp. For a fixed point aGA, 
the set of all such V’s is a covering of B, and hence a finite number of 
them, say Va, Van © * ©, Va,xca), form a covering Ba of B. Let U, be 
the intersection of the corresponding U's. 

The collection of all such sets U, is a covering of A. Hence there is 
a star-finite refinement U of this covering whose order is_no more 

‚than n+1. We may also assume [2, p. 210] that U is normal, that is, 
that there is a mapping ¢ of A onto N(U) such that each open set of 
U is the inverse image, under &, of the star of a vertex of N(11). 

We form a covering %8 of A XB as follows: each set U of U is con- 
tained in some U,, and with each U, is associated a covering Be of B. 
Form the product of U with each set of Ba. The totality of these 
products forms 8, and by construction, W is a refinement of Wo. 

Let 0 be the mapping of A XB onto N(U) XB defined by 8(a Xb) 
=¢(a) Xb, where ¢ is the above mapping of A onto N(1). Each ele- 


Received by the editors May 15, 1948. 
1 Numbers in brackets refer to the references cited at the end of the paper. 


577 


578 E. G. BEGLE [June 


ment of ® is thus mapped by @ onto an open set of N(U) XB, so 
%=6(8) is a covering of N(U) XB. 

Now let u be a fixed vertex of N(U) and let S, be the closed star of 
u, and, inductively, let S, be the closed star of S;1. Let Tı = Sı and 
let T;, i>1, be the closure of SS and let Ri= Tia OT; 

Now UZ, S, is a connected set which is both open and closed in 
N(U) and hence is a component of (11). Since the constructions we 
make below can be made independently in each component, we may 
assume without loss of generality that UL, S;=N(U). 

Each vertex u of N(U) corresponds to an open set U of U and, as 
above, each U is contained in a set U, to which there corresponds a 
covering Ba of B. Let Vi be a finite covering of B which is a com- 
mon refinement of each Ba which corresponds to a vertex of T}. Let 
Bı be a normal finite covering of B which is of order not greater than 
m-+1 and which is a star-refinement of 2/, that is, each set consist- 
ing of an element %, together with all the elements of V, which meet 
it is in an element of Bi. 

In general, having obtained ®,;_ı, we obtain &, as follows: let ®/ 
be a common finite refinement of ®,_ı and of each Va which corre- 
sponds to a vertex of T;. Let %, be a normal finite covering of B, of 
order not greater than m-+1, which is a star-refinement of ®/. 

Let C; be the finite cell-complex 7; N(%,). Since ®; is a refine- 
ment of %,1, there is a projection ,, a simplicial mapping, of N(%,) 
into N(Y). For each 4, identify the subcomplex R,XN(B,) of 
T;XN(%,) with the subcomplex R;X7,N(&%,) of T,A1XN(B,_1). The 
result of these identifications is the cell-complex D. Since N(U) is at 
most n-dimensional, and N(%,), for each 4, is at most m-dimensional, 
the highest possible dimension for a cell of D is n-+m. 

Since each %; is normal, there is a corresponding mapping ¢; of B 
onto V(%,). Let ¢ be the transformation of N(U) XB onto D defined 
by setting ((pxb)=pxt,(b) for PET;—R,;. Since each r; is con- 
tinuous, so is ¢ Now f={@ is a mapping of A XB onto D. 

To construct the covering 9) of D, let u be any vertex of N(U). 
Then # is in some R,. Let v be a vertex of N(U;-1), and consider u Xv 
as a vertex of C,_ı. Let K be the star, in C;_1, of «Xv. Then consider 
u as a vertex of T;, and let 1, 93, © + - , vs be all the vertices of N(U;) 
which are mapped onto v by m:. Let L be the union of the stars of 
uXu,-::+, 4 Xv, in Cy Then the set KUL of CiU C, becomes, 
after the identifications made in defining D, an open set of D con- 
taining “Xo. The collection of all such sets constitutes the covering 
9. Since each ®, is a star-refinement of V, it is easy to see that (-!(9) 
is a refinement of ¥ and hence that f-1(Q) is a refinement of ®. 
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It is now easy to finish the proof of the theorem. First we make a 
barycentric subdivision of D, thus obtaining a simplicial complex E. 
Let eı be a vertex of E, and let 5; have the same meaning for E as S; 
has for N(U) above. Next we subdivide 5, simplicially until the star 
of each vertex in the induced subdivision of 5; is contained in some 
element of 9. Then we subdivide 5; simplicially, without introducing 
any new vertices in Sı, until each vertex of the induced subdivision 
of S, has its star contained in some element of 9). 

Continuing in this fashion, all of E is subdivided in such a way that 
each cell of D is divided into a finite number of simplexes. 

Now let 3 be the covering of D by the stars of the vertices of the 
subdivision of E. By construction, 3 is a refinement of 9). Since each 
cell of D is of dimension at most n-++m, the same is true of E and of 
its subdivision. Hence, order 83Sn+m-+1. Clearly 3 is star-finite. 
Hence f1(8) is a star-finite covering of A XB, of order not greater 
than n+m+1, and a refinement of Wo, which proves the theorem. 

To show that the product of two S-spaces need not be an S-space, 
we appeal to an example, constructed by Sorgenfrey [4], of a para- 
compact space whose produrt with itself is not paracompact. It is 
only necessary to observe that this space is actually an S-space, as is 
easily seen by an inspection of his proof. 

Finally, we remark that Hemmingsen [3] has shown that the di- 
mension theorem holds for the product of two compact spaces, and 
Dieudonné [1] has shown that the product of a compact space and a 
paracompact space is paracompact. Thus, the only unsettled ques- 
tion in this direction is that concerning the dimension of the product 
of a compact and paracompact space. It is clear that the method used . 
above cannot be used in this case. 


BIBLIOGRAPHY 


1. J. Dieudonné, Une généralisation des espaces compacts, J. Math. Pures Appl. 
(9) vol. 23 (1944) pp. 65-76. 

2. C. H. Dowker, Mapping theorems for non-compact spaces, Amer. J. Math. 
vol. 69 (1947) pp. 200-242. 

3. E. Hemmingsen, Some theorems in dimension theory for normal spaces, Duke 
Math. J. vol. 13 (1946) pp. 495-504. 

4. R. H. Sorgenfrey, On the topological product of paracompact spaces, Bull. Amer. 
Math. Soc. vol. 53 (1947) pp. 631-632. 


YALE UNIVERSITY 


SOME REMARKS ABOUT LIE GROUPS TRANSITIVE 
ON SPHERES AND TORI 


ARMAND BOREL 


The present note pertains principally to two papers of D. Mont- 
gomery and H. Samelson [1, 2],1 in which the authors study com- 
pact Lie groups transitive on tori [1] and spheres [2]. I will here 
prove in another way, generalize, and sharpen a part of their results. 
$1 contains the remarks to [1], §2 to [2]; they are independent of 
one_another and the methods used in both are quite different. 

I recall first the definition and some simple properties of homo- 
geneous spaces. A manifold W is a homogeneous space under the Lie 
group? G if to each element a of G there corresponds a differentiable 
transformation Ts:x—>Ta(x) of W into itself such that: 

(1) Ta(x) depends continuously on the pair aGG, «EW. 

(2) To the product (ab) corresponds the mapping x—>T a(x) 
= Ta[Ts(x) J. l 

(3) Given any two points x, y in W, there exists a@G such that 
Ta(x) =y (that is, G is transitive on W). 

G is said to be effective on W if only the identity element e of G 
induces the identity transformation of W. 

Let us choose an arbitrary point x of W. The set of elements h in 


G for which Ta(x) =x is a closed subgroup H of G, called the asso-. 


ciated group. As is well known [3, no. 29], W may be identified with 
the space of left cosets G/H, the mappings T, being then: xH—>(ax) H. 
Actually, H depends on the choice of x€ W and should be denoted H+», 
but I shall in general drop the index x as there will be no danger of 
confusion and also because all the groups H» (xE W) are conjugate to 
each other in G. 

When considering a homogeneous space as the space of left cosets, it 
is quite easy to prove that every subgroup of H which is tnvartant in G 
induces the identity mapping of W, and, conversely, a subgroup of H, 
each elemeni of which induces the identity of W, is invariant in G. 


1. The n-dimensional torus as a homogeneous space. In [1], 
D. Montgomery and H. Samelson proved that a Lie group which acts 
transitively and effectively on the n-dimensional torus is itself the 
n-dimensional toral group T”. Actually, as they remark at the end of 


Received by the editors June 8, 1948. ! 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
2 The manifolds and Lie groups considered here are always compact. 
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their note, their proof gives at the same time the stronger theorem: 

Lei W be an n-dimensional homogeneous space under a compact 
connected Lie group G, the first Betti number of W being n. 

Then W is homeomorphic to the n-dimenstonal torus, and if G ts 
effective on W, tt ts isomorphic to T”. 

I shall prove here the more general theorem: 


THEOREM I. Let W be an n-dimensional homogeneous Space under the 
compact connected Lie group G. Let us suppose that for one index 
j (1SjSn—1) the jth Betti number of W equals the binomial coefficient 
Cass- Then: 

(a) W is homeomorphic to the n-dimensional torus; 

(b) sf G is effective on W, G ts isomorphic to the n-dimensional toral 
group Tr? f 


The demonstration is quite different from that given in [1] in the 
case j= 1, and employs the theory of integral invariants on a homo- 
geneous space [4], the main theorems of which I review now. 

Let us denote by p, the jth Betti number of W and by n; the num- 
ber of linearly independent differential exterior forms of degree j on 
W which are invariant under all transformations of G. Then we always 
have: 


$; s ny; s Uns 


The first inequality follows from the theorems of G. de Rham [5] 
and from the fact that every closed form is equivalent to an invariant 
one [4, Theorem I]. To obtain the second inequality one needs only 
to remark that an invariant form is completely determined by its 
value at one point of W. 

Let now xo be a definitely chosen point of W, H =H,, the asso- 
ciated group; we can take in a neighborhood U(e) of ein G canonical 
coordinates x1, Xa, +++, Xa, Lnth ** +, nae such that HA U(e) is 
the s-plane of the last s coordinates; x1, +++, Xapa may also be taken 
as coordinates in the tangent space to G at e. The transformations: 
x—(a”!xa), where a€G, xEU, are linear, and form the adjoint linear 
group of G, which I shall denote by Ad G. G being compact, Ad G 
may be assumed to be orthogonal. The representation of H contained 
in Ad G splits then into two parts, one of which is a linear group Y 
leaving invariant the set of variables Xr +, Xa But £r, xq 
can be taken as coordinates in a neighborhood V(x0) of xo in W (or 


* G being then abelian, H reduces to the identity element if G is effective; W may 
be identified with the manifold of G. 
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as coordinates in the vector space L(x) tangent to W at xo), so that y 
indicates how H acts on V(x») (or on L(xo)). 

To y there corresponds a linear group y; of degree C,,,: the 
group of transformations of j-dimensional elements of L (xo) induced 
by the operations of y. The following theorem allows us to compute, 
at least theoretically, n; with the help of y; (see [4, nos. 25, 28]). 

The number of linearly independent invariant differential forms of de- 
gree j equals the number of times the trivial representation“ of IT occurs in 
Yi. 
If W is the manifold of a group G’, one takes as transformation 
group of W the left and the right translations of G’; then G= G’XG’, 
and the differential forms invariant under G are the doubly (left and 
right) invariant forms. The associated group H, is isomorphic to 
Ad G’ and the number n; of doubly invariant independent forms is 
also given by the previous theorem, where y is replaced by Ad G’ and 
y; by the corresponding group (Ad G’); of transformations of j-di- 
mensional elements (see [4, no. 53]). 

Theorem I will be an immediate consequence of the results men- 
tioned above and of the following rather trivial lemma: 


Lemma. Let A be a regular nXn matrix, A; the matrix of degree 
Cn. giving the transformation of j-dimenstonal planes induced by 4. 

If for one index j (1\sjsn-1) A,=E (identity matrix), then 
A=+tE. 


Proor. The coefficients of A; are the determinants of degree j of A, 
and especially the diagonal terms of A; are the principal j-minors of 
A. 

If AcE, then there is at least one vector x” which is not eigen- 
vector of the linear transformation: «’—Ax~ given by A, that is, 
x” and Ax” are linearly independent. Let r, be a j-dimensional plane 
containing x” but not Ax” (such a plane exists, since j&n— 1). r; 
is certainly not invariant under A, and A;»@E, which contradicts the 
assumption. Therefore we must have A =cE; but then each diagonal 
term of A; equals ci; if A;=E, one has c= +1 and A=+E. 

Proor or THEOREM I. Let W be a n-dimensional homogeneous 
space, one Betti number p; of which equal Ca, Then we know that 
nj=Ca,j and that y; reduces to the identity matrix. The previous 
lemma shows that y consists either of E or of +E and —E. In the 
former case, every element of the associated group H induces the 
identity mapping of a neighborhood V(x) of x in W, and therefore 


4 That is, the representation of degree 1 which assigns the number one to each 
element of H. 
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on the whole of W.5 H is then invariant in Gand W is homeomorphic 
to the manifold of a group G’=G/H. We also see that, if G is effective 
on W, H= fe} and G’=G. 

In the second case (—E €y), H possesses a subgroup A; of index 
two represented by + in y. H, is invariant in G, W=G/H, is the 
manifold of a group G’ and #,(W) SC,,;. But on the other hand W isa 
two-fold covering space of W and therefore, as is known, p,(W) 
2p:(W). Thus p,(W) = Ch... 

We know now that, if #,(W) =C,,;, then W is either homeomorphic 
to or twice covered by the manifold of a group G’, and that G=G’ if 
G is effective on W. The latter case cannot occur when G’ is abelian 
(see footnote 3). 

We have seen that p;(G’) =C,,;. Theorem I will therefore be com-- 
pletely proved if we establish the proposition: 

Let W be the manifold of a compact connected n-parameter Lie group 
G. For one index j (1S jSn—1) let p(W) = Cn.. 

Then G is isomorphic to the n-dimensional toral group T". 

Proor. This could be deduced from theorems of E. Cartan and H. 
Hopf on the Poincaré polynomials of compact Lie groups, but we can 
also follow the same method as above: if pj;=C,,; then 2;=C,,;, 
(Ad G);= E and Ad G = E (Ad Gis connected and contains only one ele- 
ment if it is discrete). That means that (a~ wa) =x for a€G, xC U(e), 
and therefore also for every x CG, since an element of a connected top- 
ological group may be written as the product of a finite number of 
elements taken in an arbitrary neighborhood U(e) of the identity. 
G is then abelian; being compact and connected, it is isomorphic to 
T* according to a well known theorem [3, no. 43]). 


2. Even-dimensional spheres as homogeneous spaces. In [2], 
Montgomery and Samelson study spheres of arbitrary dimensions; 
their results and demonstrations show that the cases of even and odd 
dimensionality have to be treated separately. Here I shall consider 
only the simpler one: even-dimensional spheres. 

It is first shown in [2] that a compact connected Lie group acting 
transitively and effectively on an even-dimensional sphere S* is 
simple. S* being simply connected and having, for n even, an Euler- 
characteristic x(S*) equal to two, that theorem is contained in the 
following statement: 


THEOREM II. Let G be a compact connected Lie group acting transt- 


ë This last point may be for instance deduced from the fact that the transforma- 
tions Tą are isometric mappings of W onto itself in a complete Riemannian metric 
[3, no. 36]. 
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lively and effectively on a simply connected space W which has an Euler- 
characteristic equal to a prime number. 
Then G is simple. 


The proof is based on a theorem of H. Hopf and H. Samelson [6] 
which I shall formulate a little later, but first I must recall some points 
of the theory of compact Lie groups. 

All maximal abelian subgroups of a compact connected Lie group 
are toral groups and conjugate to each other (see for example [6, 
no. 4]). Their common dimension r defines the rank r(G) of G. Let 
T" be a maximal toral group; the normalizer N(T”) of T" (that is, 
the totality of elements x€G for which x-'T'xCT") has also the 
dimension r and consists of a finite number of cosets of T” [6, Hilfs- 
satz 2]; each coset defines one automorphism of 7* and the group 
N(T*)/T* is isomorphic to the group of automorphisms of T” ob- 
tained by means of the inner automorphisms of G leaving T” invari- 
ant; this group plays a fundamental role in the theory of semi-simple 
Lie groups. I shall call it 6(G); it is independent of the choice of T” 
since all maximal toral groups of G are conjugate to each other. If H 

“is a proper subgroup of G having the same rank as G, the group ®(H) 

is of course a subgroup of ®(G). If H is a proper connected subgroup 
of same rank as G, then (H) is a proper subgroup of B(G). This is 
not explicitly stated, but follows easily from the theory of singular 
elements in a compact group (see, for example [7], especially §2, 
nos. 5, 7). 

The theorem of Hopf and Samelson I need is: 

Let W be a homogeneous space under a compact connected Lie group. 

Then x(W) =0; it is positive if and only if the rank of the associated 
group H equals the rank of G; in that case, x(W) is equal to the index of 
&(H) in &(G).* 

Proor oF THEOREM II. Let W be a homogeneous space possessing 
the properties listed in Theorem II, and let H be the associated 
group; then r(H)=r(G); moreover, W being simply connected, Æ is 
connected [3, no. 31],7 and we see, by the way, that x(W) >1. Let us 
call a connected subgroup of G maximal if it isnot contained in another 
connected proper subgroup of G. Then, if x(W) is a prime number, H is 
maximal, for if there were a connected group H” such that HCH’ CG, 
H+ H'G, we should have ®(H) C®(H’) C&®(G) with @(H) = P(E) 


6 That is, the quotient of the order of &(G) by the order of @(4). 

7 In our special case, the converse is also true: If H is connected and if r(H)=r(G), 
then G/H is simply connected. This follows from the fact that H contains a toral group 
Tr maximal in G and that every closed curve in G is homotopic to a closed curve in T”. 


1949] LIE GROUPS TRANSITIVE ON SPHERES AND TORI 585 


~ (G) (see the previous paragraph), and the index of ®(H) in ®(G) 
could not be a prime number. 

Let us suppose now that G is not simple. Then G=G/N, where N is 
a finite group and G a direct product GiXG:X + + - XG, of compact 
simple groups [3, no. 52]; W may be considered in an evident way as . 
a homogeneous space under G, the associated group 7 being the 
reciprocal image of H in G. If G is effective then G is “almost effec- 
tive,” that is, only a finite number of elements in G induce the 
identity mapping of W. It is clear that H is maximal in G and that 
r(H) =r(G); from the last equality it may be deduced readily that 

is itself a direct product HıXHM:X :-- XH, (HCG 
#=1,---+, k). One H, at least must be different from the G, in which 
it lies; let us suppose that Hı =G, then, H being maximal in G, we 
have H;=G; (¢=2, 3,-+-,k). 

G: X G3 X +++ X Gris now a connected subgroup of H which is 
invariant in G; it must contain only the identity element if Gis almost 
effective; therefore, G is isomorphic to Gi/N and is simple, q.e.d. 

In [2] D. Montgomery and H. Samelson also determined the simple 
groups which act transitively on S*. Their method is of topological 
nature and requires the knowledge of the homology rings of simple 
groups; it could not be applied to the exceptional groups. 

Another method is suggested by the previous considerations; it 
consists in finding directly the associated group H. We have seen 
that if G/H is homeomorphic to S* (n even) then H is connected, 
maximal (in the sense of the proof of Theorem II), has the same 
rank as G and a group ®(H) of index two in ®(G). 

In a paper I wrote with J. de Siebenthal (Lausanne), which will 
appear in the Comment. Math. Helv.,® we study the subgroups of 
maximal rank of compact Lie groups and we give, for each simple 
group of the Killing-Cartan classification, a list of all types of con- 
nected maximal subgroups having the same rank as the group itself. 
On the other hand, the orders of the groups ® may be easily com- 
puted: for the simple groups, they are to be found for example in 
[8], for the others, they are given by the relation &(G; XG2) = &(G,) 
X ®(Gs). By studying that list of maximal subgroups, I found that 
the index of ®(H) in a) ae 2 only in the following cases: 

(a) D, in B,, r=1, 2, 


8 A summary is given in a note published in C. R. Acad. Sci. Paris vol. 226 (1948) 
pp. 1662-1664. 

* I follow the usual notations: B, and D, are the unimodular orthogonal groups of 
respectively 2r+1 and 2r variables, A, the unimodular unitary group, C, the unitary 
symplectic group of 2r variables, Ga, F4 the exceptional groups of 14 and 52 parameters. 
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(b) Az in Gs. 

According to the theorem of Hopf and Samelson, the characteristic 
of the spaces B,/D, and G:/As is two. But it is well known that these 
spaces are really homeomorphic to spheres (Gs is the automorphism- 
group of the Cayley numbers and acts transitively on the purely 
imaginary Cayley numbers of norm one, which are in a one-to-one cor- 
respondence with the points of S*). Thus we have proved the follow- 
ing two theorems, the first of which is slightly stronger than the re- 
sult obtained in [2, Theorem II, p. 462]. 


THEOREM III. The only compact connected simple Lie group acting 
transitively on the even-dimenstonal sphere S is locally isomorphic to 
B, (r=1, 2,-+-), and also, for r=3, to Gs. 


THEOREM IV. The even-dimenstonal spheres are, up to a homeo- 
morphism, the only simply-connected spaces of characteristic two on 
which compact connected Lie groups act transitively. 


Theorem III gives thus an infinity of simply-connected homo- 
geneous spaces of characteristic 2. This fact occurs only for the prime 
number 2. More precisely, we can assert the following theorem: 


THEOREM V. For each prime number p>2, there are only a finite 
number of stmply-connected spaces of characteristic p on which com- 
pact connected Lie groups act transitively! These spaces are homeo- 
morphic to: 

(1) Aps/Ap2XT! (dimension 2(p—1)), 

(2) Cy/CpiaxCi (dimension 4(p—1)), 
and, for p=3: 

F/B, (dimension 16) and G:/A1 XA, (dimension 8). 


This can ke checked with the Be of the list of maximal subgroups 
already cited. 
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A NOTE ON LEAST COMMON LEFT MULTIPLES 
B. M. STEWART 


1. Introduction. Consider n-by-» matrices A, B, - + + with elements 
in a principal ideal ring and recall the following definitions. If A=BC, 
then A is a left multiple of C and C is a right divisor of A. If A=RD 
and B=PD, then D is a common rtght divisor of A and B; if, further- 
more, D is a left multiple of every common right divisor of A and B, 
then D is a greatest common right divisor of A and B. If M=PA=OQB, 
then M is a common left multiple of A and B; if, furthermore, M is a 
right divisor of every common left multiple of A and B, then M is 
a least common left multiple of A and B. If FE=I, where TI is the 
identity matrix, then E is a unimodular matrix. If E is unimodular, 
then EA is a left associate of A. 

The basic tool in the following constructions is the theorem! that 
any given matrix A is the left associate of a uniquely determined 
matrix Aı, known as the Hermite canonical triangular form, having 
zeros above the main diagonal, having elements below the main 
diagonal in a prescribed residue class modulo the diagonal element 
above, having each diagonal element in a prescribed system of non- 
associates, and if a diagonal element is zero, having the correspond- 
ing row all zero. 

C. C. MacDuffee has presented the following method,? due in 
essence to E. Cahen and A. Chatelet, for finding a greatest common 


Presented to the Society, September 7, 1948; received by the editors April 30, 
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right divisor D and a least common left multiple M of two given 
matrices A and B. Consider 2n-by-2n matrices written in the form 
of n-by-n blocks. Use the theory of the Hermite form, as applied to 
the 2n-by-2n matrices, to write the following equations. 


R S\/A 0 D0 R S\/R S Io 
G JG 0) bo o) (r N: or re r) 
40 R’ S'‘\/D 0 
G P al Pi 

Since first: A=R’D and B=P'D, and second: RA+SB=D, it 
follows that D is a greatest common right divisor of A and B, with ° 
no restrictions on A and B. 

With the rather severe restriction that both A and B be non- 
singular, it has been shown? that the matrix M = PA = — QB, obtained 
from (1), is a least common left multiple of A and B. 

It is the purpose of this note to show by a different proof that tee 
stated method for finding M is correct for a much larger set of 
matrices A and B—namely, whenever D is nonsingular, that is, 
- whenever the row space of the union of A and B has the rank n, thus 
including, in addition to the case that both A and B are nonsingular, 
the case when either A or B is nonsingular and many other possi- 
bilities. Furthermore, in the exceptional case when D is singular, 
there is presented a method for finding an M that may be considered 
a natural modification of the method based on the equations (1). In 
conclusion it is noted that a theorem of E. Steinitz guarantees that 
both D and M are unique up to a unimodular left factor. 

For completeness it should be noted that a method for finding the 
least common left multiple of two matrices when the matrices have 
elements in a field has been given by C. C. MacDuffee,4 but the 


method is not applicable to the case where the elements are limited 
to a principal ideal ring. 


(1) 


2. When D is nonsingular. In terms of the notation explained in 
the introduction the following theorem may be stated: 


THEOREM 1. In the matric equation 
oe) 
Po/\8B 0) \o 0 


3 C. C. MacDuffee, loc. cit. p. 574. 
“C. C. MacDuffee, Vectors and matrices, Carus Monograph, 1943, pp. 100-102, 
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where the matrix involving R, S, P, Q is unimodular, the matrix D is l 
an all cases a greatest common right divisor of A and B; and if D is . 
nonsingular, then the matrix M=PA=—OB is a least common left 
multiple of A and B. 


That D is in all cases a greatest common right divisor has been . 
shown above. To show that M, which is obviously a common left 
multiple of A and B, is a least common left multiple, let Mı = UA 
= — VB be any common left multiple of A and B. Use the matrices 
determined in (1) to write the following equations: 


R 40 D 0 
F I ve (, o) 
RS\/R SN/D 0 D 0 
(v v) e oK 0) g ( o) 
Consider the most general solution of the equation 
X W\/D 0\ /D 0 
€ A D j € o) 
Here W and T are arbitrary, but X and Y must Be chosen so that 
(3) XD=D, YD=0. 


(2) 


Subject to the conditions (3) the following equations must hold: 


ee Gr) C z) ) 


In particular, it appears that U must have the form 
(4) U=YR+TP. 


But under the hypothesis that D is nonsingular the only solution of 
YD=0 is Y=0. Hence it follows in this case that U =TP; then from 
Mı=UA=TPA=TM it follows that M=PA=—QB is indeed a 
least common left multiple of A and B and the proof of the theorem 
is complete. 


3. When D is singular. If the matrix D is singular it is easy to , 
construct examples in which the matrix PA of Theorem 1 is not a 
least common left multiple of A and B. Hence the construction pro- 
posed in the following theorem has some interest. 


THEOREM 2. Let Aı and B, be the Hermite forms of A and B, respec- ` 
tively. In the matric equation 
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(1) ee >) & o) K o) 

pr ot/\B, 0/ \o 0 
where the matrix involving R*, S*, P*, O* ts unimodular and the matrix 
involving D is in Hermite form, let it be agreed, since this is a possible 
procedure, that no operations are performed upon the rows corresponding 


to the sero rows of D. Then the matrix M*=P*A,= —Q*B, is a least 
common left multiple of A and B. 


It follows readily that if E, and Es are unimodular, then a least 
common left multiple M* of Aı=EıA and Bi=E;B is also a least 
common left multiple of A and B. First: from M*=KA,=LB, it 
follows that M*=K#,A =LE,B; second: from Mi=UA=VB it 
follows that Mı = UFA = VF,B, where FE = I = FE, but since M* 
is a least common left multiple of A, and By, it follows that there 
exists a matrix G such that Mı=G.M*. In particular Aı and B, may 
be taken to be the Hermite forms of A and B, respectively. 

In the equation (1’) the * notation has been adopted in describing 
the component blocks of the transforming matrix for two reasons: 
first: to indicate that the operations are to be made on the matrix 
involving A, and Bı rather than A and B; and second: to indicate 
that the operations are to be made in what may be described.as one 
of the “simplest” ways. Certainly no zero row can appear in D unless 
it is also a zero row of Aı (the converse, of course, does not hold). 
Consequently, in obtaining the Hermite form involving D, it is quite 
unnecessary to operate on the rows (z) which are zerarows of D, and 
this agreement results in a “simplest” transforming matrix. In fact 
the matrix R* must have each of its rows (z) all zero except for a 1 
in the diagonal position. Furthermore, the most general matrix Y 
such that YD=0 must have the form Y=ZY*, where Z is arbitrary 
but Y* has a structure just like R* in its rows (g) and zero rows else- 
where. Thus Y*R*=Y* and 


(5) YR* = ZY*R* = ZY* = Y. 
As observed above A; has zero rows in at least the rows (z), hence 
from YD=0 it follows that YA,=0, and from (5) it follows that 
(6) VR*A1 = YA = 0. 

Let Mı=.UAı= — VB, be any common left multiple of A; and By. 


Starting from (1’) instead of (1), obtain the relations analogous to 
(2), (3), and (4). In particular, consider 


(4°) U = YR*+ TP*. 
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From (6) it follows that M, = UA, = (YR*+TP*)Aı=TP*A,. Hence 
with M* = P*A, = — O*Bı it follows that Mı=TM* and that M* isa 
least common left multiple of Aı and Bı. Automatically M* is a least . 
common left multiple of A and B and the proof of the theorem is com- 
plete. 

It should be noted that Theorem 2 works in all cases and does not 
require D to be singular. However the construction of Theorem 1, 
when applicable, is much shorter, since the separate computatiön of 
A, and B, is avoided. A working procedure would be to start from A 
and B and compute D in Hermite form; if D has no zero rows, apply 
Theorem 1; if D has zero rows (s), return to compute A; and By, 
find D anew starting from Ai and B; but not operating on the rows 
(z), and then apply Theorem 2. 


4, Uniqueness. 


Lemma. If A=UB and B=VA, then there exists a unimodular 
matrix E such that B=EA. 


This lemma has been proved by E. Steinitz® in a much more gen- 
eral setting—namely, for matrices whose elements are in a domain of 
‘integrity over the rational field, not necessarily a principal ideal ring. 
The proof is considerably simpler for the case of principal ideal rings. 
In fact by taking the proof for the case of matrices with elements in 
a field® and merely replacing the word nonsingular by the word uni- 
modular, a suitable proof for the case of principal ideal rings is easily 
made. 


THEOREM 3. The greatest common righi divisor D and the least com- 
mon left multiple M of two given matrices A and B are untquely de- 
termined up to unimodular left factors. 


If D and D, are two greatest common right divisors of A and B, 
then each is a common left multiple of the other, say D= UD, and 
D,= VD. Then by the lemma, D and D, are left associates. 

If M and M, are two least common left multiples of A and B, then 
each is a common right divisor of the other, say Mi=UM and 
M=VM,,. Then by the lemma, M and M, are left associates. 


MICHIGAN STATE COLLEGE 


5 E. Steinitz, Math. Ann. vol. 71 (1911) pp. 328-354. 
6 €, C. MacDuffee, Vectors and matrices, pp. 4546. 


INTEGRAL EXTENSIONS OF A RING 
HAROLD CHATLAND AND H. B. MANN 


- Introduction. Let R be a commutative ring with a unit element and 
“let a, OCR. f 

DEFINITIONS. (1) a and b are said to be coprime in R if TCR, 
T/a, r/b implies 7/1. 

(2) A ring R’ is called an integral extension of R if R’DR and 
a=br, a, bCR, rCR’ implies there exists an element FCR such that 
a=b. 

(3) a and b are said to be absolutely coprime if they are coprime in 
every extension R’ of R. In this paper it is shown that to every set 
of ideals of a commutative ring there exists an extension of the ring 
such that every ideal of the set is the intersection of the ring and a 
principal ideal of its extension. This is the main result and is given in 
Theorem 2. Ina particular case of Theorem 2 it is shown in Theorem 1 
that a, bCR are absolutely coprime if and only if there exist elements 
x, ¥CR such that ax+5y=1. 

Similar results for algebraic integers are well known [1].! In the 
special case where the domains considered are completely integrally 
closed and the ideals have finite bases, a different extension fulfilling 
the conditions of Theorem 2 was obtained by Kronecker [2]. 


. The extension of R. An extension of R, in the sense of this paper, 
may.be obtained in the following manner. We first form the ring 
R(u) by adjoining to R the elements ur, n= +1, +2, - - +, transcen- 
dental over R and such that u*a =au", aCR. Let a be the ideal gen- 
erated by the set A of elements a, b, - - - of R. Then the subring R’ 
of R(#) consisting of all “polynomials” 


tm Het + ao + aye + +++ + ants” 


with ¢,CR and a_,Ca’, r>0, is an integral extension of R for ROR. 
Moreover if c=dh, c, dC R, hCR’, then 


haette + eel + eg + ee +++ + enu” 
e CR, e_,Ca’. Multiplying by d we have 
C = deimu—™ + +++ + dew! + des + deiu + +++ + denu”. 


Presented to the Society, November 28, 1947; received by the editors December 
~ 10, 1947, and, in revised form, April 19, 1948. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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Since c CR, all terms involving u must vanish. Hence c=deg and R’ 
is an integral extension of R. 


Results. 


THEOREM 1. a, OCR are absolutely coprime if and only if there exist 
elements x, yCR such that ax+by=1. 


Clearly the condition is sufficient. Use the above extension R’ of 
R where A consists of a and b. In R’= R(au-, bu“, u), uis a common 
divisor of a and b. If a and b are absolutely coprime, u must be a unit 
divisor. Hence 


B= det ™ + ee fam H ao H amu t oo taut 


a,CR, & Ca. Since # is trancendental over R all terms in the sum 
must vanish except a_yu—. Buta_ıCaand hence is of the form ax+by. 
Multiplying by # we have 


1 = ax + by. 
REMARK. If, #, 9 are elements of R such that 
až + bġ=1 


then the pair x, yCR is also a solution if and only if x=2-4bp, 
y=4—av where abu=abr. 

Substitution shows the condition to be sufficient. Moreover if 
ax+by=1, aä+bj=1 then a(x-2)=5(J—-y) and so ak(x — £) 
=b(j—y)#. Adding 55(x—&) to each side of the last equation we have 


x — Z = (5 — y)#+ byle — 8) = bu. 
Similarly y—ğ = —ar. 
But a(x — 2) =b(4—y). Hence 
abu = abv. 


Lemma. If a is an ideal in R, then there exists an extension R’ of 
R such that a ts the intersection of R and a principal ideal of R’. 


Consider the extension R’ of R with a=A. In R’ the ideal (u) is 
principal and contains a and no other elements of R, for every element 
of a is obtained from the set of products au—'wu. Also for ACR’ sup- 
pose Au =c, cCR. Then \=cu-!, Hence cCa and a=R /\ (u). 


THEOREM 2. To every set of ideals of R there exists an extension R' of 
R such that every ideal of the set is the intersection of R and a principal 
ideal of R’. 
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To each ideal a in the set let there correspond an element ta tran- 
scendental over R. Form the ring R(u) by adjoining uj to R where 
wWa=aut, aCR,n= +1, +2,--+.Thesubring R’ of R(w) consisting 
of the “polynomials” 


fi 73 
gt Ha, Grirg... CR, 


with the condition that ay,,,...,, belong to a;* if r, is negative, is an 
integral extension of R. This follows by the method demonstrated 
above. For if J=mn, I, mCR, »CR’ then 


rı Te 
n= Dank Uy ue ts? 


where brr- are certain Gyr... Hence 

l=mn = mern... un En 
But since the indeterminates u, are transcendental over R and ICR, 
all terms in the sum, except the constant term mo, must vanish. 
Hence b =mBo. 

We proceed as in the Cone Consider the principal ideal (a). All of 
the elements a of a may be obtained as products auz *- Ua. More- 
over only the elements a‘? CR may be so obtained for suppose yCR’ 
and vu, =d CR. Then v=dur'. Hence a=R/\ (ts). 

_ Remark. In the case of non-commutative rings a result analogous 
to Theorem 2 holds for two-sided ideals. 
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A THEOREM ON DIFFERENCE POLYNOMIALS 
RICHARD M. COHN 


We shall prove the following analogue of a theorem of Kronecker's: 

Let F be a difference field! containing an element t which is distinct 
from ts transforms of any order. Every perfect ideal in the ring 
Flyus, Yal has a basis consisting of n+1 difference polynomials. 

The corresponding theorem for differential polynomials was proved 
by J. F. Ritt.? We shall follow in all but details a brief and elegant 
proof of the theorem for differential equations which he has given 
recently.’ 


Let A be a perfect ideal in F [yn : : - , Ya]. We know‘ that A has a 
finite basis Ay, : * *, Ar. We adjoin to F[yı, -+ , Ya] the (n+1)r 
additional variables u;;,¢=1,+-+,2+1;j=1, -+ -, r, and consider 


the polynomials’ 
(1) Li= Dad, i=1,.--‚n+1 
j=l 


We shall show that there exists a nonzero polynomial Ħ in the u,; 
only, which vanishes for all solutions of the system (1) which do not 
annul every 4.. Our theorem will follow immediately from the exist- 
ence of H. For I showed in my Dissertation’ that the presence of tin 
7 implies that we may assign to the #,; values a,, in $ which do not 
annul H. Let L, become M:, i=1,---,n+1, when the «,, are 


Received by the editors April 29, 1948. 

1 For a definition of the terms used in the statement of this theorem the reader is 
referred to J. F. Ritt and H. W. Raudenbush, Idea? theory and algebraic difference 
equations, Trans. Amer. Math. Soc. vol. 46 (1939) pp. 445-452. The reader’s attention 
is also called to the paper Complete difference ideals by J. F. Ritt, Amer. J. Math. 
vol. 63 (1941) p. 681, in which the definition of the term “difference ideal” is modified. 
It is the latter definition which is now in use. The symbol $[yı, - - + , Ya] denotes the, . 
ring of all difference polynomials in the unknowns yı, - + * , In, whose coefficients lie 
in the difference field 7. 

2 J, F. Ritt, Differential equations from the algebraic standpoint, Amer. Math. Soc. 
Colloquium Publications, vol. 14, pp. 50-58. 

3 To appear in the forthcoming revised edition of Differential equations from the 
algebraic standpoint. This shorter proof does not furnish all details of me theorem 
established in the paper mentioned in footnote 2, 

4 This is one of the principal results of the paper of Ritt and Raudenbush referred 
to in footnote 1. 

š We use the term “polynomial” as an abbreviation for “difference polynomial.” 

t Mansfolds of difference polynomials, Trans. Amer. Math. Soc. vol. 64 (1948) pp. 
133-172. This paper is referred to below as M.D.P. 
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thus specialized. Then every solution of the system M,=0 can be 
extended to a solution of (1) by letting u,;=a,y, 1=1, +--+, n+1, 
j=1,::-,‚r. Since H does not vanish it follows that the A, are all 
zero. Thus the M; are a basis for‘A containing n+1 polynomials. 

_ It remains only to prove the existence of H. We make successive 
transformally transcendental adjunctions? to $ of elements v, 
g=1,+++, n; wy, t=1,-++,n+1,7=2,+-+, 17. We let each y, =v, 
and each 4,;=w,,, 7 >1. The #,ı may then be computed from the equa- 
tions L,=0. Let È be the reflexive® prime ideal consisting of all poly- 
nomials in the v,; and y, which are annulled by this solution. 

& contains no difference polynomial in the y; t=1,--+-,, and 
uj, 3>1, alone; for no such polynomial is annulled by the solution 
just described. Each L, is in X, so that, for each ¢ from 1 to n+1, 2 
contains a polynomial in #1 which is free of the other «,. Thus the 
u; 7>1, and y, may be chosen as a set of arbitrary unknowns for 2. ' 
The #,; are more numerous than the arbitrary unknowns so that, by 
Theorem IV of M.D.P., & contains a nonzero polynomial H; in the 
u; only. j 

It is evident that the L; constitute a basic set? of & when we 
choose for the arbitrary unknowns the set indicated above. The re- 
mainder of Hı with respect to this set is zero. It follows, since Aı is 
the initial of each L,, that there exists a product P of powers of trans- 
forms of Aı such that PH; is a linear combination of the L, and their 
transforms. Then H, vanishes for all solutions of (1) which do not 
annul A. 

We may show in the same way that there exist nonzero polynomials 
H; i=2, -+ r, in the u, only, such that H, vanishes for every solu- 
tion of (1) which does not annul 4;. Then H= IL; Æ, is the poly- 
nomial whose existence we wished to prove. The theorem is estab- 
lished. 

It is perhaps surprising that »+1 polynomials should suffice for a 
basis of a perfect difference ideal in » unknowns, when it is known 
that many more polynomials may be required in a basic set. As an 


1 This is to say that the n and wy annul no difference een with coefficients 
in F. See M.D.P., §6. 

8 A difference ‘deal i is called reflexive if the inclusion in the ideal of the transform 
Cı of a difference polynomial C implies that C itself is in the ideal. See the paper 
Complete difference ideals referred to in footnote 1. i 

? Basic sets of systems of difference polynomials are defined by J. F. Ritt and J. L. 
Doob in their paper, Systems of algebraic difference equations, Amer. J. Math. vol. 55 
(1933) pp. 506-508. It should be noted that the definition of ascending sets, which is 
preliminary to that of basic sets, is substantially diflerent from that of ascending sets 
of differential polynomials. 
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illustration of this phenomenon we give the following example of an 
ideal with a basis which is a subset of its basic set.! 

Let 7 be the field of all rational functions of x with transforming ' 
defined as the operation of replacing x by x-+1. We consider the 
polynomials 


(2) Nah Ford. MER 


Using Theorem IX of M.D.P. one shows easily that (2) is a basic 
set of a prime reflexive ideal A with coefficients in F. Since the initials 
of the polynomials of (2) are unity, it follows that it is a basis for A. 
But the equations 2;—z=0, 3?—y=0, imply that y,=2?=2*=y; so 
that any solution of these equations is also a solution of y,—y=0. 
Thus z?—y, gı—z is itself a basis for A. 


RUTGERS UNIVERSITY 


10 This example emerged during a conversation of the author with E. R. Kolchin. 


` 





INVERSIVE DIFFERENCE FIELDS 
RICHARD M. COHN 


It may happen that the functions of an analytic difference field 
admit not only the operation of replacing s by s+1, but also its in- 
verse. Since these two operations have essentially the same properties 
it is to be expected that to each theorem concerning difference equa- 
tions there will be a corresponding theorem, valid in fields of the type 
we have just described, in which the rôles of the highest and lowest 
transforms of the unknowns are interchanged. For example, J. F. - 
Ritt has shown? that the number of ordinary manifolds of a first- 
order difference polynomial in the unknown y does not exceed its 
degree in yı; and he observes that in fields where the inverse substi- 
tution is always possible, the number of ordinary manifolds is also 
limited by the degree in y. 

The study of abstract difference fields enables us to apply this 
principle in every case; for, as we shall show, every abstract differ- 
ence field can be extended to a difference field in which there exists, 
for every element A of the field, an element g such that % is the trans- 


Received by the editors April 29, 1948, 


1J. F. Ritt, Algebraic difference equations, Bull. Amer. Math. Soc. vol. 40 (1934) 
pp. 303-308. 
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form of g. We shall call a field with this property an inversive difference 
feld. : 

The first part of this note, then, will be devoted to the brief proof 
that every difference field has an inversive extension. In the second 
part we apply this theorem to complete certain earlier results on the 
structure of the manifold of a difference polynomial. 


Part I 


THEOREM. Every difference field may be imbedded in an inversive 


difference field. 


We first prove that any difference field F may be imbedded in a 
field F’ isomorphic to F and such that every element of F is a trans- 
form of an element of F’. Let F, be the set consisting of first trans- 
forms of elements of F. It is easily seen that F is a difference field 
isomorphic to F by the correspondence which maps any element a 
of F on its transform a1. Now we may extend? this isomorphism to an 
isomorphism between the extension F of F,, and an extension F’ of F. 
Then F’ has the desired properties. $ 

Let us now construct, by this process, a sequence of fields F, F’, 
F", -į ‚such that F is isomorphic to F@+), and every element of 
F® is a transform of an element of Ft), Let F be the difference 
field which is the union of the F®, k=0, 1, 2, - - -. Then F is evi- 
dently the inversive extension of F required by the theorem. 


Part II 


We have shown elsewhere? that the essential irreducible manifolds 
of a difference polynomial A in unknowns yı, © * - , Ya may be divided 
into ordinary and essential singular manifolds. No ordinary manifold 
annuls a polynomial of lower effective order than A in any Y+, while 
each singular manifold of A annuls such a polynomial for every Yz, 
1skSn. Concerning these two types of manifolds we may make the 
following statements: 

(1) There is always at least one ordinary mantfold; but their number 
does not exceed the degree of A in the lowest, nor in the highest transform 
of any y: which appears effectsvely. 

* Let H be isomorphic to, but contain no element in common with, F. Let Mı 
be the subfield of H corresponding to Fi. By the obvious extension to difference fields 
of a theorem in van der Waerden, Moderne Algebra, 2d ed., New York, F. Ungar, p. 
42, the extension F’ of F exists isomorphic to H, with Hj corresponding to F under 
the isomorphism. Evidently F” has the properties we require. 

3 A note on the singular manifolds of a difference polynomial, Bull. Amer. Math. Soc. 
vol. 54 (1948) pp. 917-922. This note is referred to henceforth as S.M. 
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(2) The essential singular manifolds of A annul its formal first par- 
tial derivatives with respect to the lowest and with respect to the highest 
transforms of each y, which appear effectively. 

Except for the reference to transforms of lowest order these state- 
ments have been proved previously.* We now complete the proof in 
this respect. i 

We consider an inversive difference field F, and denote by F* the 
difference field consisting of the elements of F with the operation of 
transforming defined as the inverse of that in F. Let A be any poly- 
nomial in unknowns Yy, 41, * * * , Yn, with coefficients in F. Then we 
denote by A* a polynomial obtained from A by replacing each y, 
appearing in A by yiu-ı, where m is an integer sufficiently large so 
that m—k is always non-negative. In other respects A is unaltered 
except that its coefficients are now to be regarded as elements of F* 
rather than F. The operation * will be applied in what follows to 
only a finite number of polynomials at any one time. We may there- 
fore always choose an m which can be used for all the polynomials 
under consideration, and we shall assume in each case that this has 
been done. 

We prove a lemma concerning the operation *. 


LEMMA 1. Lei F be an inversive difference field, and let B and A be 
polynomials in F. Then B holds A if, and only if, B* holds A*. 


We assume first that B* holds A*, but that A has a solution y,=«,, 
in an extension G of F, which does not annul B. 

Let G be an inversive extension of G, and let G* be the field con- 
sisting of the elements of G with the transforming operation defined 
as the inverse of that of G. Then G* is an extension of F*. The a; 
lie in G*, but in this field a,, is the transform of œ, +} if R20, and 
transforms of the a,» exist. When we substitute the æ,» for the Yim-zt 
where m is the integer used in defining *, it is evident that A* vanishes 
while B* does not. This contradicts the statement that B* holds A*. 
Thus the implication is proved in one direction. 

We next assume that B holds A, but that A* has a solution y/ =ß, 
in an extension G* of F*, which does not annul B*. Let G* be an in- 
versive extension of G*, and let G be the field consisting of the ele- 
ments of G*, with the transforming operation defined as the inverse 
of that in G*. Then G is an extension of F. When we replace each y,» 
by Bim, where m is the integer used in defining *, it is evident that 
A vanishes, while B does not. This is a contradiction which estab- 


1 Manifolds of difference polynomials, Trans. Amer. Math, Soc. vol. 64 (1948) pp. 
133-172 and S.M. 
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lishes the remaining implication. Thus the lemma is proved. 

It is convenient to prove the next two lemmas together. We retain 
the notation of Lemma 1. In a previous paper? we defined the y,- 
separant of a difference polynomial as its formal first partial deriva- 
tive with respect to the highest transform of y, present. We now 
introduce the term inverse y;-separant for the partial derivative with 
respect to the lowest transform.of y, present. We may now state the 
lemmas. 


LEMMA 2. The polynomials A and A* have the same number of 
ordinary manifolds. ` 


Lemma 3. The essential singular manifolds of A annul its inverse 
separanis. (Note that the coeficient field F is still assumed to be inver- 
sive.) 


Let M be any essential irreducible manifold of 4, and let A be the 
prime ideal consisting of all polynomials with coefficients in F which 
are annulled by all solutions in M. Let G be the field which results 
from F by adjoining the general point y;=a, of A. Let G denote the 
inversive extension of G formed as in Part I, and finally let G* be the 
field consisting of the elements of G, but with the inverse transform- 
ing operation. Then G* is an extension of F*. 

The substitution ya=«a, m- annuls A*. We denote by A* the re- 
flexive prime ideal consisting of all polynomials with coefficients in - 
F* which vanish when these values, or their appropriate transforms, 
are assigned to the yg. 

Let T be any polynomial with coefficients in F*. We shall investi- 
gate under what circumstances T is in A*. 

By an operation similar to * we convert T into a polynomial T”. 
Specifically, we replace each ya by yi5-z, where p is a sufficiently 
great integer so that the subscripts are all non-negative, and we con- 
sider the coefficients of the resulting polynomial as elements of F. 
The substitutions yitj5-m=@,,, annul T” if and only if T holds A*. 
In this substitution the œ,» with k negative are to be understood as the 
corresponding positive transforms of ajo in F*. 

Let T be formed by replacing Yit+p-m by Y in a transform of T’ 
which is such that only'non-negative values of k appear. Then T 
holds A* if and only if T is annulled by the substitution y,=a4, in 
other words, if and only if T is in A. 

To prove Lemma 2 we let M be an ordinary manifold of A. We 
claim that the manifold of A* is an ordinary manifold of A*. For, if it 


55.M., §1. j 
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is not, there is a T of effective order less than that of A* in yı which 
holds A*. Then the corresponding T holds A. Since T is obviously 
of effective order less than A in yı this is impossible, so that our 
statement is justified. Thus there corresponds to each ordinary mani- 
fold of A an ordinary manifold of A*. 

Let Mi, M: be two distinct ordinary manifolds of A (if such exist), 
and Ai, As the corresponding prime ideals. We form A,*, As* from 
Ay, As as A* was formed from A. Then A;*, As* are distinct for large m. 
For let C be in Aı but not in A». If the m used in defining * is suffi- 
ciently large we may form C*. Then C* holds Aı* but not As*, so that 
these are distinct. It follows that, for large m, A* has at least as many 
ordinary manifolds as A. It remains to prove this statement for all m. 

We consider integers m, and ma>mı. Let us use * to denote spe- 
cifically the operator previously so designated, but with m fixed as . 
mı, and let us use ** to denote the corresponding operator with 
m =m: Then A** results from A* by replacing each yi, by its trans- 
form of order m2—m. Let A’ denote the (ms:—m,)th transform of A*. 
Then A’ and A* have the same number of ordinary manifolds. Con- 
sider the isomorphism which carries F* into the field F’ consisting of 
the transforms of order mz—m of elements of F*. This isomorphism 
carries A** into A’. Thus A**-and A’ have the same number of 
ordinary manifolds. We conclude that A** and A* have the same 
number of ordinary manifolds. Now by choosing ms sufficiently large 
we may show, by the method of the preceding paragraph, that A** 
possesses at least as many ordinary manifolds as 4. Then this is also 
true of A*. z 

Now if we let T=4A*, and form T as above, we see, by an argu- 
ment similar to that of the preceding paragraphs, that T possesses 
at least as many ordinary manifolds as A*. But, if we choose p =m, 
we find that T=4. Combining this result with that of the preceding 
paragraph we verify Lemma 2. 

We now turn to the proof of Lemma 3. We let M denote an essential 
singular manifold of A, and form its prime ideal A and the cor- 
responding prime ideal A* of A* as at the beginning of the discussion 
of Lemma 2. Let Mi, Ma, - - - , M, denote the ordinary manifolds of 
A, Ax, As, + + +, A, their corresponding prime ideals, and A*, Až, >>, 
A; the prime ideals of A* formed from the A;. The proof of Lemma 2 
shows that, at least for large m, the A,* are distinct and their manifolds 
constitute the totality of ordinary manifolds of A*. Let C, 
4=1,---+,7, bea polynomial of A; which does not hold A. We may 
assume that m is large enough so that we can form the C,*, 
¢=1,+-++,7. Each C,*is in A,* but not in A*. It follows that the mani- 
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fold of A* is contained within no ordinary manifold of A*. Then any 
essential irreducible manifold of A* which contains the manifold of 
A* is an essential singular manifold, and therefore annuls each 
‚y-separant of A*, We denote the yı-separant by T, and form T as 
at the beginning of the proof of Lemma 2, using =m. By what pre- 
cedes T is annulled by a general point of A, so that it holds A. But 
T is the inverse y,-separant of A, and we may prove similarly that 
each inverse y,-separant holds A. Thus the lemma is proved. 

We now complete the proofs of statements (1) and (2) at the begin- 
ning of Part II. For inversive fields the previously unproved part of 
statement (1) is an immediate consequence of Lemma 2. Now let 
F be any difference field, and A an algebraically irreducible differ- 
ence polynomial with coefficients in F. Let My, M3, ---, M, be the 
ordinary manifolds of A, and Aj, As, © © - , A, the corresponding prime 
ideals. We let y, =œ, be a general point of A; and denote by G, the 
field obtained by adjoining the a; to F. In a similar way we form 
fields G, containing general points of the remaining A,. : 

There exists, by the theorem of Part I, an inversive extension G; of 
Gia #=1,+-+,r. The elements of any G, whose transforms of any 
order lie-in F form a subfield F;. Now it is easy to see that the F; are 
all isomorphic. We denote any one of them by F. It is possible to 
construct,’ for each 4, an extension of F isomorphic to G; and there- 
fore containing a general point of A; We shall assume that the G; 
above are actually extensions of the inversive field F. 

Let 2, be the reflexive prime ideal consisting of those polynomials 
with coefficients in F which are annulled by the substitution y, =a,. 
2, must be the prime ideal corresponding to an ordinary manifold of 
A considered as a polynomial with coefficients in F, or of an irreduc- 
ible factor of A in F which is of the same effective order as A. For 
otherwise some polynomial D of 2, is of lower effective order than A 
in some 4;, say yı. A transform, D+, of D has coefficients in F. Then 
D; is in Ay, since it is annulled by the substitution of the a, for the y, 
and is of lower effective order than A in yı. This is impossible, so that 
our statement is verified. 

We now construct 2,,4=2, - ++, r, corresponding to each Ay. The 
construction can be carried out similarly to that of 2:1. The X; are 
all prime ideals corresponding to ordinary manifolds of irreducible 
factors of A considered as a polynomial with coefficients in F. Further- 
more they are all distinct. For A; contains a polynomial C which is 
not annulled by the general point of A, j1. Then C is in 2,, but not 


6 The method of footnote 2 is to be used. 
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in Z;. Thus we see that there are at least as many ordinary manifolds 
of irreducible factors of A, considered as a polynomial in F, as of A 
considered as a polynomial in F. Then the truth of statement (1) for 
the inversive field F implies its truth for F. 

We turn now to statement (2). Let M be an essential singular 
manifold of the algebraically irreducible difference polynomial A 
with coefficients in the field F, and let A be the reflexive prime ideal 
consisting of all polynomials annulled by M. Let y;=a; be a general 
point of A. We form the inversive extension F of F as in Part I. Let 
Z be the set of polynomials with coefficients in F which are annulled 
when the y, are replaced by the a,. Obviously 2 is a reflexive prime 
ideal held by A. Let N be an essential irreducible manifold of A (asa 
polynomial in F) which contains the manifold of Z. Lety be the prime 
ideal consisting of those polynomials with coefficients in F which are 
annulled by the solutions of N. We form the system y’ consisting of 
those polynomials of y with coefficients in F. Y’ is held by a poly- 
nomial of effective order in yı lower than that of A. For otherwise its 
manifold is an ordinary manifold of A as a polynomial in F. But this 
is impossible because the general point y,=a; of the ideal A, whose 
manifold is an essential singular manifold, annuls y”. 

It follows that N is an essential singular manifold of an irreducible 
factor of A considered as a polynomial in F. Lemma 3 shows that 
each inverse separant of this factor is in y. It follows that the inverse 
separants of A vanish for the solution y, =œ; and so are in A. This 
completes the proof of statement 2. 
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THE WEDDERBURN PRINCIPAL THEOREM 
FOR ALTERNATIVE ALGEBRAS 


R. D. SCHAFER 


Except for a generalization of the so-called Wedderburn principal 
theorem, the structure theory of alternative algebras over an arbi- 
trary field is as complete as that for associative algebras. It is our’ 
purpose here to fill this one gap in the alternative theory. 


1. The-principal theorem. A non-associative algebra Wf of order n 

over an arbitrary field § is called alternative in case 
ax? = (ax)x, x'a = x(a) 

for alla, x in Y. It is clear that associative algebras are alternative. 

The most famous examples of alternative algebras which are not 
associative are the so-called Cayley-Dickson algebras of order 8 over 
®. Let 3 be an algebra of order 2 over § which is either a separable 
quadratic field over § or the direct sum § F. There is one auto- 


morphism s— of 3 (over §) which is not the identity automorphism. 
The associative algebra O = 3+-u43 with elements 


(1) q = 81 + uss, z;in 8, 
and multiplication defined by ; f 

(2) (a + uza) (33 + uza) = (8123 + Pes) + u(Zız4 + 2323) 

for 80 in § is called a quaternion algebra. For q in the form gs the 
correspondence 

(3) q> = 81 — us = Hg) — q 

is an involution of Q. The Cayley-Dickson algebras Ç = Q+vQ are 
obtained by repetition of this process: the elements of € are 

(4) x = qı + 79% qin Q, 
and multiplication in € is defined by ; 

(5) (qi + mga) (ga + 794) = (gigs + yqads) + (Gigs + gaga) 


for y0 in §, where g— is the involution (3) of Q. 
Most of our knowledge‘of alternative algebras is due to M. Zorn.! 
Presented to the Society, April 17, 1948; received by the editors February 9, 1948, 
and, in revised form, April 26, 1948. 


1 See references [6], [7], [9]. Numbers in brackets refer to the references cited at 
the end of the paper. 
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The radical Jt of an alternative algebra A is the set of properly 
nilpotent elements of A, and is the maximal nilpotent ideal? of A. The 
difference algebra X —N is semi-simple: it is the direct sum S:® - 
®&,„ of simple components ©;. Any simple alternative algebra is 
central simple (that is, simple for all scalar extensions) over its center, 
and all central simple alternative algebras are either associative or 
Cayley-Dickson algebras.? In the sense of equivalence there is (over 
a given field) exactly one Cayley-Dickson algebra with divisors of 
zero.‘ - ' 

A non-associative algebra A over § is called separable in case Ap 
is semi-simple (that is, a direct sum of simple algebras) for every 
scalar extension § of §.. It is easy to see that an alternative algebra A 
is separable if and only if it is the direct sum of simple components 
whose centers are separable fields (over $). Furthermore, if M is 
separable, there exists a scalar extension § of finite degree over % 
such that Ag is a direct sum of components each of which is either a 
total matric algebra or a Cayley-Dickson algebra with divisors of 
zero.’ Such a scalar extension § of § we call a spitting field of I, 
and we use the term split algebra for a total matric algebra or a 
Cayley-Dickson algebra with divisors of zero. The number of total 
matric components of Mẹ is the same for all splitting fields of X, 
and is the sum of the degrees over {§ of the centers of the associative 
simple components of X. Similarly the number of Cayley-Dickson 
components of Mg is independent of the particular splitting field $, 
and is the sum of the degrees over % of the centers of the simple 
components of X which are not associative. 

We shall prove the following. 


2 It is asserted in the conclusion of [9] that St is nilpotent, and that this may be 
shown by methods similar to those employed in [8]. Since no proof has subsequently 
appeared in the literature, and since we require the result, we give a proof in Lemma 1 
below. 

3 We have given in [5, $$1, 2] a complete account of the structure of simple alterna- 
tive algebras over an arbitrary field. We assume some familiarity on the part of the 
reader with this account and with the proof of the Wedderburn principal theorem for 
associative algebras as given, say, in [1, §3.8]. 

4 This corresponds to the fact that there is exactly one quaternion algebra over § 
with divisors of zero: namely, the total matric algebra M, of degree two. For © is a 
division algebra (that is, has no divisors of zero) if and only if 8 is a field and £ in 
(2) is not the norm sē of an element z in 3; otherwise © is the total matric algebra 
Ms. If Q is a division algebra, and if y in (5) is not the norm g9 of an element q in 
©, then & is a division algebra; otherwise & is the unique Cayley-Dickson algebra over 
@ with divisors of zero. 

5 Since any semi-simple alternative algebra has a unity element, these statements 
are immediate consequences of [3, §4] and [1, §3.7]. 
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` THEOREM. Let U be an alternative algebra over an arbitrary field §, and 
let N be the radical of A. IFA—N ts separable, then A = S+R where © 
ts equivalent to U— MN. 


This theorem generalizes to the case of alternative algebras the 
well-known Wedderburn principal theorem for associative algebras [1, 
p. 47]. Its proof resembles the associative one. 


2. The case N?0. We use the fact? that the “associator” 


(6) [@1, G2, as] = (0103)&3 — alaga) 


- 


“alternates” in an alternative algebra M; that is, 
(7) [eı, 03, as] = elan, Gig tl, a, in Ñ, 


for any permutation fi, fs, ts of 1, 2, 3, where e is 1 in case the per- 
mutation is even, —1 in case it is odd. Furthermore, any subalgebra 
of A generated by only two elements is associative.” This implies 
that powers x’ of an element x in Y are unambiguously defined, and 
that we have 


(8) Ru=Ri Lə=L}, LRs= RL: 


of all x in X, where Rs and L. are the right and left multiplications® 
of A determined by x. Equation (7) is equivalent to the equalities 


R.Ry — Rey = Ley — Lyla = Re — Roly = Lely — Lys 


(9) 
= RyL, — L-R, = Rys — RyRs 


for all x, yin M. 

A non-associative algebra K is called nilpotent’ in case there exists 
an integer ¢such that every product of ¢elementsin Jt, no matter how 
associated, is zero. It follows from an observation of Etherington [4, 
p- 2] that Ñ is nilpotent if and only if the associative algebra N* 
generated by the right and left multiplications of K is nilpotent (for 
a simple induction suffices to prove that, if N**=0, then every prod- 
uct of #=2* elements of 9 is zero). It is an immediate consequence of 
the known structure theory for alternative algebras and of the fol- 
lowing lemma that the radical N of an alternative algebra W is the 


© [6, equation (5), p. 126]. 

1 The so-called Theorem of Artin [6, p. 127]. 

8 See [2, §2]. 

® The term “strongly nilpotent” has been used for this concept recently, and “nil- 
potent” used in case the associative algebra N* were nilpotent. However, Ethering- 
ton’s theorem shows the equivalence of the two notions. 
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maximal nilpotent ideal in 4, and is the minimal ideal such that 
AN is semi-simple. 


LEMMA 1 (ZoRN). Let N be an alternative algebra, each of whose 
elements is nilpotent. Then Nt is nilpotent. 


If & is any linear subset of Jt, we denote by €* the subalgebra of N* 
generated by the right and left multiplications of Jt corresponding to 
elements of ©. We shall prove by an induction on the number of gen- 
erating elements of Y that %* is nilpotent for all subalgebras %; 
hence, in particular, for 6 =. If Y is generated by one element x, 
then by (8) any T in B* is a linear combination of transformations of 
the form 
(10) Ro. lex. R. 

‘for 7,21. Then, if x/=0, we have T?-1=0, %* is nilpotent. Hence, 
by the assumption of the induction, we may take a maximal proper 
subalgebra H of Jt and know that B* is nilpotent. But then there 
exists an element x not in 8 such that 


(11) + SB. 


For 8**=0 implies that NY**=0 <P, and there exists a smallest 
integer m 1 such that NY** <H. If m=1, take x in N but not in $; 
if m>1, take x in NY*”— but not in B. Then (11) is satisfied. Since B 
is maximal, the subalgebra generated by $ and x is ® itself. It fol- 
lows from (11) that N=6+§ [x]. Puty =b in (9) for any b in V. Then 
(11) implies that 


R.Ry = Rs, — RsRz, RL, = LyRz + RRs — Roy, 


(12) 
L:Ri = Rila + LiL: = Li Lily = Ls, T LiL, 


for b, in B. Equations (12) show that, in each product of right and 
left multiplications in 8* and (x#)*, the transformation R, or L» 
may be systematically passed from the left to the right of R or Le 
in a fashion which, although it may change signs and introduce new 
terms, preserves the number of factors from B* and does not increase 
the number of factors from (x#)*. Hence any T in N*=(8+«f)* 
may be written as a linear combination of terms of the form (10) and 
others of the form 


1 mi 


By BaRs, BL, BRL 


for B; in B*, m, 21. Then, if 8*’=0 and x’=0, we have T*@/-) =0; 
for every term in the expansion of T*@-D contains either at least 
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k factors B; or an uninterrupted sequence of at least 2j—1 factors 
from (xf¥)*. Hence N* is nilpotent, and so is N. 

Let 8 be an ideal of a non-associative algebra X. We define a 
family of subalgebras B! (¢=1, 2, +--+) of Y inductively as follows: 


(13) B=B, Bi = GB, Bg), i= 2,3,- 


the linear subset of % spanned by elements of BB’! and HYP. For 
any A, the B! form a descending chain 


B= HB 29 z. 2B S 


of ideals of $. For alternative algebras A, we have the following 
stronger statement. 


Lemma 2. Let B be an ideal of the alternative algebra X. Then the 
subalgebras B+ in (13) are ideals of X. 


The proof is by induction: 8! is an ideal by hypothesis. We assume 
that Bi! is an ideal of M. An arbitrary element of AB* is the sum of 
elements of the form of a(xy) and a(yx) for a in U, x in B, y in BH. 
Then 


(14) a(xy) = (ax)y — [a, x, y] = (ax)y— Ly, a, x] 
= (ax)y — (ya)x+y (ax) 
‚by (7). The right-hand side of (14) is in Bt by the assumption 
of the induction. Similarly a(yx) is in 6‘, and we have UB!SB*. The 
reciprocal relationship in alternative algebras gives BUS Bi, or Bt 
is an ideal of Y. 
Let N be the radical of an alternative algebra Wf. Since X is nil- 


potent by Lemma 1, there is a smallest integer r such that N" = 
Moreover, in the chain 


N= W> W>. > Mr =0 


the inclusions are proper inclusions, since Jt*!=9* for 2SiSr 
would imply N!=R!= -- + =Yr=0, a contradiction. By Lemma 2 
the N. are ideals of A. 

An inductive argument based on the dimension of N suffices to re- 
duce the proof of the principal theorem to the case N?=0. For the 
preliminaries disposed of in'this section allow us to use the argument 
of the associative proof [1, p. 47]. 


3. The case N?=0. In §4 we shall prove the principal theorem for 
A having a unity element, with N?=0 and A—Na split algebra (that 
is, either a total matrix algebra or a Cayley-Dickson algebra with 
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divisors of zero). At this point let us assume this result and show how 
the case N?=0 of the principal theorem may be proved. 

First the theorem may be reduced to the case where Wf has a unity 
element. If X has no unity element, adjoin a unity element e to obtain 
A =eF+A. Then A is alternative. Also the radical Jt of A is the radi- 
cal of Xı. For Wis a nilpotent ideal of %, and is therefore contained in 
the radical Jt, of Yı. Conversely if a; is in Jt, then a;=ae-+a for æ in 
%, a in A, and there exists an integer ¢ such that aj=a'e+a’=0 for 
a’ in A. Hence «'=0, a=0, a =a is in A, Ni SA. Then N is a nil- 
potent ideal of X, Nı SN. If we can obtain a Wedderburn decomposi- 
tion ıh =Sı+NR of M, we have Y= G+ where G6=G, MNALHA— MN. 

Throughout the remainder of this paper we assume that X has a 
unity element e, and that Jt?=0. We denote residue classes modulo 
N by the customary bracket symbol [ ]. 


Lemma 3. If [ul], < - , [ue] are pairwise orthogonal idempotents 
in U—MN, there exist pairwise orthogonal idempotents e, +--+, eein A 
such that 
(15) i [es] = [w], i=l, e, 


Furthermore, if [e] = [u] + <- - + [u], then e=et+ +--+ +e.. 

We prove the first assertion by induction. The element l 
(16) a= 34, _ 2u l 
is an idempotent in A. For, since W—uı is in N, N?=0, we have 
(ui—u1)?=0, and e?=e, by (16). Also 
(17) le] = [s] 
by (16), so that e10, and we have proved the case s=1. If fi is any 


idempotent in A, write fo=e—/fi, so the Peirce decomposition of 
N relative to fı takes the form 


A = fa rat SASi + fol fo, 


where products fiaf; (i, 7=0, 1) for a in W are trivially seen to be 
associative. The f,9f, (¢=0, 1) are orthogonal subalgebras of X. The 
corresponding Peirce decomposition of {-Jt is 


A-N = aA - Nhl + [Ala — wW [fol 
+ PA- Mi] + ola — Mil. 


We assume the existence of pairwise orthogonal idempotents 
es, +>, e in A such that [e;|=[u,],i=2,--+,s5, and write fi=es 
+ +++ +e, Then [u] is orthogonal to [fi] = [u] + --- + [u], and 


610 R. D. SCHAFER [June 


we have [u] in [fo](@—) [fo]. Hence we may choose s in the sub- 
algebra fof, of X, so that e: in (16) is in fofo and is therefore orthog- 


onal to fi=éeat--++e, That is, eu, es >>>, are pairwise 

orthogonal idempotents in X, (15) holds, and the inductive proof is 

complete. Since e+ » +- +e, is idempotent, e—(e.+ +--+ +e,) is 

either zero or idempotent. But [e]= [#]+ - - - + [u] implies that 

e—(ai+ +++ +e) is in N and cannot be idempotent; hence 
“eset es: +6. 


The reduction of the principal theorem to the case U— simple is 
now easy. Let Y-N=Bid --- GB, for simple algebras B;. By 
Lemma 3, there exist pairwise orthogonal idempotents e, in X such 
that the unity element of &, is [e;]. In the refined Peirce decomposition 


(18) A=} A (j=l, s) 


we have %,,=e;¥e, (associative products!), and the radical N; of Ms; 
is the intersection of N and X, [9, §§4, 5]. It is easy to see that A, 
-NZB,. If we have Wedderburn decompositions %,,=6;+, 
S=, then (since the subalgebras ¥,, of Y are pairwise orthogonal) 
the sum of the subalgebras ©; of Wf is the direct sum G=©6,@ - - - 
DSSA- N, and we have T=G+M. 

We can now prove the principal theorem. Since 1 — is separable, 
there exists a splitting field & such that (A—)e =We—Ne is a direct 
sum of split algebras. Then Mtg is the radical of Ag (since it is a nil- 
potent ideal containing the radical). By the result in the preceding 
paragraph, we may assume that (A—NR)e has only one simple com- 
ponent (a split algebra). Then by §4 below, We contains a subalge- 
bra BZ(A—N)e. The remaining steps are those of the associative 
proof [1, p. 48], since no form of associativity is used there. 


4. The case A—N a split algebra. We assume throughout that A 
has a unity element e, and that N?=0. Suppose that A—N is a total 
matric algebra M, of degree s. Then the principal theorem is an im- 
mediate consequence of Lemma 4, which we state in the following 
slightly more general form for use in the proof of Lemma 5. 


Lemma 4. Let UN contain a total matric algebra M, with unity ele- 
ment [e]. Then U contains a total matric algebra M of degree s with 
unity element e, and Di, ts the image af M under the homomorphism 

x—[x] of A onto A-N. 


For let M, have basal elements [u] (i, j=1,: :-,s) with the 
customary multiplication table 


(19) [sec] [urn] = s[e] l (Kronecker delta). 
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Then [e]= [uu]+ > + - + [un], and by Lemma 3 there exist pairwise 
orthogonal idempotents e; in A such that [uu] = [eu], e=eu+ - - - 
+e,,. In the Peirce decomposition (18) of X relative to this set of 
idempotents we have ,,=e,,%e;;. 

We may take wy =en. Since [un] = [en] [uu] [en], we may also take 


uain Aa (t=2, +--+, s), and similarly take u, in My (j=2, +--+, 5). 
It follows from (19) that 
(20) Utz = €11 + G; 
where a, is in ROW Aa SNAN since 
(21) WA SW 
[9, equation (4.5.1) ]. Put 

61; = (C11 — Gs), Ou = i (4,7 =2,+++,5). 
Then ey is in Y1A, SA, by (21), and ey is in Wy. Since 
(22) (ya = aC Yiri) unless (4, j, k) = (4, 4, 4) 
for Xap, Yas, Zap in Map [9, Theorem (4.7.1)], we obtain the formula 
(23) euen = bn G=1,---,s). 


The case j=1 of (23) is trivial, and for j#1T’we have epen 
= { (en Gy) ry} a = (en —a,) (uun) = (eu—a;) (enta) =en by (22), 
(20), and the fact that eu is the unity element of Xu, while aj =0 since 
N2=0, 
Define 

(24) l Ci] = 11617 (ij ij =2,-+-,5) 
in Mays Ay. Since [en] = [vu] and [ey] = [eu—a,] [uy] = [un] [u] 
= [uy], we have [e,;] = [u,,]. Note that (24) holds if ¢=1 orj=1. Also 
(24) holds if i=j. For (ene) =en { (¢1:1) er} =enen by (23) and the 


Theorem of Artin; since fesen] = [un] = [ei], we may apply the sec- 
ond part of Lemma 3 to Y,, to obtain e4=e,e,;. Formula (24) is 


established for all 4, j=1, - - -,s. Now 

(25) Er = 0 for j Æ h. 
For Wa Aas =0 (jh) unless h=4, k=j [9, Theorem (4.5.3) ]. But 

(26) Kr =0 for x; in Wy, 1 #7 


[6, p. 132, formula (15’’)], which disposes of the remaining case in 
(25). We have 


(27) rtir = flik, Cki€;1 = Cki (5, k=1,::-, s). 
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For, since we have proved (23), we may take k1. Then by (24), 
(6), (7), (23), and (25), we have er. =e1,(eneu) = (eye,1)ew— les, 
en, ex] = Cz — [ein eu, en] = Cre (euen)entewlesen) = ex. The second 
equation in (27) is the reciprocal relationship. With (27) we can prove 
(28) C470 jh = Crh (i, 5, k= 1, DER: s). 


For 6,6% = (eue,)en=enlesen) [ein en ¢el=eu—ley, er eu] 
=e —eunentenlenen). Lf i=k, this gives eyen =en—enteien=ei; 
if ik, it gives eje; =e. by (25). Equations (25) and (28) imply that 
the subalgebra M of X with basis e;; (¢, 7=1, - - +, s) is a total matric 
algebra, and the lemma is proved. 

Consider the total matric algebra Ma of degree two over §; it is a 
quaternion algebra with divisors of zero.!° Taking the usual matric 
basis e, ($, 7=1, 2) for Ms, the unity element is e11+-¢s2 and the involu- 
tion gg =#(q) (enter) —g of Dts is defined by 


(29) Ën = Ci mi (4 #79; 4,7 = 1, 2). 


The algebra C=M:+wM: with elements gitwq: (for q, in Ms) and 
multiplication i 


(30) (qı + wga) (qs + was) = (qiga + gags) + wga + 1593) 


is a Cayley-Dickson algebra (we have written w for v in (5) and set 
y=1). Since the Cayley-Dickson algebra with divisors of zero is 
unique, it may be taken in this form. 


Lemma 5. Let U—-N=GC, a Cayley-Dickson algebra with divisors of 
zero. Then U=GitMN where A&C. 


For we may take € in the form € = M+ [w] Ms, where, for elements 
[g] in Ma, multiplication is given by (30) with brackets. By Lemma 4, 
A contains a total matric algebra M of degree two such that e is the 
unity element of M and the matric basis ¢,; of M gives the matric 
basis [e] of Ms. Note that [g]=[g] for g in M. In the proof of [5, 
Theorem 2], it is shown that the multiplication formula (5) follows 
from the alternative law and formulas p?=Yye, qu=og for q in Q. 
Therefore, in order to prove the lemma, it is sufficient to show the 
existence of an element v not in M such that 


(31) =e  gqu= vg for gin M. 
Write 
(32) [hs] = [w] [es] fort #7 (i,j =1, 2); 


10 See footnote 4. 
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We may take fy in Ay (ix), for [es1(Ifw] les) = [ew] (fw len) 
= [w] [zne] = [wlle;]= [fu] by (32), (30), (29). Now [es] [fu] 
= [e,:|({w | [e,,]) RETS [w]( [en] [e;,]) = [0] implies that 


enfi = Ci (¢ #9; 4,7 = 1, 2) 
for cy in NOAOA, Write 
his = fii — ich. 
Then A, is in W.;, [k] = [fu], and 
(33) enhi = hjen = 0 (i =j; 4,7 = 1, 2). 
For éjshij= Cy —€y1(€i67) =c; (ene) =0 by (22). Moreover, 6c, 
= elf) = (Cutis lfrs— lei, ei, ful=fut Las en és] = fart fitz) eg 


> falene) = (fuen)e; by (7), and we have hen = fen — { (fner)esten 
=0 by (22). Now [hu] [As] = Fu] [fa] = [ese] [2,,] = [es] implies that 


huhi = eu + t. 
for a; in NOW: (¢=1, 2). Since N2=0, we have a? =0, and 
(34) (eri — a) lein + a) = en = (en + 0,)(e: — a). 
Write 
du = (en — ti) his, pa = ha. 
Then py is an Ay, [b4] = [fu], and we shall prove 
(35) Psihi = eu (Gj ij = 1, 2). 


For pupn= {(en—ai)hus her = (eu —a1) (Aisha) = (eu — a) (eu +a) = en 
by (22) and (34). But ah,,=(hihy—en)hiy = hi, (Bihyy) — h; 
= hulej +a,) —hi; = hi;Qj, so that 


(36) pis = hig — Ghia, = hi — huar = hilez — ay) 


and Papdıa=hn { kıslea — aa) } = (haha) (ea — as) = (e+ aa) (Eu ~a) = 22 
by (22) and (34). It follows from (33), (36), and (22) that 


(37) iPn = Press = 0 (i * jii j= 1, 2). 
Finally write 
v= pia + Pa 


Pa 
Then [v]= [fa]+ Ffa] = [w], and v?=(fi9-+pn)? =pipatpupn = en 
+em=e by (26) and (35). For ij we have ev =¢ul(py Hbi) = buy 
= (put Pn)e,=ve;;; also (26) implies that (etp)? =eupi + due, =0 
so that eip =e;lpu tpi) = Cabu = — putu = — (Pu thy) Ey = — tey by 
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(37). Hence w=vdg for all q in M by (29), and we have shown the 
existence of an element v in A, not in M, satisfying (31). This com- 
pletes the proof of the lemma, and of the theorem. 
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A NOTE ON THE MINIMUM OF A BINARY FORM - 
N. C. ANKENY 


Let f(x, y) =ar taxy +--+ - +-a,y" be a binary form of degree 
n with real coefficients. The simplest algebraic invariant of such a 
form is its discriminant, defined by 


(1) Dif) = 20” T @-— 0°, 
: i<j 
where! 
(2) F(s, y) = ale — My) +++ (x — my). 
D(f) is a homogeneous polynomial of degree 2(#—1) in au +++, dn 


The simplest arithmetical invariant of such a form is its minimum 
L(f), defined as the lower bound of | f(x, y)| for all integral values of 
x, y except 0, 0. 

For n=2 and 3, it is known that if D(f) 0, then 


(3) BOA) S$ ¢| DI, 


where c is a constant. The best possible value of c is known for each 
type of form with n=2 or 3. We say that a form is of type (r, s) if 
$1, + ++, 6, consist of r real numbers, and s pairs of conjugate com- 
plex numbers (so that r+2s=#). If we denote by c(r, s) the least 
value of ¢ for which (3) holds, then 


. 60, 1) = 1/3, 6(2,0) = 1/5, c(3,0) = 1/49, c(1,1) = 1/23. 


The first two results are classical, and the last two are due to Mordell. 

The object of this note is to prove that-no inequality of the type (3) 
is valid for all binary forms of degree n, and of a given type, when n is 
greater than 3. This fact is probably well known to those who have 
followed recent work on the geometry of numbers, but no simple 
direct proof seems to have been given. One argument which suggests 
why (3) cannot be expected to hold when 2 > 3 is the following. When 
n=2 or 3, a corollary to the existing results tells us that if D(f) =0 
then L(f) =0, that is, f(x, y) then takes values which are arbitrarily 
small numerically. This is not true for n=4 as we see from the 
‘simple example (x?—2y2)?, We shall show that if n>3 there exist 


Received by the editors May 13, 1948, 
1 The definition fails if &0=0. In this case, we must first transform f by a linear 
substitution of determinant +1 into a form whose leading coefficient is not zero, 
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forms for which | D(f)| is arbitrarily small, but not zero, and L(f) is 
not small. 

I am indebted to Prof. Harold Davenport for suggesting this topic 
to me and to both him and Prof. L. J. Mordell for comments on the 
manuscript. 

In what follows, all small Latin letters denote rational integers. 
We recall that any irrational number a, with 1<a<2, has a con- 
tinued fraction representation 








uk 1 1 
Q = — — e.» 
a+ a2 + u 
where ai, a, > + + are positive. If p,/g, is the nth convergent to æ, so 
that 
n 1 1 
re a i, 
In “+ + Gn 
we have the following well known results: 
Lemma 1. 
1 = 1 
<la- Pe < G 
3Gnt19a | Ga) Ont 19m 








LEMMA 2. If daSy<@a+ti\ then dr ag] S|x—-ay| for ah x. 

Lemmas 1 and 2 imply: 

LEMMA 3. If dnSy<Qn4i, then |x—ay| >1/3an41¢n21/3dnyy for 
all x. 

We now prove: 

Lemma 4. If a>1 and B>1 are both irrationals whose continued 
fraction expanstons have all their partial quotients less than N, then 

| (æ — ay) (a + By) | > 1/3 

for all x, y not both 0. 


Proor. We may certainly assume xy #0. Suppose first xy >0. Then 
lx+fy| >|By| > ||. Also, |x—ey| >1/3N|y| from Lemma 3, so 
the result follows by multiplying these two inequalities. The case 

. when xy <0 follows from the case xy>0 on interchanging «& and £. 


Lemma 5. Let 0 be a real quadratic irrational integer, and let 0’ be tis 
conjugate. Suppose 0 >1 and 6’ >1. Leta satisfy the condttion of Lemma 
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4. Then 
| (x — ay)(x + 8y)(@ + 6’y)| > 1/3N 
for all x, y not both zero. 


Proor. Again we may assume xy <0. If xy <0, we have |x—ay| >1, 
and | (x+6y) (x+6'y) | = 1 since it is the absolute norm of an algebraic 
integer not zero. If xy>0, |x+8y| > |y], |x+0’y| >|y] and |x—ay] 
>1/3N| y] by Lemma 3. This proves the result. 

We can now prove the main theorem by constructing forms 
F(x, y) of given type (r, s) where r+2s=n24. À 

Case 1. r24, r*5. Let G(x, y) be any binary form of type (r—4, s) 
with integral coefficients, and D(G) #0, such that the r—4 real roots 
of G(é, 1)=0 are all irrational. Since r—41; such a form can be 
constructed by multiplying together various forms of the type 


x? — my’, x? + my’, x3 + 2rty — gy? — y? 
using several different values of m if necessary, and not more than 


one cubic form. (If r=4, s=0, we take the empty product, that is, 
G(x, y)=1.) Then L(G) 21. Let 


F(x, y) = (x — aiy) (æ + Bıy) (x — ary)(x + 8:7)G(%x, y) 


where a, ßı and as, 82 satisfy the hypotheses of Lemma 4 and aı as, 
Bır“ßs, and none of a1, as, —81, —Pa, coincides with a root of G(¢, 1) =0, 
Then 


LP) > (30) 
by Lemma 4. But, if the œ’s and ß’s are bounded, 
0 <|D(F)| < A@ (or — as)%(Bı — Ba)? 


where A(G) is bounded for fixed G if the a’s and ß’s are bounded. 
We fix a1, Bi, 82 and choose a: to have the same first k+-1 partial 

quotients as a1. Then by Lemma 1, 

2 2 


ee 
Gr+19% k? 


Dr 
ai — 


qk 


Hence D(F)—0 as k— œ, which proves the result. 
Case 2. r=5. Let G(x, y) be a form as above, of type (0, s), which 
can be taken to be a product of forms x?-+my?. Then L(G) 21. Let 


F(x, y) = (% — ay) (x + Oy)(x + Hy) — ay) (æ + Bay)G(a, y); 


where a, œs, 6: satisfy the same hypotheses as before and 0 satisfies 
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the hypotheses of Lemma 5, and —#, —6’, a1, a2, —ßa are distinct. By 
Lemmas 4 and 5, 


Lf) 2 (3N). 


Again D(F) may be made arbitrarily small, but.not zero, by choice 
of as. i f 

Case 3. rS3. This presents less difficulty, and we take F(x, y) to 
have the following form: 


r=0522 F(x, y) = (a + y) + (1 + €)y%)G(x, y), 











LF) > LG) 21, 
r=1,s22, F(x, y) = (x — ay) (s + Nr + (1 + ©) y)G(a, y), 
1 1 
Fe MEST Ye for y # 0, 
r= 2s21, F(x, y) = (x — ay)(& — aay) (x? + G(x, y), 
| F(x, „| 2 i : for y #0, 


(GNI)? ~ GNP 
r=3,s È 1, F(x, y) = (x — ay) (z + Biy)(% — ay (2 + y)G(x, y), 


| F(a, y) | 2 for y # 0. 


1 1° 1 
ee en 
GM) (3X | >|) (3N)? 
In the first two cases D(F)-0 with e; in the other two cases D(F) is 
arbitrarily small, but unequal to zero, by choice of ay. 


STANFORD UNIVERSITY 


ON A THEOREM OF H. CARTAN 
RICHARD BRAUER 


As an application of the Galois theory of skew fields,.H. Cartan! 
obtained recently the following theorem: If K is a skew field of finite . 
rank over its center C, the only skew fields H, CCHCK, which are 
mapped into themselves by every inner automorphism of K are K 
and C. 

I give a very short and direct proof removing at the same time the 
finiteness assumption, In fact, we have: 


THEOREM. If His a skew field contained in the skew field K, and if 
every inner automorphism of K maps H into tiself, then H ts either K, 
or H belongs to the center of K. 


Proor. If aE K, bEH, the assumption shows that an equation 


(1) ba = abı 
with 6,CH holds (for a=0 this is true with bı=b). Also, 
(2) bl + a) = (1 + a)bs 


with 6:€H. On subtracting (1) from (2), we find 
b— b: = a(b: = by). 


If a does not lie in H, this implies b= b; and hence b=b.. Then bı=b, 
that is, ba =ab. Every element a of K which does not belong to H 
commutes therefore with every element of H. 

Suppose that H does not belong to the center of K. There exists an 
element b of H and an element c of K such that 


(3) be Æ cb. 


The remark above shows that cEH. If HK, there exist elements a 
outside of Hin K. Then a+c does not belong to H either. Hence a-+c 
and a both commute with OCH, 


b(a + c) = (a + c)b, ba = ab 


These two equations are not consistent with (3), and the theorem is 
proved. 

The same argument applies under much weaker assumptions. For 
instance, it is sufficient to assume that K is a (not necessarily associa- 


Received by the editors May 27, 1948. 
1C. R. Acad. Sci. Paris vol. 224 (1947) pp. 249-251. 
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tive) ring, H a subring of K and that (a) H has a 1-element; (8) the 
equation xh=h, with h, hEH, «CK, k0 implies that xCH, (y) 
for every aC K, bEH, there exists an element b, in H with ba=abı. 
If H~K, it follows that every element of H commutes with every 
element of K. 


UNIVERSITY OF TORONTO 


A THEOREM ON INTEGRAL SYMMETRIC MATRICES! 
B. W. JONES 


Though the following theorem yields important results in the 
. theory of quadratic forms, its statement and proof are independent 
of such theory and seem to possess significance in their own right. 


THEOREM. Let A and B be symmetric integral nonsingular matrices 
with respective dimensions n and m (n>m) and S an n by m matrix of 
rank m with rational elements such that s ts the l.c.m. of the denominators 
and STAS=B. Then there is an n by n mairix T with rational elements 
the prime factors of whose denominators all divide s, whose determinant 
is 1 and which takes A into an integral matrix Ay which represents B 
integrally, that is, UTA U =B for some integral matrix U. 


To prove this we first, for brevity’s sake, define an s-mairix or 
s-transformaiton to be one with rational elements the prime factors 
of whose denominators all divide s. Then write R=sS, and, by ele- 
mentary divisor theory, determine unimodular matrices P and Q 
such that : 


Ri Sy 
PRO = =S§ = 5S’ 

0 0 
where R; is the diagonal matrix rıtra+ ---+ra, + denotes direct 
sum, r; divides r; for ¢=1, 2, +++, m—1and S’ and S, are defined 
by the equations. Write r,/s=u,/s, where the latter fraction is in 
lowest terms and s;>0. Then s; is divisible by si; and hence s; is 
prime to #, for jSt. 

Presented to the Society, September 10, 1948; received by the editors June 7, 

1948. 


1 This paper was written while on sabbatical leave from Cornell University with the 
aid of a grant from the Research Corporation. 
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If we write A'’=PITAP! and B’=0TBO, the equality STAS =B be- 
comes S’T4’S’=B’ which, with A’=(a,,) and B’=(6,;), implies 


(1) Gitt S? = Aritti SSi bin 4,9 =1,2, m. 


Suppose s,=1=]u,| for i=1, 2, , h—1 but not for i=h. Then 
(1) and B’ integral implies hae Sh ‘divides a for 1si<h and 5 
divides am. Moreover u, divides ba for 1S¢Sm and uj divides dys. 


Write A’ in the form 
P = 
T 
Ai Ag 


where Au is an k by h matrix. Let Da be the matrix obtained from the 
h-rowed identity matrix by replacing its last diagonal element by sa 
and U, the matrix obtained from the m-rowed identity matrix by 
replacing its kth diagonal element by u». Write Fs =DI1K, where Ka 
is an integral (n—k)-rowed square matrix of determinant s, later to 
be determined. We then have 


TI I I 
FA ee Be oe ed 
BRAD: KiåaK ý 


Then Sa, defined by the eqyston S,= FIS'UL, is the direct sum of the 
integral matrix m +44 --- +#s1+1, whose elements have abso- 
lute value 1 and an n— h by m—h s-matrix. Furthermore S’7A’S’=B’ 
becomes STA w= Ba where the equality ulB’ Ul=B, defines Ba. 
Now 2 a iS integral since, as shown above, u, divides bi, for 1SiSm 
and u? divides bar. Furthermore B, represents B’ integrally. Simi- 
larly DIA,,D} is integral. 

Next we determine K, consistent with the above conditions so that 
A, is integral, that is, so that DAK, is integral. In fact, in view of 
the definition of Da, we need only make œK, divisible by s, where œ 
is the Ath row of An. This is easily done by finding a unimodular 
matrix W so that aW=(w, 0, : - + ,0) (mod s,) and choosing W!K, to 
be the diagonal matrix s,+1+ - - : +1 of determinant sa. 

If now we diagonalize the last n —h rows of S, replacing A, and Ba 
by equivalent matrices (that is, matrices obtained from them by uni- 
modular transformations) we may continue along the above lines to 
derive inductively a sequence of integral matrices A, obtained from A 
by s-transformations of determinant 1 and taken by transformations 
S, into integral matrices B, which represent B’ integrally, each Sa 
being the direct sum of an h-rowed integral matrix and an s-matrix. 
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Then S, is integral and taking Am=4o, Ba =B. we see that Ao is 
obtained from A by an s-transformation of determinant 1, represents 
By integrally and hence B integrally. 

Since two quadratic forms with integral coefficients may be de- 
fined to be in the same genus if one may be taken into the other by a 
transformation of determinant +1 with rational elements whose 
denominators are prime to twice the determinant of the form, we 
have the following 


COROLLARY 1. If fand g are two quadratic forms with integral coeffi- 
cients, having nonzero determinants and n and m variables respectively, 
n>m, and tf there is an n by m matrix with rational elements whose 
denominators are prime to 2 | f | and taking f into g, then there is a form _ 
fo in the same genus as f whose matrix has integral elements and which 
represents g integrally. 


This corollary has been proved using the theory of quadratic forms 
by C. L. Siegel,* whose proof contained some ideas in common with the 
above proof, by Hel Braun? and probably follows from the much 
earlier work of Minkowski. However in all these sources the condition 
that the denominators be prime to 2|f| is essential. It is then of 
interest to note that this restriction is not necessary for the theorem 
of this note. 

In fact, a direct consequence of our theorem (as noted by the 
referee) is 


COROLLARY 2. If a classic quadratic form f (that ts, a form whose 
matrix has integer elements) represents an integer or classic form g 
rationally, then some classic form f' of the same determinant as f repre- 
sents g integrally. 


Thus for anal the conditions for integral representation by the 
form x-a + - ++ +x, 1SnS7, are the same conditions as those 
for rational Beten ion since there is only one class of forms of 
determinant 1 in these cases. 


CORNELL UNIVERSITY 


2 C. L. Siegel, Über die analytische Theorie der quadratischen Formen, Ann. of Math. 
(2) vol. 36 (1935) pp. 527-606, Lemma 24. 

* Hel Braun, Geschlechter quadratischer Formen, J. Reine Angew. Math. vol. 182 
(1940) pp. 32-49. 


INVARIANTS OF INTERSECTION OF CERTAIN PAIRS 
OF SPACE CURVES 


CHUAN-CHIH HSIUNG 


Introduction. Projective invariants of certain pairs of curves and 
surfaces have been derived and characterized geometrically by the 
. author and others. In this paper we shall continue these investigations 
by studying in ordinary space some pairs of curves intersecting at a 
nonsingular point with distinct tangents. For each pair of such curves 
we can determine an independent projective invariant by the use of 
neighborhoods up to and including the third order of the curves at 
the common point. Within these neighborhoods of the curves at the 
point there is no other affine invariant which is not a projective 
invariant.! 


I. TWO CURVES INTERSECTING AT AN ORDINARY POINT 
“ WITH DISTINCT TANGENTS AND OSCULATING PLANES 


1. Derivation of an invariant I. Let two curves C, C in ordinary 
space intersect at a nonsingular point 0 with distinct tangents $, # 
and osculating planes r, 7 respectively. We shall first confine our at- 
tention to the case in which the line p of intersection of the osculating 
planes r, 7 coincides with neither ż nor f. Let x, y, z represent the non- 
homogeneous coordinates obtained from the projective homo- 
geneous coordinates x1, - - - , x4 by means of the relations 


x= aı/aı, Y = 03/41, 2 = ala. 


If we choose the point 0 to be the origin, the tangents #, f and the 
line $ to be respectively the x-, y-, and z-axes, then the power series 
expansions of the curves C, C in the neighborhood of the point 0 may 
be written in the form 


(1) C: ya r+, z= teette 
(2) ae. Se 
The most general projective transformation which leaves the 


tangents #, fand the line p unchanged is expressed in terms of the 
nonhomogeneous coordinates by the equations 


Received by the editors April 26, 1948. 

1 For some pairs of plane curves and surfaces in ordinary space L. A. Santalé has 
recently found some affine invariants which are not projective invariants. See his 
paper, Affine invariants of certain pairs of curves and surfaces, Duke Math, J. vol. 14 
(1947) pp. 559-574. 


623 


624 C. €. HSIUNG [June 


(3) X= auı*/D, y = dyyy*/D, z = Gyz*/D, 
where 
(4) D=1+ arzt + any" + au", 


and the a’s are arbitrary. The effect of this transformation on equa- 
tions (1), (2) is to“produce two other pairs of equations of the same 
form whose coefficients, indicated by stars, are given by the formulas 


8 2 
Ggar* = ar, G440* = ayaa, 
(5) A 3 N 2 
Gap” = Gasp, aa = Ags. 
By eliminating the a’s from equation (5) it is easily seen that the 
expression 


(6) I = ra*/pa? 


ts a projective invariant determined by the neighborhoods up to and in- 
cluding the third order of the two curves C, C at the point 0. 

In view of the manner in which the a’s appear in equations (5), it 
is evident that all other projective invariants depending on such 
neighborhoods of the two curves C, C at the point 0 are expressible 
in terms of the invariant I. 


2. Metric and projective characterizations of the invariant J. For 
the purpose of giving a simple metric characterization of the invari- 
ant I, we make a projective transformation which leaves the point 0 
unchanged and carries the x-, y-, and s-axes into three mutually per- 
pendicular new axes. Let T, TĪ be the transformed curves of C, C, and 
x’, y’, 8’ be the nonhomogeneous Cartesian coordinates of a point in 
space referred to the new orthogonal coordinate system; then the 
power series expansions of the curves T, T in the neighborhood of the 
point 0 may be written in the form 


(7) Poy =r p, Wear, 
(8) T: xf = plyP eee, zZ = ayp, 
and the invariant J takes the form 

(9) I = r'al*/p'a’?, 


Let R’, R’, and 7’, T’ be respectively the radii of curvature 
and of torsion of the curves I’, T at the point 0, then 


R = 1/20, T = a'/3r', 


(10) 2 x 
R = 1/20, T = — a'h, 
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and therefore 
(11) ` I=-RT/RT. 


Thus we obtain the following metric characterization of the invari- 
ant I associated with the point 0 of intersection of the two curves C, 
Ç. 

Let R, R, and T, T be respectively the radii of curvature and of torsion 
of the curves C, C at the point 0, then 


(12) I = — RT/RT. 


In order to interpret the invariant I projectively we observe that 
among the five-point quadric cones of the curve C at the point 0 we 
may, determine a unique one which has ? for a generator and whose 
tangent plane along # passes through the line p. From expansions (1) 
follows immediately the equation of this cone, namely, 


(13) axy — rz? = 0, 


Similarly, with the roles of the curves C, C interchanged we have 
another quadric cone: 


(14) any — pz? = 0. 


The two cones (13), (14) determine a pencil P of quadric cones, to 
which belong the pair of planes x=0, y=0 and the plane z=0, 
counted twice. Hence the invariant I ts equal to the cross ratio of the 
cones (13), (14) and these two pairs of planes in the pencil P of quadric 
cones. 


3. Derivation of an invariant J. We next consider in ordinary 
space two curves C, C intersecting at a nonsingular point 0 with 
distinct tangents £, Fand osculating planes r, 7, respectively, the line 
p of intersection of the osculating planes 7, 7 coinciding with the tan- 
gent Å. If we choose the point 0 to be the origin, the tangents #, F to 
be the x- and y-axes respectively, and any line through the point 0 
and in the osculating plane 7 to be the z-axis, then the power series 
expansions of the curves C, C in the neighborhood of the point 0 may 
be written in the form 


(15) . C: ser t.e, y= ax tee; 
(16) C: z=py!+---, s=ay t.e. 


As in $1, we make the most general projective transformation of 
coordinates 


(17) æ= ana*/D, y = (Gsay* + as*)/D, 8 = a4s*/D, 
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which leaves the tangents #, f and the osculating plane 7 unchanged, 
where D is defined by expression (4) and the a’s are arbitrary. The 
effect of this transformation on equations (15), (16) is to produce two’ 
- other pairs of equations of the same form whose coefficients, indi- 
cated by stars, are given by the formulas 


8 2 
z aw" = a, G38" = 0234, 
(18) ; ne 
Gzp = G33), Ga = G33. 
Eliminating the a’s from equations (18) we may obtain an independent 
projective invariant 


(19) J =15p/atad 


determined by the neighborhoods up to and including the third order of 
the two curves C, C at the point 0. 


4, Metric and projective characterizations of the invariant J. Let 
R, Rand T, T be respectively the radii of curvature and of torsion 
at the point 0 of the curves C, C in the preceding section, then it is 
easily seen that s 

: 2\°% RiR4 
(20) J= (=) ss 
3 T:T 

Among the five-point quadric cones of the curve C at the point 0, 

we may determine a unique one which has the z-axis as a generator 


and whose tangent plane along the g-axis is the plane’x=0. The equa- 
tion of this cone is easily found, from expansions (15), to be 


(21) az — ry? = 0, 
Similarly, the equation of the unique five-point quadric cone of the 


curve Č at the point 0 having the x-axis as a generator and the xs- 
plane as tangent plane along that axis is 


` (22) axy — pg? = 0. 
The z-axis and the three lines of intersection, other than the x-axis, 


of the two quadric cones (21), (22) determine three planes through the 
z-axis, which intersect the plane 3=0 in the three lines 


(23) z = atatx? — ripy® = 0. 


On the other hand, from expansions (15), (16) we may easily ob- 
tain the equation of any quadric which has the x-axis as a generator, 
and which has four-point contact with the curve C at the point 0 
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and three-point contact with the curve C at the point 0; the result is 
(24) rey + bisxz + aay? + bays + be? — az = 0, 


where the b’s are arbitrary. The plane z=0 cuts the quadric (24) in 
the x-axis and the line u: 


(25) z = ry + aay = Q. 


Let v be any one of the three lines (23), then the cross ratio of the four 
lines i, $, u, vis equal to — J’. 


II. TWO CURVES INTERSECTING AT AN ORDINARY POINT WITH 
DISTINCT TANGENTS BUT THE SAME OSCULATING PLANE 


5. An invariant and its metric and projective characterizations. 
Finally, we consider in ordinary space two curves C, C intersecting 
at a nonsingular point 0 with distinct tangents #, f, respectively, but 
the same osculating plane r. If we choose the point 0 to be the origin, 
the tangents #, f to be respectively the x- and y-axes, and any line 
through the point 0 but not in the common osculating plane 7 to be 
the z-axis, then the power series expansions of the curves C, C in the 
neighborhood of the point 0 may be written in the form 


(26) C: g=rxeiteee, y=aoxtt..-; 
(27) C: g=py®+---, z=ayp+-:.. 
In a way similar to the foregoing we can easily show that the expres- 
sion 
(28) K = ra/ap 


is an independent projective invartant determined by the neighborhoods 
up to and including the third order of the two curves C, T at the point 
0.2 

Let T, T be respectively the radii of torsion of the curves C, C at 
the point 0, then-it follows immediately that 


(29) K = — TUT. 


It is known? that associated with the point 0 of the curves C, C 
there are three principal lines whose equations are 


2 For two plane curves intersecting at an ordinary point no projective invariant 
can be determined by the neighborhoods up to and including the third order of the 
curves at the common point. See the author's paper, Theory of intersection of two plane 
curves, Bull. Amer. Math. Soc. vol. 49 (1943) pp. 786-792. 

3E. Bompiani, Invartantt d’intersesione di due curve sghembe, Rendiconti R. 
Accademia Nazionale dei Lincei (6) vol. 14 (1931) p. 459, 
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(30) g = ræ + py? = 0. 


On the other hand, let Q (0) be any three-point quadric of the curve 
C (Č) at the point 0 satisfying the condition that the tangent plane 
of Q (0) at the other point 3 (S) of intersection of Q (Q) with the 
tangent Ë (£) passes through the point S (5). Then the lines joining 
the point 0 to the other three points of intersection of the two conics 
determined by the quadrics Q, Ö and the common osculating plane r 
have the equations‘ 


(31) z= ax% — ay? = 0. 
If u be any one of the principal lines (30) and v be any one of the 
three lines (31), then the projective invariant K assoctated with the 


point 0 of intersection of the curves C, C is, except for sign, equal to the 
cube of the cross ratio (t, È, u, v). 


MICHIGAN STATE COLLEGE 


1 C. C. Hsiung, Note on the intersection of two space curves, Tohoku Math. J. vol. 
47 (1940) pp. 206-207. 


ON ESSENTIALLY ABSOLUTELY CONTINUOUS 
PLANE TRANSFORMATIONS 


TIBOR RADO 


1. Introduction. Let Q be the unit square OSuS1, 0SvS1, in 
the uv-plane (u, v are Cartesian coordinates), and let x(u, v), y(u, v) 
be real-valued continuous functions in Q. These functions determine 
a continuous mapping T: x=x(u, v), y=yu, v), (u, 0) CQ, from Q 
into the xy-plane, where x, y are again Cartesian coordinates. If we 
introduce, for convenience, the complex variables w=u-+iv, z=x-++4y, 
then T appears in the form 


(1) T: z= f(w), wea 


where f(w) =x(u, v) +iy(u, v). In connection with various problems 
in geometry and in analysis, there arises the problem of defining the 
concepts of bounded variation and of absolute continuity for continuous 
mappings T given as in (1). A detailed review of the extensive rele- 
vant literature may be found in Chapter IV.5 of the writer's book 
Length and area. This book will be referred to as LA, and will be used 
as general reference both for technical details and for literature. The 
present note is concerned with a line of thought that led to the con- 
cepts eBV (essential bounded variation) and eAC (essential absolute 
continutty). The theory of these concepts, as presented in LA, is based 
on the work of the writer and P. V. Reichelderfer. During the war 
` years, Cesari in Italy developed an analogous theory based on ap- 
parently different basic concepts. However, as the writer has shown 
(see Bibliography [2]), the basic concepts used by Cesari are equiva- 
lent to those used in LA (see Bibliography). Thus the theories de- 
veloped in LA and in the work of Cesari respectively can be com- 
bined into a single theory whose aim it is to provide two-dimensional 
concepts of bounded variation and absolute continuity comparable 
in scope and in utility to the corresponding classical one-dimensional 
concepts for functions of a single real variable. The present status of 
the theory seems to justify the assumption that the two-dimensional 
concepts eBV and eAC (see above) represent adequate generaliza- 
tions of the corresponding one-dimensional concepts. However, it 
seems desirable to put the definitions of the two-dimensional concepts 
into a form which reveals the fundamental analogy with the one- 
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dimensional concepts as clearly as possible. The purpose of the 
"present note is to make a contribution in this direction for the concept 
eAC. 


2. The one-dimensional situation. Let J denote the unit interval , 
O0suSi ona w-axis, and let 


(2) T: æ= f(u), “El, 


be a continuous mapping from J into a (real) x-axis. Naturally, T is 
then termed BV (of bounded variation) or AC (absolutely continu- 
ous) if and only if the function f(u) is BV or AC respectively. How- 
ever, the geometrical picture yields an important re-wording as fol- 
lows. Let us define a multiplicity function N(x) by the agreement: for 
— œ <x <+, N(x) is equal to the number (possibly infinite) of 
those points «ET that are mapped by T into xo. The following facts 
are well known. i 

(a) T is BV if and only if N(x) is summable. 

(b) If T is BV, then it is AC if and only if for every set E of meas- 
ure zero in J the image set T(E) is also of measure zero. 


3. The two-dimensional situation. In dealing with the two-dimen- 
sional situation, we shall use LA as a reference. However, in LA a 
more general situation is considered, namely the case where the map- 
ping T operates from a general bounded domain. In the special case 
considered\n this note, the domain is taken as the interior of the unit 
square Q, and T is assumed to be defined and continuous on the 
perimeter also. These restrictions are made only to simplify the pres- 
entation, and our main result is readily seen to remain valid in the 
general case considered in LA. f 

Given T as in (1), there is associated with T an essential muliiphi- 
city function x(z, T, Q) (see LA, IV.1.4). Furthermore, with each. 
point z there is associated a class (possibly empty or infinite) of con- - 
tinua in the interior O° of Q, namely the class of the essential maximal 
model continua (abbreviated to e.m.m.c.) of z under T’in Q (see 
LA IV.1.27). As a matter of fact, «(s, T, Q) is equal to the number 
of the e.m.m.c.’s of z (see LA IV.1.39). The sum of all the e.m.m.c.’s, 
corresponding to all the points 3, is the complete essential set E*, while 
the restricted essential set E is the sum of all those e.m.m.c.’s that 
reduce to single points (see LA IV.1.56). Both E* and E are Borel sets 
(see LA IV.1.58, IV.1.59). In analogy with the statements (a), (b) 
in $2 above, we have the following statements in the two-dimensional 
case. z 


(a) The mapping T, given as in (1), is eBV if and only if the essen- 
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tial multiplicity function x(z, T, D) is summable. 

(b) If T ts eBV, then it is eAC if and only tf for every set E of meas- 
ure zero in the complete essential set E* the image set T(E) is also of 
measure gero. 

The statement (a) is in fact the definition of the concept eBV (see 
LA, IV.4.1). The statement (b) is the new result that we propose to 
prove in the present note. 


4. Background. In an interesting paper on absolutely continuous 
mappings, L. Giuliano (see Bibliography [1]) established the fol- 
lowing facts: If the mapping T, given as in (1), is eBV and maps 
subsets of measure zero of Q° into sets of measure zero, then T is 
eAC. However, examples show that this condition is not necessary 
for T to be eAC. 

Thus it would seem that the characterization (b) of AC mappings 
in the one-dimensional case (see $2) admits of no analogue for the 
two-dimensional eAC concept. And yet, our theorem (b) in §3 re- 
veals a fundamental analogy. This theorem also reveals the im- 
portance of the complete essential set E*. The basic importance of 
the complete essential set E*, as against the restricted essential set €, 
was first recognized by P. V. Reichelderfer (see Bibliography [3]). 


5. Proof of the theorem. Necessity. Suppose that T, given as in 
(1), is eAC. By definition (see LA IV.4.1) T is then.ACE* (see LA 
IV.2.39). Hence, by LA IV.2.42, for every set E of measure zero in 
E* the image set T(E) is of measure zero. 

Sufficiency. Suppose that T, given as in (1), satisfies the wine 
conditions. 

(i) T is eBV (see LA IV.4.1). 

(ii) For every set E of measure zero in E*, the image set T(E) is 
of measure zero. 

We have to show that T is then eAC. To this end, we verify the 
following fact. 

(iii) T is BVE* (see LA IV.2.11). 

Indeed, by LA IV.4.1, IV.2.42, the statements (ii) and (iii) imply 
that T is eAC, and hence it is sufficient to verify (iii). Now, by 
LA IV.2.13, the statement (iii) is equivalent to the following fact. 

(iv) the function N(s, €*) is summable (where N(z, E*) is the 
number, possibly infinite, of those points w€ €* whose image under T 
is 2). 

To establish (iv), we note that by assumption (i) the essential 
multiplicity function «(z, T, Q) is summable (see LA IV.4.1). Hence 
(iv) will be proved if we can prove the following fact. 
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(v) N(z, E*)=x(s, T, Q) a.e. (almost everywhere) in the z-plane. 

To establish (v), let us denote for 0 <r £1, r rational, by E? the in- 
tersection of &* with the line u =r, and by E/” the intersection of E* 
with the line v=r. Then E/, for fixed r, is a set of measure zero in 
E*, and hence by (ii) the image set T(E; ) is of measure zero. Similarly. 
the image set T(E;’) is of measure zero. Let us denote by 2 the set 
of those points z where x(s, T, Q) = œ. Since x(z, T, Q) is summable, 
ë is of measure zero. Let us put 


(3) E=8+ © T(E) + T(E), 


where the summations are extended over all rational numbers r 
such that 0<r<1. Obviously 


(4) | Z| =0, , 


where | E| denotes the measure of E. Now take any point mE. 
Then so€é, and hence «(zo T, O)=ks is finite. Furthermore, if co 
is any e.m.m.c. of Zo then by the definition of Æ it follows that co 
does not intersect any one of the lines “=r or v=r, where r is any 
rational number such that 0<r<1. Hence co must reduce to a single 
point. It follows that N(go, E*)=ko=x(z, T, Q) (cf. LA IV.1.39). 
Hence 


(5) N(z, E*) = x(s, T, Q) fors Ẹ E. 


Clearly (4) and (5) imply (v), and thus the proof of our theorem (b) 
in §3 is complete. 
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Tue Onto STATE UNIVERSITY 


THE UNIQUENESS OF A CERTAIN LINE INVOLUTION 
C. R. WYLIE, JR. 


In a forthcoming paper [1]! on the classification of line involu- 
tions we pointed out that any line involution in Ss with the property 
that a general line and its image do not intersect has associated with 
it, besides its order, m, and the order, ¢, of its invariant complex, 
two other important numerical characteristics which we called k and 
n. The first of these, k, is the number of lines of an arbitrary pencil 
which meet their images. Recalling the well known mapping relation 
between the lines of S, and the points of a nonsingular Vj in Ss, the 
second, n, is the order of the ruled surface formed by the rays which 
join the points of a general line of V{ to their respective images. The 
four quantities, m, f, k, n, are not independent but satisfy the follow- 
ing relations [1] 


(A) n—i=k, nti=m+1. 


It is the purpose of the present note to establish the fact that there 
is a unique involution associated with the set m=n=2, i=k=1, 
namely the involution whose point equivalent on V3 is defined by 
the transversals of a general line, A, of Ss and an S; contained in the 
S, which is tangent to V? at one of the two intersections of à and Vi 
[2, 3]. In constructing our proof we shall find it convenient to work 
exclusively in Ss rather than in the three-dimensional space where the 
line involution is actually defined. 

We shall begin by establishing the fact that the surface which is 
the image of a general plane of V? is of the second order. This cannot 
be inferred as obvious from the fact that the order of the transforma- 
tion is two, because one may show by example that far from being 
self-evident, it is not even true that the order of the image of a plane 
of V? is always the order of the involution. Moreover it is not true 
that planes of opposite families on V{ necessarily have images of the 
same order. For instance in a paper in this Bulletin [4] Clarkson 
discussed a simple involution of order two in which bundles of lines 
are transformed into (3, 1) congruences while plane fields of lines are 
transformed into (1, 1) congruences. In other words, on Yan w-plane 
is transformed into a surface of the fourth order, while a p-plane is 
transformed into a quadric surface. 


Received by the editors May 10, 1948. 
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Suppose, then, that the image of a general plane, m, on V? is a 
surface of order r. A general 5 of Ss will meet this image surface in 
a C, which must be the proper image of some curve in ~r, say a C, 
Since the order of the involution is two, the total image of a C, in r 
is a Cz. Hence r <2s. Now the S4 which cuts out C, meets the image 
conic of any line, J, in r in exactly two points, and these are neces- 
sarily the images of the points common to C, and J. Thus C, is met 
by any line in r in two points. Hence its order is s=2 and so r £4.3 

If the order of the image surface is four it clearly must lie properly 
in at least four dimensions, since the total intersection of Vi and an 
Ss is only a quadric surface. Consider first the possibility that it lies 
in a four-dimensional subspace of Ss. Then any S; in the S, which 
contains the image surface intersects the latter in a C4, which, since 
the order of involution is two, must be the image of some curve in r 
of order s>1. Now any line in r will meet such a C, in s points whose 
images will be points common to the conic into which the line is 
transformed, and the C4. If s>2, the S; which cuts the C, will then 
contain the image conic of every line in x, which is absurd. Hence 
s=2. However, a general conic in + meets the invariant locus in two 
points, whereas the C, cut by a general S, can meet it only once. The 
hyperplane sections of the image surface must therefore be the images 
of the conics through some invariant point which is simultaneously 
a singular point possessing a curve of images. Now on the C cut from 
the image surface of x by a general S; consider four coplanar points 
such that none of them is an image of the singular invariant point. 
Each of the S,’s of the pencil on the plane of these four points will 
cut the image surface in a C, which is the image of some conic through 
the singular invariant point. We thus have the impossible situation of 
œ! conics passing through five fixed points, and so we must reject 
the possibility that the image of r is a quartic surface in an Sy. 

If the image of m is a Vj lying properly in S; its 05 hyperplane sec- 
tions must be the images of the 5 conics in r. Each such curve must 
therefore have two invariant points, that is, must meet the invariant 
line in r in two points. But this requires every Sy in Ss to pass through 
the invariant line in r, which is absurd. This, then, overthrows com- 
pletely the possibility that the image of w is of the fourth order. 

/ Suppose next that the image of m is a cubic surface, of necessity 
lying properly in some Sı, or more specifically, lying on the V2 in 
which some S, meets Vj. Now by a well known theorem of Felix 

* This proof may be restated almost word for word for the general involution of 


order m, leading to the conclusion that the order of the image surface of a general 
plane of rn is not greater than mi, 


1949] THE UNIQUENESS OF A CERTAIN LINE INVOLUTION 635 


Klein, any V?_, on a nonsingular V3_, in Sa (n>3) is necessarily the 
complete intersection of V3_, with a single primal. In the present case 
we have a V3 lying on a V2 in S4. Since a V3 cannot be the complete in- 
tersection of a V2and any primal, it follows that the V3 must be singu- 
lar, that is, that it must be cut from Vi by a tangent S4. The cubic sur- 
face itself is cut from the singular V2 common to V4 and the tangent Sy 
by a second hypercone having an entire plane in common with the 
first. All planes on the singular V3 which belong to the same family as 
this common plane will meet the cubic surface in conics passing 
through the vertex of the V3, and these conics will be the images of the 
lines of some pencil in v, since they have no free intersections among 
themselves, and since individually they have but one intersection with 
the image-conic of a general line of m. Now consider any line in the 
plane of one of these conics, C. Its image is a conic, K, which neces- 
sarily meets 7 in two points on the line, /, whose image is C. The plane 
of the conic K is thus a plane of V3 meeting 7 in /. But there is a unique 
plane of V2 meeting a given plane in a given line. Hence the proper 
image of the plane of C is the plane of K. Similarly all planes on 
the singular V which belong to the same family as the plane of C 
have for their images planes meeting 7 in the lines of a certain pencil. 
In the aggregate these planes constitute the singular Vj cut frdm V4 
by the S, which is tangent at the vertex of this pencil. Thus asso- 
ciated with the general plane, r, of at least one of the two families of 
planes on V? there are two singular V3’s which are images of each 
other in such a way that the planes of one family on the first corre- 
spond respectively to the planes of one of the families on the second. 
But when all planes, 7, are considered it is apparent that there must 
be »4such singular V}’s, collectively embracing œ? planes which have 
only planes for their images. In other words if the planes of one family 
on V? have cubic surfaces for their images, the planes of the opposite 
family have planes for their images. But this is self-contradictory, 
because any plane and its image must meet in a line, since every plane 
contains a line of invariant points, and they must therefore belong to 
opposite families on Vj. Since the transformation is involutorial this 
requires that the planes of one family be simultaneously transformed 
into planes and into cubic surfaces, which is absurd. 

Finally suppose that the images of all planes on V? are planes. Since 
a general line in a plane, , is transformed into a conic on the image 
surface of r, it follows that any plane of V{ meeting 7 in a line has for 
its image a plane with a conic in common with the image of m. In 
other words any plane meeting ~ in a line has an image which coin- 
cides with the image of +, which is impossible. This leaves a quadric 


636 C. R. WYLIE [June 


a as the only possibility for the image of a general plane of 
1. 

Knowing now that the image of a general plane, 7, is a quadric 
surface meeting r in a line, consider a general line, J, in x. Its image 
is a conic on the image quadric of r, and this conic is met in two points 
by the image of any other line, J’, in m. One of these points is of course 
the image of the intersection of } and 1’. The other point must be 
in some sense a singular point, that is, it must be the common image 
of two distinct points in r. If as }’ varied over 7 this singular inter- 
section varied along the image of J it would follow that every point 
on the image of a general line was the image of more than one point. 
This contradicts the involutorial character of the transformation, 
and so necessarily the image conics of all lines in m pass through a 
fixed point, P, on the quadric which is the image of m. Moreover since 
each line in r contains a single point having P for its image, the locus 
of such points in ~ is a straight line. i 

Consider next the quadratic regulus formed by the rays joining 
the points of a general line, J, in to their respective images. Among 
the generators of the other family is one, X, which passes through P 
and which necessarily is met by every ray of the first family. For a 
second line, J’, in m there is similarly a line A’ which passes through 
P and which is met by the image ray of every point on J’. The image 
ray associated with the intersection, Q, of / and J’ thus meets both A 
and X’. Finally consider any third line, 1’’, of m. Its image regulus of 
course contains P. Moreover it contains the image ray of the inter- 
section, Q’, of J and J’’, and the image ray of the intersection, Q’’, of 
l and V’. The S: in which the image regulus of }’’ lies thus contains 
both A and X’. In addition to Q’ and Q” it therefore contains Q, that ° 
is, it contains the entire plane ~, which is absurd. The only escape is 
for A and X’ to coincide, which leads to the conclusion that there is 
one and only one line, A, which is met by the image rays of every 
point of m. The uniqueness of X is evident, because if there were a 
second line (necessarily not passing through P) which was met by 
every image ray from 7, it would determine with A an Ss in which 
the image regulus of every line in r would have to lie, which is clearly 
impossible. i 

Now let R be the second intersection of A and V?. For any line in 
m some image ray must pass through R. Hence if such an image ray 
does not lie entirely on Vj the image of every line in m passes through 
Ras well as P, which is impossible. Thus the points of + whose image 
rays pass through R are the singular points in r, and the totality of 
the associated singular rays is the plane of Vi, ø, through R and the 
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line of singular points in r. 

Consider now any other plane, 7’, on V{ which meets r in a line. 
As in m, the lines in x’ map into conics on the image surface of T’, 
and these conics all pass through a fixed point, P’. Moreover the 
image ray of every point in x’ meets a unique line, A’, through P’, 
and this line intersects in a point, R’, the singular ray, s, through the 
unique singular point, S, on the intersection of m and xr’. And just as 
for r, all image rays of m’ passing through R’ are singular and in the 
aggregate form a plane, g’, of Vi through s and the line of singular 
points in’. 

Any other line in 7 through S has a unique plane, 7’’, passing 
through it, and by the same reasoning as before, the singular rays 
through its line of singular points form a plane through s. But only 
two planes of V? pass through a line such as s. Hence this third plane 
cannot be distinct from both c and o’, and in fact must coincide with 
the plane of singular rays from m’. This means that the singular 
points in w’’ constitute a line of a’, which as ’’ is allowed to vary 
covers all of g’. In other words the points of all singular rays from m’ 
are themselves singular. Of course the same remark is true for the 
singular rays in ø. 

Since there are at least two planes, o and eo’, of singular points it 
follows that the linear complex of singular elements is special, that is, 
is tangent to V2? at some point of s. But the reasoning leading to this 
conclusion could equally well have applied to any other singular ray,- 
leading to the conclusion that the vertex of the singular complex had 
to lie upon it. Hence we infer that all singular rays are concurrent in 
the vertex of the singular complex. In other words R and R’, and the 
corresponding points associated with all the other planes of Vi, must — 
coincide. Hence the lines A, X’, : - - must coincide also. Thus we 
draw the conclusion that the image rays of all points on Vi meet a 
fixed line, X, through the vertex of the singular complex. 

Consider again the image regulus of a general line /. The quadric 
of which it forms one family of generators is met by the S, which 
contains the singular complex in the singular ray, s, associated with 
l, and in a second line, m, which necessarily belongs to the same 
regulus as }. The image rays of all points of J thus meet m, the points 
of m and the image rays being in 1:1 correspondence. Moreover the 
image rays of all the points on the quadric common to V4 and the S; 
determined by A and / also meet m. For consider any generator of 
- this quadric, }’, belonging to the regulus not containing }. Like any 
other line on Vj its image rays meet the singular S, in the points of 
some line, m’. But such a generator meets Jin a point and the image 
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conic of / in a point, and these points are not images one of the other 
since their join, namely J’ itself, is a line of V2, which is impossible 
for a general pair of corresponding points. Thus the image rays of 
these points are distinct, and hence their intersections with .S; are 
two distinct points of m. Therefore the line m’ in which the image 
rays of a general generator, }’, meet S4 must coincide with m. 

It is now easy to see that the image rays of the points of a geneal 
plane, r, meet S, in the points of some plane, v. For if } and 4 be two 
general lines of + meeting in a point Q, the image rays of each meet 


Sı along a line. The two lines, m, and ms, say, necessarily intersect,. 


for otherwise the image ray of Q, which must meet both, would lie 
entirely in Sa which cannot happen. Finally any other line, };, in + 
meets mı and ms, and so the line, m, along which its image rays 
intersect Sı must meet m and ns, that is, must lie in the plane of m, 
and mz. 

Now at a general point, P, of V? consider three lines, rı, r2, and rs 
of Vz, so chosen that no one lies in the S, determined by à and either 
of the others. Each of the Sy’s determined by X and one of the lines 
fi, 2, rs has the property noted above that the image rays of all the 


points which it has in common with V{ meet S, along a line. Moreover | 


these three lines, mi, mz, ms, say, necessarily concurrent, are inde- 
pendent, that is define a specific Sz in the singular Sı. Now any plane, 
m, on V% has the property that it meets any quadric on V? in at least 
one point. Hence the plane, ø, in which the image rays of m meet S4 
must have one point on each of the three lines mı, ms, m3, and these 


three points will all be distinct since.m does not in general intersect : 
the conic cut from V{ by the plane of P and X. Therefore ø is con- 4 


rn 


tained entirely in the ‚Ss determined in Sy by mı, mı my. Thus in ! 
addition to meeting a fixed line, A, through the vertex of the singular | 


complex, the image ray of a general point of Vi meets a fixed S; in the 
Sa which cuts the singular complex from V3. This completes our proof. 


BIBLIOGRAPHY 


1. C. R. Wylie, A new series of line involutions, Accepted for publication in the 
Mathematics Magazine. 

2. G. Schaake, Koninklijke Akademie van Wetenschappen te Amsterdam vol. 
34 (1924-1925) pp. 478-485. ; 

3. C. R. Wylie, A series of line involutions in S, defined.as point ttn sformhations of 
ofa vi in Ss into siself, National Mathematics Magazine vol. 14 (1939) pp. 125-133. 

4. J. M. Clarkson, Some involutorial line transformations, Bull. Amer. Math. Soc. 
vol. (1933) pp. 149-154. 


THE UNIVERSITY OF UTAH 


SUPERPOSABILITY PROPERTIES OF 
NATURALLY METRIZED GROUPS! 


DAVID ELLIS 


Let p and g be elements of an additively written abelian group G. 
The unordered pair of elements (b—g, g—p) is written pq= | p-q| 
nd is called the “distance” of p and q. This distance has the proper- 
ties of symmetry (pg=qp) and vanishing (pq= | o|] if and only if 
p=q). The group bearing this distance is called naturally metrized. 
Two subsets of G are congruent provided there is a distance-pre- 
serving mapping of one onto the other. A congruence of G with itself 
is a motion of G. Two subsets of G are superposable if one is mapped 
onto the other by a motion of G. G has the property of free mobility 
if any congruence between any two subsets of G can be induced by a 
motion of G.? 

It was shown by Menger? that any two congruent pairs of elements 
of G are superposable. In this note it is shown that G has the property 
of free mobility. 

If EG the mapping <—x®t of G onto itself is the translation in- 
duced by ¢. The reflection in O of G is the mapping x—>—x of G onto 
itself. Clearly all translations and the reflection in O are congruences. 
Denote by T the group of motions of G obtained by adjoining the 
reflection in O to the group of all translations of G. 


THEOREM. Let SCG and æ be a mapping of S onto TCG. A necessary 
and sufficient condition that there be a motion ET which induces a 
over S ts that ab =aaba for all a, bEG, that ts, a is a congruence. 


Proor.t The necessity is obvious. Suppose that @ is a congruence. 


Presented to the Society, June 19, 1948; received by the editors April 9, 1948, 
and, in revised form, May 14, 1948. 

1 This paper is part of a dissertation being written for the Ph.D. degree, Univer- 
sity of Missouri, under the direction of L. M. Blumenthal. 

2 The concepts of superposability and free mobility vis-à-vis congruence have 
recently assumed new importance in certain of the characterization problems of 
metric geometry (cf. Garrett Birkhoff, Metric foundations of geometry. I, Trans. Amer. 
Math. Soc.vol. 55 (1944) pp. 465-492). These notions, logically equivalent in euclidean, 
spherical, and hyperbolic spaces, are quite distinct, for example, in elliptic space where 
they have been extensively studied in a recent publication (cf. L. M. Blumenthal, 
Congruence und superposability in elliptic space, Trans. Amer. Math. Soc. vol. 62 
(1947) pp. 431-451). 

* K. Menger, Beitrage sur Gruppentheorie I. Uber einer Abstand im Gruppen, Math. 
Zeit. vol. 33 (1931) pp. 396-418. 

* The author is indebted to the referee for this more concise form of the original 
proof. 
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Since I" contains all translations and the group of translations is 
transitive over G, we may assume without loss of generality that 
0€S and that 0&=0. Denote by S’ the subset of S which is invariant 
under a. We distinguish two cases: 

Case 1. x&S’ implies 2x =0. 

Suppose wE S, wŒ S’. Then w0 = wala = wad. Since wE S’, wwa. 
However, (w, —w) = (wa, — wa) so that wa = — w. Apply the reflection 
in O over G. S’ is invariant under the reflection and for all other ele- 
ments of S, —w=we so that the reflection coincides with a over S. 

Case 2. There exists ES’ so that 2:0. 

Suppose w€ S. As in case 1, wa is either wor —w. If wa =w, wES’. 
Suppose then that we=-w. Since œ is a congruence wi=wata 
=—wi (tES’ and hence invariant under a). Hence w—t=w-+t or 
w—i=—w-—t. The first equation is impossible since 20. There- 
fore w—t= —w—t and w= —w=wa so that wES’. This shows, that 
the identity mapping of G (translation induced by 0) coincides with 
a over S. i 

The generalization of superposability theorems to non-abelian 
groups is not fruitful (although such groups have been studied from 
the metric viewpoint)’ since in these studies it is shown that the re- 

- flections of such a group are motions if and only if the group is either 
abelian or is a Hamiltonian 2-group.® 
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t Cf. O. Taussky, Math. Ann. vol. 108 (1933) pp. 615-620 and Quart. J. Math. 
Oxford Ser. vol. 12 (1941) pp. 64-67. 
® A Hamiltonian 2-group is a group in which the order (period) of each element is 
„a power of 2. 
A 


